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Editorial Foreword

This volume of Interdisciplinary Mathematical Sciences collects invited contribu-
tions giving timely surveys on a diverse range of topics of contemporary research
activities, including applications of analytic functions in periodic elastic mechan-
ical problems, bifurcation and chaos in microelectromechanical systems, random
dynamical systems and stochastic differential equations, epidemic disease propaga-
tion dynamics, inverse problems for equations of parabolic type, chaotic behavior
of a two-component Bose–Einstein system, the p-Laplacian problems with a linking
geometric structure, progress in chaos control, chaos synchronization and complex
networks, mathematical modeling of cold plasma by partial differential equations of
mixed type, gravitating Yang–Mills fields in arbitrary dimensions, the Hamiltonian
constraint and Mandelstam identities in quantum gravity study, the lattice Boltz-
mann simulation and application to a nonlinear Schrödinger equation, stability of
nonlocal time-delayed Burgers equation, bifurcation analysis of the Swift-Hohenberg
equation, a new global-local computational method for differential equations, and a
review on representing topological classes by harmonic quantities with applications
in quantum field theory. The ordering of the chapters follows the alphabetic order
of the last names of the first authors of the contributions.

We are grateful to all the authors for their contributions to this volume. Special
thanks are due to Professor Zhenting Hou and Dr. Han-ping Chin, authors of
Preface and Postscript, respectively, which provide vivid introductions to Professor
Youzhong Guo for the reader. We would also like to thank Dr. Rajesh Babu,
Production Specialist at World Scientific Publishing, for his professional editorial
assistance.

We are privileged and honored to dedicate this volume to Professor Youzhong
Guo, our teacher and life-long friend, on the occasion of his 75th birthday and 55
years of career in mathematical sciences.

Yisong Yang, Polytechnic Institute of New York University
Xinchu Fu, Shanghai University
Jinqiao Duan, Illinois Institute of Technology

August 10, 2009
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Preface

This festschrift volume is dedicated to Professor Youzhong Guo on the occasion of
his 75th birthday and 55 years of scientific career.

Born in Hangzhou, China, on October 25, 1935, and graduated from Nanjing
University of Technology in 1955, Guo was recruited to Institute of Mathematical
Sciences (Wuhan), Academia Sinica, as a research assistant to work with mathe-
matician, Professor Guoping Li, academician of Academia Sinica. Since then, Guo
has been engaged in mathematical sciences research and made many achievements.
He published over one hundred articles ranging in pure and applied mathematics,
especially in mathematical physics, system science, and mathematical economics.
Guo’s influence through his publications, lectures, and services has benefited people
far beyond his fields.

In 1979, Guo was appointed Professor and Executive Vice-Director of Institute
of Mathematical Sciences and Chairman of the Institute’s Academic Committee.
In 1987, Guo was appointed Chairman of Wuhan Municipal Commission of Sci-
ence and Technology and became Director of Institute for Industry and Applied
Mathematics. Afterwards he was elected as Vice-Chairman of Chinese Society of
Industrial and Applied Mathematics, Chairman of Rational Mechanics and Modern
Mathematics Commission of Chinese Society of Mechanics. Among his other past
and present positions and responsibilities are: Editor-in-Chief/Editor of Lecture
Notes for Mathematics, Acta Mathematica Scientia, Structural Analysis Systems
and Engineering Analysis International, Director of System Engineering Society of
China.

In the 1950’s, Guo contributed in the approximation theory of functions, an-
alytical theory of differential equations, variational principles, error estimates of
solutions of differential equations in the Sobolev spaces. Guo also designed Wuhan
Laboratory of Electrostatic Acceralator, Academia Sinica. Taking a cooperative
research task with the Academy of Sciences of Soviet Union and working with
Guoping Li, Guo studied the theory and applications of automorphic functions and
the Minkowski–Denjoy functions for a long time. Their results were published as
the first monograph of its kind in the world in 1978.

In the 1960’s, Guo worked on field theory and the Three-Gorge Project. He
developed the principles of transformations of fiber bundles for general relativistic

ix
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x Preface

quantum fields, known as the L-G method, which gives a new natural representation
of exterior differential forms and allows much simplified calculations and analysis.
He also put forward some new methods for the analysis of large scale systems,
such as rheology theory of limiting equilibria, stability of side slopes, stresses in
tunnels, and dynamics of blasts applied to the Three Gorges. In the so-called
‘Cultural Revolution,’ Academia Sinica stopped functioning, and Guo suffered ten
years (1968–1978) of unjust imprisonment and stray.

In the 1970’s, under extremely difficult circumstances, Guo was ordered to com-
plete many designs in architecture and automatic system engineering, when he was
behind bars. Guo also contributed in developing the energy band theory of semi-
conductors. In studying the anisotropic energy band theory and geo-dynamics based
on the statistical characteristics of rock and soil, Guo established a statistical theory
for rock and soil mechanics and pioneered mathematical seismology. After the Cul-
tural Revolution, Guo was appointed to take charge of restoring and reconstructing
Institute of Mathematical Sciences.

In the 1980’s, focusing on nonlinear mechanism of earthquakes, Guo helped lay a
mathematical foundation for structural analysis. He obtained a variational represen-
tation theory of plastic dislocation and proved an existence and uniqueness theorem
in the theory of micro-elasto-visco-plasticity. He also found a mathematical formal-
ism for saturated porous medium magneto-hydro-dynamics, corrected some major
errors in electro-magnetic theory, and generated new models in seismology and
bio-mechanics. Through studying asymptotic methods, Guo surprisingly proved
the occurrence and propagation of global singularities in gradient problems. These
achievements led to the election of Guo as a main-entry Author for Mathematical
Physics, in the Great Chinese Encyclopedia.

In the 1990’s, Guo was appointed Chairman of Wuhan Commission of Science
and Technology and Director of Wuhan Institute for Industrial and Applied Math-
ematics. Then he was elected Vice Mayor of Wuhan City and exerted all his energy
to the development of the local economy, education, and science. Being responsible
for high-tech sectors, he always made his best effort in raising the living standard
of the urban poor and developing the human resources in a scientific, practical,
and persistent way. He helped to establish a new university, Jianghan University,
through a decade-long tireless work. Within his tenure, the East-Lake High-Tech
Development Zone was approved by the Central Government which was then listed
as number one among its peers.

At the beginning of 2000, Guo was appointed to lead the national project, the
Strategy Research for Central China Economic District Along Yangtze River, with
a research group comprised of 12 academicians, 36 professors, and 38 young re-
searchers. Jointly, they investigated this rapidly developing district and the river
economy systematically, resulting in the publication of a series of 10 Evolution
Economics research volumes to advise China’s Central Government.
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Preface xi

I would like to take this opportunity to wish Youzhong many more successes in
his career and a long healthy life.

Zhenting Hou
Central South University
Changsha, China

February 12, 2009
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Perspectives in Mathematical Sciences
Interdisciplinary Mathematical Sciences, Volume 9, 2009
pp. 1–36

Chapter 1

Periodic Boundary Problems for Analytic Function Including
Automorphic Functions

Haitao Cai1 and Jian-Ke Lu2

1 Central South University, Changsha 410083, P.R.China,
htcai34@yahoo.com.cn

2 Wuhan University, Wuhan 430074, China

Two kinds of fundamental boundary problems for analytic functions, including
automorphic functions, and their applications are discussed.

1. Periodic Boundary Value Problems for Analytic Functions

As a mathematical tool for the investigation of periodic problem in plane elastic-
ity, two kinds of fundamental boundary value problems for analytic functions will
be discussed in the present chapter, namely, the periodic Riemann boundary value
problems, the periodic Riemann-Hilbert boundary value problems in the half plane.
The more general formulations of these problems are those for automorphic func-
tions which were studied by F. D. Gakhov and L.I. Chibrikova, Guoping Li and
Youzhong Guo from the middle of the last century. However, the periodic problems
discussed here are much more important in applications.

1.1. Periodic Riemann Boundary Value Problems: Case of Closed

Contours

1) Formulation of the problems
Let Lk, k = 0,±1,±2, . . . , be a set of smooth closed contours, non-intersecting

to each other, oriented counter-clockwise, for the same shape and horizontally dis-
tributed with period πa(a > 0).
The region interior to Lk is denoted by S+

k , S−
k is the complement of S+

k +Lk; and

the region exterior to L ≡
+∞∑

k=−∞
Lk is denoted by S−. We may always assume the

origin O ∈ S+
0 and all the points ± 1

2π,± 3
2π . . . lie in S−.

For briefness, we assume that Lk is a single closed smooth contour. In fact, the fol-
lowing discussions remain effective with slight modifications when Lk consists of a
finite number of intersecting closed contours. Moreover, if L is an arbitrary smooth
curve with period aπ (i.e., L0 is a smooth curve from − 1

2aπ+ iy0 to 1
2aπ+ iy0 with

1
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the same slope at its end-points), the following are also valid in case of suitable
modifications.

2) Periodic Riemann boundary value problem (problem P1): find a function
Φ(z) in the complex plane with period aπ, satisfying

Φ+(t) = G(t)Φ−(t) + g(t), t ∈ L (1.1)

where Φ±(z) denote the boundary values (limiting value) of a sectionally holomor-
phic function Φ(z) (holomorphic in Sk, k = 0,±1,±2, · · · , and S−) from the positive
(left) and the negative (right) sides of L respectively, while G(t) and g(t) ∈ H are
given on L with period aπ:

G(t+ aπ) = G(t), g(t+ aπ) = g(t), t ∈ L. (1.2)

and G(t) �= 0 (normal type).
Here, a functions f(t) ∈ H(A, µ) (function with Hölder Continuity) on L means

|f(t) − f(t′)| ≤ A|t− t′|µ, ∀ t, t′ ∈ L
for certain positive constant A and µ(0 < µ ≤ 1). Note that ∞ is a limiting point
of the points on L so that the solution Φ(z) of the problem (if any) could not have
a definite limit as z → ∞ in general. However, we may ask Φ(z) meeting certain
requirements at z = ±∞ (that means , for z = x + iy, x may be arbitrary and
y → ±∞ respectively). We always require Φ(±∞i) to be bounded (i.e. finite).

If g(t) ≡ 0, the problem is homogeneous, will be denoted by P 0
1 , and otherwise,

non-homogeneous.
Throughout this chapter, all periodic functions are always assumed with periodicity
πa(a > 0), for t an a definite limit.

Theorem 1 (Chibrikova) If Φ(±∞i) are required to be bonded, then the homo-
geneous problem P 0

1 has k + 1 linearly independent solutions when its index k ≥ 0
and has only the trivial solution when k < 0.

Theorem 2 (Chibrikova) If Φ(±∞i) are required to be bonded, the general
solution of the non- homogeneous problem P1 has k + 1 arbitrary constants when
k ≥ −1; It is (uniquely) solvable when k < −1, iff −k − 1 conditions are valid as
follows: ∫

L0

g(t)
X+(t)

sinj−1 t
a

cosj+1 t
a

dt = 0, j = 1, · · · ,−k − 1;

In the case of index k = 0, then

Γ(z) =
1

2aπi

∫
L0

logK · cot
t− z

a
dt

=
logK
2πi

[log sin
t− z

a
]L0

=
{

logK, when z ∈ S+,

0, when z ∈ S−.
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Where logK may be taken definitely and arbitrarily. ThusX+(z) = K, X−(z) = 1.
Therefore, as Φ(±∞i) are bounded, the general solution of the problem P1 is

Φ(z) =

{
1

2aπi

∫
L0
g(t) cot t−xa dt+ C, z ∈ S+,

1
K [ 1

2aπi

∫
L0
g(t) cot t−xa dt+ C], z ∈ S−.

1.2. Periodic Riemann Boundary Value Problems: Case of Open

Ares or Discontinuous Coefficients

1) Case of open arcs

Consider the case L =
+∞∑

k=−∞
Lk being periodic as before when L0 consists of p

non-intersecting smooth open arcs arbr, r = 1, · · · , p, oriented from ar to br and
both G(t), g(t) ∈ H(A, µ) on each arc (including its end-points) with G(t) �= 0.
We get the general solution of problem P 0

1 :

Φ(z) = X(z)Pk(tan
z

a
),

where the characteristic function

X(z) =
∏

(z)eΓ(z),

in which ∏
(z) =

2p∏
i=1

(tan
z

a
− tan

cj
a

)λi

Γ(z) =
1

2aπi

∫
L0

logG(t) tan
t− z

a
dt.

When a constant factor is merged into, then

Φ(z) =
2p∏
i=1

sinλi
z − cj
a

eΓ(z)Qk(sin
z

a
, cos

z

a
).

2) An important special case
For the need of application later, consider the special case where L0 consist of a
single- line-segment γ0 : −l ≤ t ≤ l (l < 1

2aπ) along the real axis and G(t) = −K is
a negative real constant. We would seek for solutions of the corresponding problem
P 0

1 , i.e., solutions permitted to be integrably unbounded at not near z = ±l. Now
c1 = −l, c2 = l. The general solution is

Φ(z) =
1

2aπi
√
R(z)

∫ l

−l
g(t)

√
R(t) cot

t− z

a
dt+

C0 tan z
a + C1√
R(z)

.

3) Case of discontinuous coefficients
Assume L0 to be a closed contour as in Section 1, but G(t) and g(t) have a finite
number of discontinuities c1, · · · , cp of the first kind on L0, belong to H(A, µ) on
each arc of L0 (arc between two adjacent discontinuities) including its end-points
(the values at these points are understood by the one sided limits) and G(t) �= 0.
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1.3. Periodic Riemann-Hilbert Boundary Value Problems: Case of

the Half-plane

1) Formulation of the problems
Assume Lk is the segment from − 1

2aπ + 1
2kaπ to 1

2aπ + 1
2kaπ (k = 0,±1,±2, · · · )

lying on the real axis with length aπ (a > 0). Then |Lk| is a set of periodic segments
with period aπ, the union of which is the real axis. Denote the lower half-plane by
S− and the upper, by S+.
The Riemann-Hilbert boundary value problem of the half-plane is to find a function
w(z) ≡ u−iv holomorphic in S− with period aπ, satisfying the boundary conditions

a(x)u + b(x)v = F (x), x ∈ Lk, k = 0,±1,±2, · · · ,
where a(x), b(x) and F (x) are given functions with period aπ , arcwise with
Hölder-Lipschitz continuity, i.e., having a finite number of discontinuities on each
Lk ∈ H(A, µ) on each continuous closed interval between two adjacent discontin-
uous points(called nodes), and a(x), b(x) have no common zeros for any x. With-
out loss of generality, we may always assume that all of them are continuous at
x = ± 1

2aπ(and their congruent points).

2) An important particular case
We would give solutions for a particular but very important case which often occur
in practice and would be met later in this chapter.

Let γ0 = [−l, l], 0 < l < aπ
2 , and γ′0 = L0−γ0. Denote the set of all the segments

congruent to γ0 and γ′0(mod aπ) by γ and γ′ respectively. In the particular case
considered hereby:

a(x) + ib(x) =
{
a1 + ib1 x ∈ γ,
a2 + ib2 x ∈ γ′. (1.3)

where aj, bj are real constants with aj + ibj �= 0 (j = 1, 2) and a1 + ib1 �= a1 + ib2.
A particular solution is well-known as

Ω1(z) =
X(z)
aπi

∫
L0

F (t)
X+(t)[a(t) − ib(t)]

cot
t− z

a
dt, Imz �= 0.

2. Periodic Problems for Isotropic Material in Elastic Theory

There were many works in literature on the periodic problems in the theory of
plane elasticity for isotropic material, e.g., researches on stress distribution in the
neighborhoods of periodic holes by R. C. J. Howland, G. N. Savin, L. M. Tang, M.
Isida, study on periodic contact problems by G. M. L. Gladwall and investigation
for expression of periodic stress functions by S. Morigashi. All these works have
limitations in either the shape of the holes or the boundary conditions, and the
discussions are incomplete. Especially, there were few studies on the possibility of
quasi-periodic displacements. see Ref.1-2,8,13,15-18,20-22.
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2.1. Stress Functions

1) General expression of stress functions
Let the elastic plane possess a row of periodic holes with boundaries Lj , j =

0,±1,±2, · · · ,, where Lj consists of piecewise smooth closed contours l(j)k , k =
1, · · · , n and for the same k l

(j)
k , k = 1, · · · , n are periodically arranged. l0k will

be denoted briefly by lk. All the contours are oriented counter-clockwise. The
region occupied by the elastic body is denoted as S−, the region bounded by l

(j)
k

as S(j)+
k , and S

(0)+
k briefly as S+

k . Denote the strip region |x| < 1
2aπ by S0. Let

S+
0 =

n∑
k=1

S+
k and S+

0 = S0 − S+
0 .

Denote the stresses at any point z = x + iy in S− by σx(z), σy(z), τxy(z) and
the (complex) displacement by D(x) = u + iv. It is well-known in Ref.23, that
they may be expressed in terms of (complex) stress functions ϕ(z) and ψ(z)or their
derivatives Φ(z) = ϕ′(z)and Ψ(z) = ψ′(z) as follows:

σx + σy = 2[Φ(z) + Φ(z)],
σy − σx + 2iτxy = 2[zΦ′(z) + Ψ(z)],
2µd = 2µ(u+ iv) = κϕ(z)− zϕ′(z)− ψ(z),

(2.1)

where µ is the shearing modulus of the elastic medium, κ is a constant related to
its Passion ratio σ(1 < κ < 3) and ϕ(z), ψ(z) are functions analytic (in general,
multi-valued) functions in S− with their derivatives holomorphic, i.e., single-valued,
in S−.

We always assume that the stresses are periodic and bounded at z = ±∞i.

Theorem 3 In the isotropic infinite elastic plane weakened by a row of holes
of any shape with period aπ(a > 0), if the stresses are known to be periodic and
bounded at infinity , then the relative displacements must be quasi-periodic , i.e.,{

2µ[u(z + aπ) − u(z)] = aπq

v(z + aπ) − v(z) = 0
(2.2)

where q is a certain real constant.
aπq/2p is called the addendum of the quasi-periodic function u(z). By the

previous expression, we know that

γ = aπ(κβ − q).

Theorem 4 Suppose there is a row of holes with period aπ (a > 0) in the
isotropic elastic plane, the boundary of which is Lj , j = 0,±1,±2, · · · , where each
Lj consists of n piecewise smooth closed contours l(j)k , k = 1, 2, · · ·n, and for a
fixed l

(j)
k , j = 0,±1,±2, · · · , are arranged periodically. Assume the stresses are

periodic, bounded at z = ±∞i and the principal vector of the external stresses on
l
(0)
k is Xk + iYk. Then the stress functions and ϕ(z) and ψ(z) respectively have the
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expressions:

ϕ(z) = − 1
2π(κ+ 1)

(Xk + iYk) log sin
z − zk
a

+ βz + ϕ0(z) (2.3)

ψ(z) =
κ

2π(κ+ 1)

n∑
k=1

(Xk − iYk) log sin
z − zk
a

+
κ

2aπ(κ+ 1)

n∑
k=1

(Xk − iYk) cot
z − zk
a

+ (κβ − β + q)z − zϕ′
0(z) + ψ0(z). (2.4)

where ϕ0(z) and ψ0(z) are functions holomorphic and aπ-periodic in the elastic
region S−.

Corollary 4.1 Assume the elastic body as above. If the resultant of the principal
vectors on the boundaries of the holes in a periodic strip is zero and the stresses
at z = ±∞ i are σ = σy(±∞i) and τ = τxy(±∞i), then both the stress functions
ϕ(z)and ψ(z) are single-valued, and

ϕ(z) = ϕ0(z) + βz,

ψ(z) = ψ0(z)− zϕ′(z) + κβ̄z = (κβ̄ − β)z − zϕ′
0(z) + ψ0(z),

where β = −σ+iτ
1+κ , while both ϕ0(z) and ψ0(z) are aπ-periodic.

Theorem 5 If the displacements in an isotropic plane elastic body are quasi-
periodic, then the stresses must be periodic.

2) Formulation of the fundamental problem
First fundamental problem Given the periodic stress function Xn(t)+iYn(t)

on the boundary L of the elastic region and the stresses at z = −∞i(or z = +∞i),
find the elastic equilibrium (i.e., the stress distribution in the elastic body).

This is the most general formulation of the problem under the assumption of
stresses to be periodic and bounded at infinity. In this case, the stresses at z = +∞i

(orz = −∞i) is also known, and so do β and q.
The problem may be reduced to the following boundary value problem:

ϕ(t) + tϕ′(t) + ψ(t) = f(t) + C(t), t ∈ L,
where C(t) represents a step function on different boundary contour with different
value and (we have assumed z = 0 ∈ S−);

f(t) = −i
∫ t

0

(Xn + iYn)ds, t ∈ L,

where s is the arc-length parameter on boundary contour;

ϕ0(t) + (t− t̄)ϕ′
0(t) + ψ0(t) = f0(t) + C(t),
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where we have put

f0(t) =
1

2π(κ+ 1)

n∑
k=1

(Xk + iYk) log sin
t− zk
a

− κ

2π(κ+ 1)

n∑
k=1

(Xk + iYk) log sin
t− zk
a

+
t− t̄

2aπ(κ+ 1)

n∑
k=1

(Xk + iYk) cot
t− zk
a

− (β + β̄)t− (κβ − β̄ + q)t̄+ f(t),

which is singer-valued on L obviously.

Second fundamental problem Given the relative displacements on the
boundary contours of the periodic holes, the resultant principal vector X + iY

of the external stresses along the boundary contours in a periodic strip and the
stresses at, z = −∞i(or z = +∞i), find the equilibrium.

Here, the relative displacements mean that they are quasi-periodic but the con-
stant q is not given. As in the first fundamental problem, this is the most general
formulation of the problem. It may be reduced to solve a Fredholm integral equation
as well.

For convenience of discussion, in the sequel, we always assume that the displace-
ments are also periodic.

3) Stress functions for elastic half-plane
Assume the elastic body occupies the lower half-plane S−. In this case, the

stresses and displacements may be expressed in terms of a single stress function.
When z lies in the upper half-plane S+, let

Φ̄(z) = Φ(z̄), Ψ̄(z) = Ψ(z̄), z ∈ S+,

where Φ(z) = ϕ′(z),Ψ(z) = ψ′(z) are the stress functions.

Theorem 6 In the periodic problems for isotropic elastic half-plane, Φ(z) is
aπ-periodic for z ∈ S+ and z ∈ S− including its boundary values; and is bounded
at z = ±∞i.

2.2. Periodic Fundamental Problems of Elastic Half-plane

1) The first fundamental problem
Let the isotropic elastic body occupy the lower half-plane S− in the z-plane. On

the x-axis, denote z = t(t is real). Given the external stresses on the x-axis:

σy(t) = −P (t), τxy(t) = T (t),
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being arcwise ∈ H(A, µ) and with period aπ. Here P means the normal pressure
distribution. Assume again both the stresses and displacements are periodic and the
stresses at z = −∞i are bounded. Find the stress distribution and the displacements
on the whole elastic body, called the periodic first fundamental problem of the half-
plane.

We have
Theorem 7 Under the above assumptions, the solution of the periodic first

fundamental problem uniquely exists.
The expression of Φ(z) can be written as

Φ(z) =
1

2aπi

∫
L0

[P (t) + iT (t)] cot
t− z

a
dt+

1
2
κ− 1
κ+ 1

P ∗ (2.5)

P ∗ and T ∗ have clear mechanical meaning. and so

σy(−∞ i) = P ∗, τxy(−∞ i) = T ∗, (2.6)

σx(−∞ i) = −3 − κ

1 + κ
P ∗. (2.7)

Corollary 7.1 For the periodic first fundamental problem of isotropic elastic
half-plane, if the resultant of the external normal stresses on the boundary of a
period is a pressure force: ∫

L0

P (t)dt = aπP ∗ > 0,

then σx is a compression at z = −∞i, given by (2.7).

2) The second fundamental problem
Assume that, on the boundary L of the isotropic elastic half plane S−, the

complex displacement u− + iv− = g(t) is given, where g(t) is continuous and aπ-
periodic (up to an arbitrary constant term, corresponding to a rigid translation of
the whole elastic body), g′(t) ∈ H(A, µ) arcwise, and the principal vector X + iY

of the external stresses on a period of the boundary is also given. Again we assume
the stresses and the displacements are periodic and the stresses at z = −∞iare
bounded. Find the elastic equilibrium here is the periodic second fundamental
problem of the half-plane.

Theorem 8 Under the above assumptions, the solution of the periodic second
fundamental problem of the half-plane uniquely exists.
We obtain

Φ(z) =

{
µ
aπi

∫
L0
g′(t) cot t−za dt− κ(Y−iY )

(κ+1)aπ , z ∈ S+

− µ
κaπi

∫
L0
g′(t) cot t−za dt+ (Y−iX)

(κ+1)aπ , z ∈ S− (2.8)

The following two corollaries are evident.
Corollary 8.1 σx(−∞i) = 0 iff Y = 0.
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Corollary 8.2 The horizontal displacement u is bounded when and only when
X = 0 and so does the vertical displacement v when and only when Y = 0.

3) The mixed fundamental problem
Let the elastic half-plane S− as before. On the boundary L0 in a period, given

displacement (up to a constant term) on its sub-segment γ0(−l ≤ t ≤ l)

u− + iv− = g(t), t ∈ γ0

where g(t) is continuous with g′(t) and on γ′0 = L0 − γ0, given the external stresses
for briefness, to be zero:

σ−
y (t) = τ−xy(t) = 0, l ≤ |t| ≤ 1

2
aπ.

Besides, the principal vector X + iY of the external stresses on γ0 is also given.
All the conditions given are aπ-periodic. Again assume the stresses and the dis-
placements are periodic and the stresses at z = −∞i are bounded. Find the elastic
equilibrium. The problem is called the periodic mixed fundamental problem.

Theorem 9 Under the above conditions, the solution of the periodic mixed
fundamental problem uniquely exists. We have

Φ(z) =
2µεi
κ+ 1

{
1 − X(z)

cos l
a

(coshA tan
z

a
− i sinhA)

}
. (2.9)

2.3. Periodic Contact Problems

1) The case without friction
Assume a series of periodic stamps (of the same shape) are pressed on the

boundary of an isotropic elastic half-plane S−. In the present paragraph, it assumed
that there exists no friction between the stamps and the half-plane. Out of the
stamps, the condition subjected to the boundary of the half-plane is σx = τxy = 0.
Right beneath the bases of the stamps, only the periodic vertical displacement v(t)
is given while the horizontal displacement u(t) is unknown. On the boundaryL0, let
the interval pressed be γ0 :− l ≤ t ≤ l. Since there is no friction τxy = 0 also on γ0

but σy is unknown . Besides, assume the load applied to each stamp is a positive
pressure force P0, i.e. Y = −P0 and X = 0. Find the elastic equilibrium.

Let y = f(x) be the equation of the vase of the stamp pressed on S− and
f ′(x) ∈ H(A, µ). Thus the boundary conditions on L0 are:

τ−xy(t) = 0, t ∈ L0; σ−
y (t) = 0, t ∈ L0 − γ0

v(t) = f(t), t ∈ γ0;

and the principal vector of the external stresses on γ0 is X + iY = −P0i.
Under these boundary conditions, by the principle of equilibrium, we know that

σ = σy(−∞i) = −P0

aπ
, τ = τxy(−∞i) = 0. (2.10)
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Note that Φ(z) is holomorphic in the plane cut by γ (γ0 and its periodic congruent),

Φ(z) =
2µ

(κ+ 1)aπ
√
R(z)

∫
γ0

f ′(t)
√
R(t) cot

t− z

a
dt+

β0 tan z
z + β1√
R(z)

+ β2, (2.11)

where we have written X(z) as

X(z) =
1

i
√
R(z)

, R(z) = tan2 l

a
− tan2 x

a
(2.12)

where
√
R(z) takes positive value

√
R(t), when z tends to t ∈ γ0 from S+. It is

also seen that by (2.12),

lim
z→±∞i

(z − z)Φ′(z) = 0 (2.13)

remains valid.
From the periodic condition of the displacements and the condition of equilib-

rium of the stresses at z = ±∞i, we get

β0 = − 2µ
(κ+ 1)aπ

∫
γ0

f ′(t)
√
R(t)dt,

β1 =
P0

2aπ cos l
a

,

β1 =
κ− 1
κ+ 1

P0

2aπ
.

The required unique solution is finally obtained

Φ(z) =
2µ

(κ+ 1)aπ
√
R(z)

∫
γ0

f ′(t)
√
R(t)(cot

t− z

a
− tan

z

a
)dt

+
P0

2aπ cos l
a

√
R(z)

+
κ− 1
κ+ 1

P0

2aπ
(2.14)

The pressure distribution right beneath the bases of the stamps could be easily
evaluated by

P (t0) =
4µ

(κ+ 1)aπ
√
R(t0)

∫ l

−l
f ′(t)

√
R(t)(cot

t− t0
a

− tan
t0
a

)dt

+
P0

aπ cos l
a

√
R(t0)

(2.15)

Example Periodic stamps with horizontal rectilinear base.
Here f ′(t) = 0, by (2.14) and (2.15):

Φ(z) =
P0

2aπ cos l
a

√
tan2 l

a − tan2 z
a

+
κ− 1
κ+ 1

P0

2aπ

=
P0 cos l

a

2aπ
√

sin l+z
a sin l−z

a

+
κ− 1
κ+ 1

P0

2aπ
,
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P (t) =
P0

aπ cos l
a

√
tan2 l

a − tan2 t
a

=
P0

aπ
√

sin l+t
a sin l−t

a

,

where the radical involved is taken as the branch, when the plane is cut by γ taking
positive value as z → t ∈ γ0 from S+.

2) The case with friction
Now assume the friction coefficient k �= 0 between the periodic stamps and eh

elastic half-plane, that means, beneath the stamps, between the shearing stress
T (t) = τxy(t) and the normal pressure P (t) = −σy(t), there exist the relation

T (t) = kP (t), t ∈ γ0. (2.16)

Again assume v−(t) = f(t) on γ0 with f(t) ∈ H(A, µ) and the external pressure
force P0 are given on γ0. The principal vector of the external stresses on γ0 is known
as X + iY = T0 − iP0 = (k − i)P . On γ′0 = L0 − γ0, T (t) = P (t) = 0.

We obtain the general solution

Φ(z) =
2µ(1 + ik)eπai cosπaX(z)

aπ(κ+ 1)

∫
γ0

f ′(t)
X+(t)

cot
t− z

a
dt

+ X(z)(1 + ik)i(β0 tan
z

a
+ β1) + β2. (2.17)

From the condition of periodicity of the displacements and the condition of
equilibrium of the stresses at z = −∞i, we get

β0 = − 2µ cosπa
(κ+ 1)aπ

∫
γ0

f ′(t)Q(t)dt+
P0 sin(1 − λ)πa

2aπ cosπa cos l
a

√
R(z)

β1 =
P0 cos(1 − λ)πa
2aπ cosπa cos l

a

β2 =
κ− 1
κ+ 1

(k2 + 1)P0

2aπ

(2.18)

and

P (t0) =
2µ sin 2πa
(κ+ 1)

f ′(t0) +
4µ cos2 πa

aπ(κ+ 1)Q(t0)

∫ l

−l
f ′(t)Q(t) cot

t− t0
a

dt

+
2 cosπa
Q(t0)

(β0 tan
t0
a

+ β1), t ∈ γ0. (2.19)

Example Periodic stamps with horizontal rectilinear base.
In this case, f ′(t) = 0.

Φ(z) =
P0(1 + ik)eπai cos[ za (1 − λ)πa]

2aπ cosπa sin
1
2+a l+z

a sin
1
2−a l−z

a

+
κ− 1
κ+ 1

(k2 + 1)P0

2aπ
(2.20)
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P (t) =
P0 cos[ ta (1 − λ)πa]

aπ sin
1
2+a l+t

a sin
1
2−a l−t

a

, t ∈ γ0. (2.21)

3. Periodic Problems for Anisotropic Medium

3.1. The stress Functions

1) Basic assumptions
All the discussion below are under the following assumption, the medium of

the aπ-periodic region is anisotropic, the stresses and displacements are periodic
and the stresses at infinity are bounded, and the involved boundary conditions are
periodic. Thus, we need only restrict our discussions in a period part of the elastic
body. Moreover, we assume the elastic body occupies the lower half-plane in the
z-plane (z = x+ iy) and so there is only one point at infinity z = −∞i.

The principal vector of X(−∞i)+ iY (−∞i) the external stresses at z = −∞i is
understood by the limit of the principal vector of the stresses along a line-segment
from z to z + aπ in S− as z → −∞i i.e.

X(−∞i) = aπτxy(−∞i), Y (−∞i) = aπσy(−∞i).

If the principal vector of the external stresses on the boundary in a period is X+iY ,
then by the condition of equilibrium,

x+ iY = X(−∞i) + iY (−∞i)

we have

σy(−∞i) =
Y

aπ
, τxy(−∞i) =

X

aπ
. (3.1)

2) Periodicity of the stress functions for anisotropic medium
For anisotropic elastic body, the stress components σx, σy, τxy and displacement

components u, v may be expressed by means of ϕ(z1) and ψ(z2) or their derivatives
Φ(z1) = ϕ′(z1) and Ψ(z2) = ψ′(z2) (stress functions):

σx = µ2
1Φ(z1) + µ2

1Φ(z1) + µ2
2Ψ(z2) + µ2

2Ψ(z2) (3.2)

σy = Φ(z1) + Φ(z1) + Ψ(z2) + Ψ(z2) (3.3)

τxy = −[µ1Φ(z1) + µ1Φ(z1) + µ2Ψ(z2) + µ2Ψ(z2)] (3.4)

u = p1ϕ(z1) + p1ϕ(z1) + p2ψ(z2) + p2ψ(z2) (3.5)

u = q1ϕ(z1) + q1ϕ(z1) + q2ψ(z2) + q2ψ(z2) (3.6)

where ϕ(z1) and ψ(z2) are functions holomorphic in z1 and z2 respectively, in which,

z1 = x+ µ1y, z2 = x+ µ2y,
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and 

p1 = β11µ
2
1 + β12 − β16µ1,

p2 = β11µ
2
2 + β12 − β16µ2,

q1 =
β12µ

2
1 + β22 − β26µ1

µ1
,

q2 =
β12µ

2
2 + β22 − β26µ2

µ2
,

(3.7)

and µ1, µ1, µ2, µ2 are the root of the equation

β11s
4 − 2β16s

3 + (2β11 + β66)s2 − 2β26s+ β22 = 0. (3.8)

while
β11 β12 β16

β12 β22 β26

β16 β26 β66

are the elastic coefficients of the anisotropic elastic body.

Lemma 1 Under the basic assumptions, the stress functions Φ(z1) and Ψ(z2)
are aπ- periodic functions.

3.2. Periodic Fundamental Problems of Anisotropic Half-plane

1) The first fundamental problem
Assume the anisotropic body occupies the lower half-plane S− of the z-plane.

Denote z = t (real) on the x-axis. Given the external stresses on the x-axis:

σy(t) = −P (t), τxy(t) = T (t), (3.9)

which are arcwise Hölder continuous and periodic. Under the basic assumptions,
find the stress distribution and displacements, called the periodic first fundamental
problem.

Theorem 10 Under the above assumptions, the first fundamental problem of
the anisotropic half-plane is uniquely solvable.
We get stress functions

Φ(z1) =
−1

(µ1 − µ2)2aπi

∫
L0

[µ2P (t) − T (t)] cot
t− z1
a

dt+ γ1, (3.10)

Ψ(z2) =
1

(µ1 − µ2)2aπi

∫
L0

[µ1P (t) − T (t)] cot
t− z2
a

dt+ γ2, (3.11)

where

γ1 = −1
2

1
µ1 − µ2

[(µ2 − µ1)Φ(−∞i)

+ (µ2 − µ1)Φ(−∞i) + (µ2 − µ2)Ψ(−∞i)], (3.12)
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γ2 =
1
2

1
µ1 − µ2

[(µ1 − µ2)Ψ(−∞i)Φ(−∞i)

+ (µ1 − µ1)Φ(−∞i) + (µ1 − µ2)Ψ(−∞i)]. (3.13)

In order to determine γ1 and γ2 by noting (3.12) and (3.13), it is easily seen that

Re|γ1 + γ2| = 0, (3.14)

Re|µ1γ1 + µ2γ2| = 0. (3.15)

2) The second fundamental problem
Assume that on the boundary x-axis of the anisotropic elastic half-plane S−,

the displacement

u− + iv− = g1(t) + ig2(t) (3.16)

is given, where g1(t) + ig2(t) is continuous and g′1(t) + ig′2(t) is Hölder continuous
arcwise. Moreover, on the segment L0 of the boundary in a period, the principal
vector X + iY of the external stresses is also given. Under these basic boundary
conditions, find the equilibrium, called the periodic second fundamental problem.

Theorem 11 Under the above assumptions, the solution of the second funda-
mental problem of the uniquely exists.

We get stress functions

Φ(z1) =
1

q1p2 − p1q2

1
2aπi

∫
L0

[q2g′1 − p2g
′
2)] cot

t− z1
a

dt+ γ1 (3.17)

Ψ(z2) =
−1

(q1p2 − p1q2)
1

2aπi

∫
L0

[q1g′1 − p1g
′
2)] cot

t− z2
a

dt+ γ2 (3.18)

where γ1 and γ2 may be obtained by solving

Re[p1γ1 + p2γ2] = 0,

Re|q1γ1 + q2γ2| = 0,

Re[γ1 + γ2] =
Y

2aπ
,

Re[µ1γ1 + µ2γ2] = − X

2aπ
.
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3.3. Periodic Contact Problem for Anisotropic Medium

1) Formulation of the problem and the solutions
Formulation of the periodic contact problem in anisotropic half-plane S− is as

follows.
Assume that a row of periodic stamps (with bases of the same shape) pressed on

S− and there exists friction between the stamps and with coefficient of friction ρ,
that is, beneath the stamps, the shearing stress T (x) = τxy(x) and normal pressure
P (x) = −σy(x) obey the Coulomb’s law:

T (x) = ρP (x), x ∈ γ0,

or

τxy(x) + σy(x) = 0, x ∈ γ0,

where γ0 : −l0 ≤ x ≤ l0, is the contact line segment in L0 : − 1
2aπ < x < 1

2aπ.

Assume the stamps are in the limiting situation of equilibrium. On the free interval,
there is no load, i.e.

σy = 0, τxy = 0.

Besides, assume the vertical displacement

v−(ẋ) = f(x) (3.19)

is given, where y = f(x) is the equation of the bases of the stamps, which is aπ-
periodic with f ′(x) ∈ H(A, µ). Moreover, the external pressure force P0 applied
on each stamp is also given and so the principal; vector of the external stresses is
X+iY = T0−iP0 = (ρ−i)P0. Find the elastic equilibrium under these assumptions.{

σy(x) = 0, τxy(x) = 0, x ∈ L0 − γ0,

τxy(x) + ρσy(x) = 0, v−(x) = f(x), x ∈ γ0.
(3.20)

In order to solve the problem, we have to transform (3.1). Introduce two functions
represented by integrals with Hilbert kernel:

w1(z) = u1 − iv1 =
∫
L0

σy(t) cot
t− z

a
dt, (3.21)

w2(z) = u2 − iv2 =
∫
L0

τxy(t) cot
t− z

a
dt+ β. (3.22)

Therefore, we obtain

w1(z) =
±ie±θπi cos θπE(z)

A3 − ρA4

∫
γ0

f ′(t)
E(t)

cot
t− z

a

± ie±ω1i(C1 tan
z

a
+ C2)E(z), z ∈ S±, (3.23)

and our solution is w1(z) when z ∈ S−.
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As for w2(z), by boundary condition, it is evident that

w2(z) = −ρw1(z) + β. (3.24)

From periodic condition for displacements and equilibrium condition at z = −∞ i,
the real conditions C1, C2 and β may be obtained by solving{

(ε1 + iδ1)e−i
2lθ
a + (ε2 + iδ2)ei

2lθ
a

}
C1

+ i
{
(ε1 + iδ1)e−i

2lθ
a − (ε2 + iδ2)ei

2lθ
a

}
C2 + (ε3 + iδ3)βaπ

=
cosπθ

A3 − ρA4

{
(ε1 + iδ1)e−i

2lθ
a + (ε2 + iδ2)ei

2lθ
a

}∫
γ0

f ′(t)
E(t)

dt

P0

cos l
a

− cosπθ sin 2lθ
a

A3 − ρA4

∫
γ0

f ′(t)
E(t)

dt = C2 cos
2lθ
a

− C1 sin
2lθ
a
.

2) The pressure beneath the stamps

p(x) =
1

2(A3 − ρA4)

{
− sin 2θπf ′(x) +

2 cos2 θπE(x)
aπ

∫
γ0

f ′(t)
E(t)

cot
t− x

a
dt

}
+

cos θπ
aπ

E(x)(C1 tan
x

a
+ C2), x ∈ γ0.

Example Consider the case where the stamps possess periodic horizontal rec-
tilinear bases, here, f ′(x) = 0. Then

p(x) =
cos θπ
aπ

E(x)(C1 tan
x

a
+ C2), x ∈ γ0,

where C1 and C2 are determined by{
(ε1 + iδ1)e−i

2lθ
a + (ε2 + iδ2)ei

2lθ
a

}
C1

+i
{
(ε1 + iδ1)e−i

2lθ
a − (ε2 + iδ2)ei

2lθ
a

}
C2 + (ε3 + iδ3)βaπ = 0

C2 cos
2lθ
a

− C1 sin
2lθ
a

=
P0

cos l
a

.

See Ref.3-7,14,19.

4. Periodic Crack Problems in Plane Elasticity

For isotropic elastic plane weakened by a periodic row of cracks, W.T.Koiter had
studied the first fundamental problems by complex variable methods for the cases
where the cracks are rectilinear and collinear (in the direction of period), or parallel
and perpendicular to the direction of period, under very special assumptions for
the external stresses subjected on the cracks as well as those at infinity. See Ref.6-
7,14,17,19,28,30.
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4.1. Fundamental Problems of Isotropic Plane with

Periodic Collinear Cracks

1) General comments
Consider the isotropic elastic infinite plane weakened by periodic rectilinear

cracks with the same direction as the period aπ. without loss of generality, we may
ask that they are situated on the real axis.

Assume that there are n cracks in the periodic strip |x| < 1
2aπ, namely, lk :

ak ≤ t ≤ bk(ak+1 > bk), k = 1, ..., n− 1, positively oriented from ak to bk. denote

l0 =
n∑
k=1

lk, and the principal vector of the external stresses on lk by Xk + iYk, The

elastic region is denoted by S. Other notations are the same as in previous section.
The following discussions are made under the assumptions that the stresses are

periodic and bounded at z = ±∞i while the displacements are quasi-periodic.
Introduce functions

w(z) = zΦ̄(z) + Ψ̄(z),

Ω(z) = w′(z) = Φ̄(z) + zΦ̄′(z) + Ψ̄′(z),

}
z ∈ S, (4.1)

where Φ(z),Ψ(z) are complex stress functions and Φ̄(z) = Φ(z̄), Ψ̄(z) = Ψ(z̄). It is
easily seen

σy − iτxy = Φ(z) + Ω(z̄) + (z − z̄)Φ′(z), z ∈ S. (4.2)

By periodicity of Φ(z)We known that Ω(z) is also periodic.
Assume both Φ(z) and Ω(z) are at most integrably unbounded at the tips of lk

and

lim
z→t

yΦ′(z) = 0(z = x+ iy ∈ S, t ∈ L0). (4.3)

Obviously,

Xk =
∫
lk

[τ−xy(t) − τ+
xy(t)]dt,

Yk =
∫
lk

[σ−
y (t) − σ+

y (t)]dt,

 k = 1, ..., n, (4.4)

where σ±
y + iσ±

xy are the external stresses on the upper bank and the lower bank of
lk respectively. Thereby, their resultant X + iY is given by


X =

∫
l0

[τ−xy(t) − τ+
xy(t)]dt,

Y =
∫
l0

[σ−
y (t) − σ+

y (t)]dt,
(4.5)
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Let Φ0(z) and Ψ0(z) be as before, then Φ0(±∞i) = Ψ0(±∞i) = 0. We can
easily verify that

Φ(±∞i) = ∓ Y − ix

2aπ(k + 1)
+ β,

Ψ(±∞i) = ∓ (k − 1)Y + i(k + 1)X
2aπ(k + 1)

− β + kβ̄ − q;
(4.6)

and then, by (4.1)

Ω(±∞i) = ± k(Y − iX)
2aπ(k + 1)

+ kβ − q. (4.7)

2 The first fundamental problem
Assume σ±

xy(t), τ±xy(t) ∈ H are given, and σ−, τ−, h− (consequently
σ+, τ+, h+, β, q) are also given. Find the equilibrium.

According to the boundary condition, we assure:

Φ+(t) + Ω−(t) = σ+
y − iτ+

xy,

Φ−(t) + Ω+(t) = σ−
y − iτ−xy.

By addition and subtraction, our problem is easily transferred to the following
two boundary value problems:

[Φ(t) + Ω(t)]+ + [Φ(t) + Ω(t)]− = 2p(t), (4.8)

[Φ(t) − Ω(t)]+ − [Φ(t) − Ω(t)]− = 2q(t), (4.9)

where we have put

p(t) =
1
2
[σ+
y (t) + σ−

y (t)] − i

2
[τ+
xy(t) + τ−xy(t)], (4.10)

q(t) =
1
2
[σ+
y (t) − σ−

y (t)] − i

2
[τ+
xy(t) − τ−xy(t)]. (4.11)

We have

Φ(z) =
X(z)
2aπi

∫
l0

p(t)
X+(t)

cot
t− z

a
dt+

1
2aπi

∫
l0

q(t) cot
t− z

a
dt

+X(z)Pn(tan
z

a
) + C,

Ω(z) =
X(z)
2aπi

∫
l0

p(t)
X+(t)

cot
t− z

a
dt− 1

2aπi

∫
l0

q(t) cot
t− z

a
dt

+X(z)Pn(tan
z

a
)− C,

(4.12)
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where

X(z) =
n∏
k=1

(tan
z

a
− tan

ak
a

)
− 1

2
(tan

z

a
− tan

bk
a

)−
1
2 (4.13)

The radicals in which may be arbitrarily taken as a continuous branch in the z-plane
cut by the periodic cracks, for instance, that branch fulfilling

lim
z→ aπ

2

tann
z

a
X(z) = 1.

And C0, ..., Cm can be easily determined by the following equations:

k

∫
lk

[Φ+(t) − Ω−(t)]dt+
∫
lk

[Φ+(t) − Ω−(t)]dt = 0, k = 1, ..., n, (4.14)

k

∫
Λt

Φ(z)dz −
∫

Λt

Ω(z)dz = aπq. (4.15)

3) The second fundamental problem
For simplicity, we assume that there occurs only one single crack in a period,

that is, γ0 : [−l, l].
Given the periodic displacements u±(t) + iv±(t) respectively on the upper and

the lower banks of the cracks, with u±
′
(t) + iv±

′
(t) ∈ H(A, µ), the resultant of

the principal vectors of the external stresses on γ0 : X + iY , and the stresses at
z = −∞i (and hence at z = +∞i), find the equilibrium.

We get

Φ(z) =
1

2aπki
√
R(z)

∫ l

−l
f(t)

√
R(t) cot

t− z

a
dt

+
1

2aπki

∫ l

−l
g(t) cot

t− z

a
dt+

C0 tan z
a + C1

k
√
R(z)

+ β − q

2k
,

Ω(z) = − 1
2aπi

√
R(z)

∫ l

−l
f(t)

√
R(t) cot

t− z

a
dt

+
1

2aπi

∫ l

−l
f(t) cot

t− z

a
dt− C0 tan z

a + C1√
R(z)

,

(4.16)

where 
C0 = − 1

2aπi

∫ l

−l
f(t)

√
R(t)dt− iq

2 cos l
a

,

C1 = − k(Y − iX)
2(k + 1)aπ cos l

a

.

(4.17)

This problem was incomplete discussion by H.F.Bueckner.
Remark The corresponding mixed problem may be studied by method similar

to that used here.
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4.2. Fundamental Problems of Anisotropic Elastic Plane with

Periodic Collinear Cracks

1) General comments
Assume that, in the anisotropic infinite elastic plane, there are periodically ar-

ranged rectilinear cracks Lj , j = 0,±1,±2, ... Lying on the x− axis, each of which
has the length 2l(l < 1

2aπ), L0 being the interval [−l, l], as shown in Fig. 1.1 Denote

L =
∞∑

j=−∞
Lj and its complement L′.

Assume that there exist periodic external loads on both sides of the cracks but
no external stresses at infinity. We would study respectively the cases where the
loads are symmetric or anti-symmetric on L0.

The following discussions are made under the basic assumptions that both the
stresses and displacements are periodic and the stresses at infinity are bounded.Both
the stress Φ (z1) and Ψ (z2) are periodic.

At z = ±∞i, the principal vectors X(±∞i) + iY (±∞i) of external stresses, by
assumption, are zeros:

X(±∞i) + iY (±∞i) = aπ [τxy (±∞i) + iσy (±∞i))] = 0. (4.18)

Our discussions may be restricted in the periodic strip |Rez| < 1
2aπ.

Fig. 1.1.

2) Symmetric loads
Assume Φ1 (z1) and Ψ1 (z2) are the stress functions corresponding to the case

where periodic loads (in the plane) applied on the cracks are symmetric to the
x-axis, i.e., tension loads only.

On the real axis, let z1 = z2 = τ , on account of symmetry, by(3.4)

µ1Φ1(τ) + µ2Ψ1(τ) = 0, τ ∈ L′. (4.19)

Assume σ±
y (τ) , τ ∈ L, are given (periodic). By (3.5) and (4.19) the boundary

condition can be expressed in Φ1 (z) only:

σ+
y (τ) =

µ2 − µ1

µ2
Φ+

1 (τ) +
µ̄2 − µ̄1

µ̄2
Φ̄−

1 (τ),

σ−
y (τ) =

µ2 − µ1

µ2
Φ−

1 (τ) +
µ̄2 − µ̄1

µ̄2
Φ̄+

1 (τ),

 τ ∈ L0, (4.20)
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[
µ2 − µ1

µ2
Φ1(τ) +

µ̄2 − µ̄1

µ̄2
Φ̄1(τ)]+ + [

µ2 − µ1

µ2
Φ1(τ) +

µ̄2 − µ̄1

µ̄2
Φ̄1(τ)]−

= 2f1(τ), τ ∈ L0, (4.21)

[
µ2 − µ1

µ2
Φ1(τ) − µ̄2 − µ̄1

µ̄2
Φ̄1(τ)]+ − [

µ2 − µ1

µ2
Φ1(τ) − µ̄2 − µ̄1

µ̄2
Φ̄1(τ)]−

= 2g1(τ), τ ∈ L0 (4.22)

where

f1(τ) =
1
2
(σ+
y + σ−

y ), g1(τ) =
1
2
(σ+
y − σ−

y ), τ ∈ L.
Assume both f1(τ) and g1(τ) ∈ H(A, µ). Evidently, they are periodic. Φ1(±∞i)
and Ψ1(±∞i) are finite by the assumption that the stresses at infinity are bounded.

The general solution of the boundary value problem is

Φ1(z1) = Φ∗
1(z1) +

µ2

µ2 − µ1

c0 tan z1
a + c1√

R(z1)
+

µ2β

µ2 − µ1
, (4.23)

where

µ2 − µ1

µ2
Φ∗

1(z1) =
1

2aπi

∫ l

−l
g1(τ) cot

τ − z1
a

dτ

+
1

2aπi
√
R(z1)

∫ l

−l
f1(τ)

√
R(τ) cot

τ − z1
a

dτ. (4.24)

By the similar way, we find that

Ψ1(z2) = Ψ∗
1(z1) +

µ1

µ1 − µ2

c∗0 tan z1
a + c∗1√

R(z2)
+

µ1β
∗

µ1 − µ2
, (4.25)

where

µ1 − µ2

µ1
Ψ∗

1(z2) =
1

2aπi

∫ l

−l
g1(τ) cot

τ − z2
a

dτ

+
1

2aπi
√
R(z2)

∫ l

−l
f1(τ)

√
R(τ) cot

τ − z2
a

dτ, (4.26)

in which c∗0, c
∗
1 are undetermined real constants and β∗ complex.

In order to determine c0, c1, c∗0, c
∗
1, β and β∗, it is sufficient to consider the peri-

odicity of displacements and the stresses at z = ±∞i.

3) Anti-symmetric loads
Now, let us consider the problem of anti-symmetric loads (in the plane), i.e.,

τ±xy are given on the cracks. denote the stress function in the case by Φ2(z1) and
Ψ2(z2). By the condition of anti-symmetry,

Φ2 (τ) + Ψ2 (τ) = 0, τ ∈ L′.
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Then by (3.4), the boundary conditions become

[(µ2 − µ1)Φ2 (τ) + (µ̄2 − µ̄1)Φ̄2(τ)]+ + [(µ2 − µ1)Φ2 (τ)

+(µ̄2 − µ̄1)Φ̄2(τ)]− = 2f2(τ), τ ∈ L0. (4.27)

[
(µ2 − µ1)Φ2(τ) − (µ̄2 − µ̄1)Φ̄2(τ)

]+ − [(µ2 − µ1) Φ2(τ)

−(µ̄2 − µ̄1)Φ̄2(τ)]− = 2g2(τ), τ ∈ L0 (4.28)

where

f2(τ) =
1
2
(τ+
xy + τ−xy), g2(τ) =

1
2
(τ+
xy − τ−xy)

are periodic, assumed ∈ H .
Thus, we may write

Φ2(z1) = Φ̄∗
2(z1) +

1
µ2 − µ1

d0 tan z1
a + d1√

R(z1)
+

γ

µ2 − µ1
(4.29)

where we have

(µ2 − µ1)Φ∗
2(z1) =

1
2aπi

∫ l

−l
g2(τ) cot

τ − z1
a

dτ

+
1

2aπi
√
R(z1)

∫ l

−l
f2(τ) cot

τ − z1
a

dτ.

And

Ψ2(z2) = Ψ∗
2(z2) +

1
µ1 − µ2

d∗0 tan z1
a + d∗1√

R(z2)
+

γ∗

µ1 − µ2
(4.30)

where d∗0, d∗1 are undetermined real constants and γ∗, complex, and at the same
time, we have defined

(µ1 − µ2)Ψ∗
2(z2) =

1
2aπi

∫ l

−l
g2(τ) cot

τ − z2
a

dτ

+
1

2aπi
√
R(z2)

∫ l

−l
f2(τ)

√
R(τ) cot

τ − z2
a

dτ,

d∗0, d
∗
1γ, γ

∗ can be determined by the periodicity of displacements and the con-
dition at z = ±∞i.

In particular, consider the subcase τ+
xy (τ) = τ−xy (τ) or g2 (τ) = 0. Then, (4.29)

and (4.30) are simplified respectively to

(µ2 − µ1)Φ2(z1) =
1

2aπi
√
R(z1)

∫ l

−l
f2(τ)

√
R(τ) cot

τ − z1
a

dτ
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+
d0 tan z1

a + d1√
R(z1)

+ γ, (4.31)

(µ2 − µ1)Ψ2(z2) =
1

2aπi
√
R(z2)

∫ l

−l
f2(τ)

√
R(τ) cot

τ − z2
a

dτ

+
d∗0 tan z1

a + d∗1√
R(z1)

+ γ∗. (4.32)

Next, consider the more special case where uniform shearing forces are applied
on the cracks: g2 (τ) = 0 and f2(τ) = −q, τ ∈ L. The solution becomes:

(µ2 − µ1)Φ2(z1) =
−q

2aπi
√
R(z1)

∫ l

−l

√
R(τ) cot

τ − z1
a

dτ

+
d0 tan z1

a + d1√
R(z1)

+ γ (4.33)

(µ1 − µ2)Ψ2(z2) =
−q

2aπi
√
R(z2)

∫ l

−l

√
R(τ) cot

τ − z2
a

dτ

+
d∗0 tan z2

a + d∗1√
R(z2)

+ γ∗ (4.34)

4) Stress intensity factors
In order to analyze the stress distribution around the tips of L0, put, in the

neighborhood of t = l,

x = l + r cos θ, y = l + r sin θ

where r/l is assumed to be sufficiently small and polar coordinates r, θ represent
respectively the radial distance of the point z = x + iy to the tip t = l of the crack
and the angle of inclination of the radial ray to the crack.

Note that when zj = l,

(tan2 zj
a
− tan2 l

a
)

1
2 ≈ sec2 l

a
[2r(cos θ + µj sin θ)]

1
2 , j = 1, 2.

Thus, the stress functions, either for the case of symmetric loads or anti-symmetric
loads, can be written as

Φj(z1) =
Fj

[r(cos θ + µj sin θ)]
1
2

+O(1)

Ψj(z2) =
Gj

[r(cos θ + µj sin θ)]
1
2

+O(1)

 j = 1, 2 (4.35)

where

F1 =
k1µ2 cos l

a

2
√

2(µ2 − µ1)
, F2 =

k2 cos l
a

2
√

2(µ2 − µ1)
,
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G1 =
k1µ1 cos l

a

2
√

2(µ1 − µ2)
, G2 =

k2 cos l
a

2
√

2(µ1 − µ2)
= −F2.

where kj , j = 1, 2, are called the stress intensity factors, and can be evaluated
directly from the stress function Φj(z1) or Ψj(z2), namely

k1 = 2
√

2
µ2 − µ1

µ2
lim
z1→t0

(tan
z1
a
− tan

t0
a

)
1
2 Φ1(z1),

k2 = 2
√

2(µ2 − µ1) lim
z1→t0

(tan
z1
a
− tan

t0
a

)
1
2 Φ2(z1),

(4.36)

where t0 ∈ L0, or
k1 = 2

√
2
µ1 − µ2

µ1
lim
z2→t0

(tan
z2
a
− tan

t0
a

)
1
2 Ψ1(z1),

k2 = 2
√

2(µ1 − µ2) lim
z2→t0

(tan
z2
a
− tan

t0
a

)
1
2 Ψ2(z2).

(4.37)

When a → ∞, the stress intensity factors are identical to the result due to G. C.
Sih and H. Liebowitz, see Ref.27, for the case only one single crack on the x-axis.

5. Generalized Symmetric Boundary Value Problems for Automor-
phic Functions

Various types of periodic problems often encountered in continuum mechanics are
the concrete performances of some kind of generalized invariances, symmetric or
conservations, which can be mathematically written in a unified way:

f [T (z)] ≡ f(z), T ∈ G, z ∈ Σ. (5.1)

where G is a function group with Ω as its invariance domain, f(z) is a meromorphic
function within Ω, then f(z) is a automorphic function in regard to G. Therefore,
most of the foregoing results can be generalized to corresponding boundary value
problems for automorphic functions, and their conditions could be also relaxed more
widely. See Ref.10-11,29.

5.1. Relaxing Conditions

1) Condition ∧(1, 1)
Let s ∈ L be the coordinate, the arc length l, measuring from a fixed-point along

L; z = z(s), 0 ≤ s ≤ l, be the equation of L; λ, δ and h be non-zero constants. Let
ϕ(z) be a continuous function with the modulus of continuity

∗
ω(δ, ϕ) or ω(δ, ϕ),

defined separately by{ ∗
ω (δ, ϕ) ≡ sup|s−s′|≤δ |ϕ(z(s)) − ϕ(z(s′))|,
ω(δ, ϕ) ≡ sup|z1−z2|≤δ |ϕ(z1) − ϕ(z2)|;

(5.2)

They are both non-decreasing continuous functions, positive valued. Moreover,
∗
ω (δ, ϕ) ≤ ω(δ, ϕ) ≤ (1 +

1
α

)
∗
ω (δ, ϕ),
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ω(λδ, ϕ) ≤ (λ+ 1)(1 +
1
α

)ω(δ, ϕ).

Corresponding to Hölder-Lipschitz Condition H(H,α), we know

ω(δ, ϕ) ≤ Hδα. (5.3)

Let ϕ(z) be a function satisfied Condition ∧(1,1):∫ 1

0

ω(t, φ)
t

dt <∞; ∧(1, 0)

∫ 1

0

1
t
dt

∫ t

0

ω(τ, φ)
τ

dτ <∞,

∫ 1

0

dt

∫ t

0

ω(τ, φ)
τ2

dτ <∞. ∧(0, 1).

Let ω(δ, ϕ) be substituted by
∗
ω(δ, ϕ), accordingly we have

∗∧(1,0),
∗∧(0,1) and

∗∧(1,1).

The total functions satisfied Condition H (H,α), Condition
∗
H (H,α), Condi-

tion ∧(1,1) or Condition
∗∧(1,1), composed Group H (H,α), Group

∗
H (H,α), Group

∧(1,1) or Group
∗∧(1,1) separately.

2) Sectionally Automorphic Functions
Let Lk, k ≡ 0, 1, 2, . . . be a set of rectifiable closed contours, non-intersecting

to each other, oriented counter-clockwise, the region interior to Lk is denoted by

S+
k and S− is the complement of S+

k + Lk; for L =
+∞∑

k=−∞
Lk correspondingly we

have S+ and S−, as usual. Let G be a function group (Fuchs group or Elementary
group) with its elements,

T(z)≡z, T (z),T(z),. . . ,
where T (z ) is a linear transformation, and Lk ≡T (L0) is a equivalence curve of L0.
ϕ(z) is a sectionally automorphic function; (5.1) is valid if ϕ(z) is a automorphic
function for G; ϕ(z) is holomorphic except the points in L and can be extended to
L continuously.

5.2. Generalized Plemelj Formulae and Singular Integral Equations

1) Generalized Plemelj Formula
Let ϕ(z) be a function satisfied Condition∧(1,1) in L and consider the Cauchy

Type Integral:

Φ(z) ≡ 1
2πi

∫
L

ϕ(t)
t− z

dt, z /∈ L. (5.4)

The Generalized Plemelj Formulae can easily be proved, see Ref.11, 29.

Theorem 12 (Generalized Plemelj Formulae) Let ϕ(z) be a function satisfied
Condition ∧(1, 0) in L, then the Cauchy Type Integral Φ(z) is holomorphic both
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on S+ and S−, vanishes at infinity; when z approaches to z0, Φ(z) tends to definite
limit Φ+(z0) or Φ−(z0) according to z in S+ or S−, they satisfy the following
relations: 

Φ+(z0) + Φ−(z0) =
1
πi

∫
L

ϕ(t)
t− z0

dt,

Φ+(z0) − Φ-(z0) = ϕ(z0).

(5.5)

or 
Φ+(z0) =

1
2πi

∫
L

ϕ(t)
t− z0

dt+
1
2
ϕ(z0),

Φ-(z0) =
1

2πi

∫
L

ϕ(t)
t− z0

dt− 1
2
ϕ(z0)

(5.6)

where the meaning of integrals should be understand for the principal value integral.
Therefore, Φ(z) is sectionally holomorphic, and Φ+(z), Φ−(z) are continuous in

L. When z0 is an angular point laying in L with inner angle α, the coefficient ±1/2
of Φ(z) should be changed into +(1 +α/2) and −(α/2); when z0 is a exterior cusp,
α = 0; when z0 is a inner cusp, α = 2π.

2) Singular Integral Equation
Because Φ+(z) and Φ−(z) need not to satisfy the same condition, so the above

results could not be applied to singular integral equation. But we have
Theorem 13 Let ϕ(z) be a function satisfied Condition ∧(1, 1), then Φ+(z)

and Φ−(z) will satisfy the same condition ∧(1, 0):∫ 1

0

ω(t,Φ+)
t

dt < +∞;
∫ 1

0

ω(t,Φ−)
t

dt < +∞. (5.7)

By rewriting (5.6), we obtain

Φ−(z0) =
1

2πi

∫
L

ϕ(t) − ϕ(z0)
t− z0

dt.

Let z0 + h = z(s0 + k), then

Φ−(z0 + h)− Φ−(z0)

=
1

2πi

∫
L

[ϕ(t) − ϕ(z0 + h)
t− (z0 + h)

− ϕ(t) − ϕ(z0)
t− z0

]
dt

≡ 1
2πi

∫
Lε

[∗]dt+
1

2πi

∫
∆ε

[∗]dt

≡ 1
2πi

(Iε + Jε),
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where [·] is a simple notation of integrand; let 2|k|≡ε, we have

|Jε| ≤
∫ s0+ε

s0−ε

∗
ω (|s− (s0 + k)|, ϕ)
α|s− (s0 + k)| ds+

∫ s0+ε

s0−ε

∗
ω (|s− s0|, ϕ)
α|s− s0| ds

≤ 1
α

∫ s−k

−s−k

∗
ω (|t|, ϕ)

|t| dt+
1
α

∫ ε

−ε

∗
ω (|t|, ϕ)

|t| dt

≤ 4
α

∫ 4|k|

0

∗
ω (t, ϕ)

t
dt;

and

|Iε| ≤
∫
Lε

∣∣∣ϕ(t) − ϕ(z0 + h)
t− (z0 + h)

∣∣∣| h

t− z0
|dt+ π|ϕ(z0 + h) − ϕ(z0)|

≤ |K|
α2

∫
Lε

∗
ω (|s− (s0 +K)|, ϕ)
|s− (s0 +K)||s− s0|ds+ π

∗
ω (|K|, ϕ)

≤ 2K|K|
∫
Lε

∗
ω (|s− (s0 +K)|, ϕ)

|s− (s0 +K)|2 ds+ π
∗
ω (|K|, ϕ)

≤ 2K|K|
∫ 1

|K|

∗
ω (t)
t2

dt+ π
∗
ω (|K|, ϕ).

Where h, k, K are different constants, notice the above inequalities regarding to
| Iε | and | Jε |, then

∗
ω (t,Φ) ≤ K1t

∫ 1

0

∗
ω (t)
t2

dt+K2

∫ 1

0

∗
ω (t)
t

dt+
1
2

∗
ω (t).

Using Condition ∧(1, 0), we have proved the second inequality in formula (5.7);
to the following Cauchy Type Integral

∗
Φ (z) ≡ 1

2πi

∫
L−

ϕ(t)
t− z

dt, z ∈ S−;

here
∗

Φ− (z) = −Φ+(z), so

ω(t,Φ+) = ω(t,
∗

Φ−).

Because of the above result, we have the first inequality in formula (5.7), Under the
condition of ϕ±(z) ∈ ∧(1, 1), the following corollaries are much useful and easy to
prove.

Corollary 13.1 For any given continuous function ϕ+(z0) being the boundary
value of a function Φ(z) continuous on S+ + L, holomorphic on S+, the sufficient
and necessary condition is

1
2πi

∫
L

ϕ+(t)
t− z

dt = 0, z ∈ S−. (5.8)
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Corollary 13.2 For any given continuous function ϕ−(z0) being the boundary
value of a function Φ(z) continuous on S− + L holomorphic on S−, with a given
principle part r(z) at ∞ point, the sufficient and necessary condition is

1
2πi

∫
L

ϕ−(t)
t− z

dt− Γ(z) = 0, z ∈ S+. (5.9)

5.3. Generalized Plemelj Formula and Automorphic Functions

1) Automorphic Functions of Finite Group
For finite group G ≡ {T0(z) ≡ z,T1(z), · · · ,Tn−1(z)}, consider the function

Φ(z) ≡ 1
2πi

∫
L0

n−1∑
k=0

[ 1
τ − Tk(z)

− 1
τ − Tk(∞)

]
ϕ(τ)dτ. (5.10)

where ϕ(τ) ∈ ∧(1, 1), τ ∈ L0. Easy to know that ϕ(∞) = 0, and analytic every-
where, except L = L0 +L1 + . . .+Ln−1 (L is total of equivalence curves of Lk with
orientational invariance, its equation is τ- T (z )=0 or z = T (τ), τ∈L, k=1,. . . ,2n-
1). Evidently, formula (5.1) valid, namely Φ(z ) is an automorphic functions of finite
group G. Taking into account the character of Φ(z ) in L, with z replaced by T−1

k (z)
in formula (5.10), notice that the items under the summation varying continuously;
except the (k+1)th item transforming into an Cauchy Type Integral, with L as its
discontinuous line. Therefore, let z → T−1

k (z0) ∈ Lk, z0 ∈ L0, we have

Φ±(T−1
k (z0))

=
1
πi

∫
L0

n−1∑
j=0

[
1

τ − Tj(T−1
k (z0))

− 1
τ − Tj(∞)

]ϕ(τ)dτ ± 1
2
ϕ(z0)

=
1
πi

∫
L0

n−1∑
j=0

[
1

τ − Tk(z0)
− 1
τ − Tk(∞)

]ϕ(τ)dτ ± 1
2
ϕ(z0). (5.11)

Similar to Plemelj Formula, we have
Corollary 12.1 For an automorphic function defined by (5.10), its limit value

Φ±(z0), z0 ∈ L0 exist, and

Φ+(T−1
k (z0)) + Φ−1(T−1

k (z0))

= 1
πi

∫
L0

n−1∑
j=0

[ 1
τ−Tk(z0)

− 1
τ−Tk(∞) ]ϕ(τ)dτ,

Φ+(T−1
k (z0)) − Φ−1(T−1

k (z0)) = ϕ(z0), k = 0, 1, . . . , n− 1.


(5.12)

2) Automorphic Functions of Infinite Group
Let F(z) be a simple automorphic function to infinite group G ≡

{T0(z),T1(z), · · · }, with a simple pole z0 in elementary region; g(z0) ∈ ∧(1, 1)
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be given in L0. Consider the function

Φ(z) ≡ 1
2πi

∫
L0

g(τ)
F ′(τ)

F (τ) − F (z)
dτ. (5.13)

It is a sectional automorphic function, with L0 as it’s discontinuous line, vanish-
ing at each generalized equivalent point of z0. The integral kernel can be expressed
as follows:

F ′(τ)
F (τ) − F (z)

≡ 1
τ − z

+ Ω(τ, t),

where Ω is a function continuous in L0. Then, we have
Corollary 12.2 For a sectional automorphic function Φ(z) defined by (5.13),

it’s limit value Φ±(z0)(z0 ∈ L0) exist, andΦ+(z0) + Φ−(z0) =
1
πi

∫
L0

g(τ)
F ′(τ)

F (τ) − F (z)
dτ,

Φ+(z0)− Φ−(z0) = g(z0).
(5.14)

5.4. Singular Integral Equations and Boundary Value Problems

In the ordinary circumstances, the exact solution of a singular integral equation can
only be approached by an approximating solution. However as the equation kernel
is an analytic function to the main variable, by use of analytic continuation, intro-
ducing an auxiliary (analytic) function, we can transform successfully the singular
integral question to a boundary value problem,and can obtain the closed solution.
The basic property of singular integral equation considered here is the automorphic
behavior of the kernel.

1) Automorphic Functions of Finite Group
Under the same symbols as above,consider the following singular integral ques-

tion

a(t)ϕ(t) +
b(t)
πi

∫
L0

n−1∑
k=0

[ 1
τ − Tk(t)

− 1
τ − Tk(∞)

]
ϕ(τ)dτ = f(t), (5.15)

where a(t), b(t), c(t) are given functions satisfied Condition ∧(1, 1), and a2(t) −
b2(t) = 1.

Substituting the function Φ(z) in (5.10) as an auxiliary function into singular
integral question (5.15), using relation (5.12), we know that Φ(z) satisfies boundary
condition

Φ+(T−1
k (t)) =

a(t)− b(t)
a(t) + b(t)

Φ−(T−1
k (t)) +

f(t)
a(t) + b(t)

.

It can be rewritten as follows

Φ+(t) = G(Tk(t))Φ−(t) + g(Tk(t)), k = 0, 1, . . . , n− 1, (5.16)
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where

G(t) ≡ a(t) − b(t)
a(t) + b(t)

, g(t) ≡ f(t)
a(t) + b(t)

. (5.17)

This is a kind of problems called Riemann Boundary Value Problem, due to the
nature of its boundary condition. But it is different from the original definition of
Riemann Boundary Value Problem; the essential difference between them lies in
the function Φ(z) which is a given expression of sectional automorphic function to
finite group G.

2) Automorphic Functions of Infinite Group
Under the same symbols as above,consider the singular integral question (5.15),

denoting by

a(t)ϕ(t) +
b(t)
πi

∫
L0

F ′(τ)
F (τ) − F (t)

ϕ(τ)dτ = f(t). (5.18)

using Φ(z) in (5.13) as its auxiliary function with substituting function ϕ(τ) for g(τ),
from Corollary 12.2, the above singular integral question (5.18) can be transformed
immediately to Riemann Boundary Value Problem

Φ+(t) = G(t)Φ−(t) + g(t). (5.19)

According to (5.13), function F(z) has a single pole at z0, so Φ(∞) = 0.
Now, let function F(z) in (5.18) be a sectional automorphic function with a

finite number of poles, the closed solution of generalized Riemann Boundary Value
Problem (5.19) can still work out in the same way.

5.5. Boundary Value Problems and Automorphic Functions

1) Automorphic Functions of Finite Group
The main purpose of this paragraph is to solve Riemann Boundary Problem

(5.16) for finite group G, where L0 is closed, so do its equivalences Lk and L ≡
L0 + L1 + · · · + Ln−1. The solution of homogeneous Riemann Boundary Value
Problem with the condition on L is known as canonical function X(Z), is equal
to the product of those canonical functions Xk(Z) with various conditions Lk, k =
1, · · · , 2n− 1.

Under the present case, we need not to structure the canonical function Xk(Z)
for each Lk, by the nature of canonical function, showing obviously:

Xk(z) = X0(Tk(z)). (5.20)

And the canonical function X0(Z) for each L0 for was easily be solved, what
discovered it to come first was Hilbert, therefore, this kind of questions is called the
Hilbert Problem:

X0(z) = (z − t0)−keΓ0(t) (t0 ∈ L0), (5.21)
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where κ is the index of G(t) for L0:
k ≡ 1

2πi

∫
L0

d lnG(τ),

Γ0(z) ≡ 1
2πi

∫
L0

lnG(τ)
τ − z

dτ.
(5.22)

Therefore, the canonical function X(Z) for L can be written as follows:

X(z) = Πn−1
k=0X0(Tk(z)) = Πn−1

k=0 (Tk(t) − t0)−ke

n−1∑
k=0

Γ0(Tk(z))
, (5.23)

It never vanishes everywhere, takes the generalized equivalent points of ∞-point as
poles of k-order, and

X(z) = X(Tk(z)), k = 1, 2, . . . , n− 1. (5.24)

To find a solution Φ(z) for the homogeneous problem,

Φ+(t) = G(Tk(t))Φ−(t), t ∈ Lk, k = 1, 2, . . . , n− 1, (5.25)

so as to meet the condition Φ(∞) = 0. Eliminated G(Tk(t)) from equations (5.24)
and (5.25), we know

Φ+(t)/X+(t) = Φ−(t)/X−(t),

and by the principle of analytically continuation, Φ(z )/X (z ) is meromorphic on
the whole plan with generalized equivalent points of ∞-point, denoted by z∞, as
its poles of (κ-1)-order. Moreover it is automorphic due to the invariance under
transforming Tk(z) ∈ G and can be expressed as one of the follows:{

Φ(z) = X(z)Pk−1(F ∗)/[F ∗(z)− F ∗(z∞)]k−1,

Φ(z) = X(z)Pk−1(F ).
(5.26)

where F (z) ≡
n−1∑
i=0

Ti(z) and F (z) ≡
n−1∑
i=0

[Ti(z − a)]−1 are elemental automorphic

functions, a is a constant; P(F) is an arbitrary polynomial of order not larger than
(k − 1).

(5.26) is the expression of the κ-solutions with linear independence. When k ≤ 0,
the solution for the homogeneous problem is not exist.

Now we consider non-homogeneous problem (5.16), and change the form into

Φ+(t)/X+(t) − Φ−(t)/X−(t) = g(Tk(t))/X+(t), t ∈ Lk, k = 0, 1, · · · , 2n− 1.

In this way, the problem is turned to find an automorphic function according to the
discontinuities in boundary Lk or g(t) ∈ ∧(1, 1). Easy to verify that the function

Ψ(z) =
1

2πi

n−1∑
k=0

∫
L0

g(τ)
X+(τ)(τ − Tk(z))

dτ (5.27)

is a sectional automorphic function satisfied the above boundary condition.
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Therefore, for equation (5.16), X (z ) Ψ(z ) is a special solution, and its general
solution is

Φ(z) = X(z){Ψ(z) + Pk−1(F ∗)/[F ∗(z)− F ∗(z∞)]k−1}, (5.28)

where X (z ) is a canonical function determined by (5.16), and Ψ(z ) by (5.27).
When k < 0, Pk−1 must be zero, point infinity must be the zero-point of order

(−k+ 1). In order to achieve these requirements, we expand Ψ(z ) in the neighbor-
hood of infinity V(∞) and obtain

Ψ(z) = − 1
2πi

∞∑
j=1

[ n−1∑
k=0

∫
L0

T ′
k(τ)Tk

j−1(τ)g(τ)
X+(τ)

dτ
]
z−j.

Let all the coefficients of z−j be vanished, we have the conditions:∫
L0

g(τ)
X+(τ)

n−1∑
k=0

T ′
k(τ)T

j−1
k (τ)dτ = 0, j = 1, 2, . . . ,−k. (5.29)

Similar to usual Riemann Boundary Value Problem, we have
Theorem 14 For homogeneous problem (5.25), there are solutions of k-linear

independence, when k > 0; no solution, when k ≤ 0. For non-homogeneous problem
(5.16), there is solution unconditionally, when k > 0; there is solution, only when
the conditions (5.29) are satisfied.

2) Automorphic Functions of Infinite Group
Riemann Boundary Value Problem discussed here is to find a sectional auto-

morphic function Φ(z) satisfied the boundary condition (5.19), where G ( t )�=0
and g ( t ) are given in L0 and satisfied the condition ∧(1,1).

Paramount considering the jump question

Φ+(t) − Φ−(t) = g(t), t ∈ L. (5.30)

The usual Cauchy Type Integration cannot satisfy the request, because it is
not a automorphic function. From Corollary 12.2, we know that the function Φ(z)
defined by (5.13) is uniquely the solution of (5.30); due to vanishing at z0. The
canonical function X(z) of question (5.30) satisfied the boundary condition (5.13)
in the homogeneous case is a sectional automorphic function with the index k of G

( t ).
Easy to know

X(z) = [F (z) − F (t0)]−keΓ(z), t0 ∈ L0, (5.31)

where F (z ) is a simple automorphic function used in (5.30) with z as its simple
pole,

Γ(z) ≡ 1
2πi

∫
L0

lnG(τ)
F ′(τ)

F (τ) − F (z)
dτ. (5.32)

The canonical function defined such a way can be accurate to a constant.
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So the general solution of (5.30) is

Φ(z) = X(z)[Ψ(z) + Pk(F )], (5.33)

where

Ψ(z) ≡ 1
2πi

∫
L0

g(τ)F ′(τ)
X+(τ)[F (τ) − F (z)]

dτ, (5.34)

X (z ) is defined by (5.31), Pk is an arbitrary polynomial of order k.
From the application’s point of view, to fine a solution vanishing at point z0

has special importance; for example in the case of solving a problem of singular
integral equation. Therefore we have to consider Pk−1 substituting for Pk; if k ≥ 0,
Pk−1 ≡ 0 is essential; if k < 0, then we have the conditions of solvability:∫

L0

g(τ)
X+(τ)

[F ′(τ)]j−1F ′(τ)dτ = 0, j = 1, 2, . . . ,−k. (5.35)

Summarizing the above statements, we have
Theorem 15 (5.33) is the solution of (5.30). If an additional condition Φ(z0) =

0 must be satisfied by the solution Φ(z), Pk−1 has to substitute for Pk; if k ≥ 0,
Pk−1 ≡ 0 is essential; if k < 0, for the existence of solution, then a set of solvable
conditions (5.35) must be satisfied.

6. Some Closed Formulae

Two kinds of singular integral equations proposed in section-4 would be solved by
use of theorems 15 and 16.
1) Singular Integral Equation (5.15)

A closed solution for singular integral equation (5.15) would be found by using
the solution (5.28) of (5.16), and generalized Plemelj formulae

ϕ(t) = Φ+(t) − Φ−(t). (6.1)

From (6.1) and (5.28), easy to prove:

ϕ(t) =
1
2
[1 + 1/G(t)]g(t) +X+(t)[1 − 1/G(t)]

{Ψ(t)− 1
2
[Pk−1(F ∗)/[F ∗(t) − F ∗(z∞)]k−1]}. (6.2)

In the above equation, let X(t),Ψ(t) and G(t),g(t) be replaced by (5.23), (5.27)
and (5.20) separately, and pay attention to condition a2(t) − b2(t) = 1 , we obtain

ϕ(t) = a(t)f(t) − b(t)Z(t)
n−1∑
k=0

1
πi

∫
L0

f(τ)dτ/Z(τ)[τ − Tk(t)]

+ b(t)Z(t)Pk−1(F ∗)/[F ∗(t) − F ∗(z∞)]k−1, (6.3)
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where

Z(t) ≡ [a(t) + b(t)]X∗(t) = [a(t) − b(t)]X−(t)

= Πn−1
k=0 [Tk(t) − t0]

−k exp
n−1∑
k=0

Γ0(Tk(t))
,

Γ0(t) ≡ 1
2πi

∫
L0

lnG(τ)dτ/(τ − t), G(t) ≡ [a(t) − b(t)]/[a(t) + b(t)].

If k ≥ 0, then let Pk−1 = 0; if k < 0, for the existence of the solution, a set of
solvable conditions∫

L0

[
n−1∑
k=0

T ′
k(τ)T

j−1
k (τ)]f(τ)dτ/Z(τ) = 0, j = 1, 2, . . . ,−k (6.4)

must be satisfied.

2) Singular Integral Equation (5.19)
Using the method similar to the previous section, and sectional automorphic

function (5.13), applying Corollary 12.2, according to the Plemelj formula, based
on the formula similar to (5.33), we can obtain the solution of Riemann Boundary
Problem, namely, the solution of Singular Integral Equation (5.19):

ϕ(t) = a(t)f(t) − b(t)Z(t)
πi

∫
L0

f(t)F ′(τ)dτ
Z(τ)[F (τ) − F (t)]

+ b(t)Z(t)Pk−1(F ), (6.5)

where

Z(t) = [a(t) + b(t)]X+(t) = [a(t) − b(t)]X−(t)

= [F (t) − F (t0)]−keΓ(t).

The result here is much like what stated in the previous section. If k > 0, then
let Pk−1 ≡ 0; if k ≤ 0, for the existence of the solution, a set of solvable conditions∫

L0

f(τ)
Z(τ)

[F (τ)]j−1F ′(τ)dτ = 0, j = 1, 2, . . . ,−k, (6.6)

must be satisfied.

7. Some Remarks

There were although already the rich literatures in the field of automorphic func-
tion boundary value problems, singular integral equations and its applications in
mechanics, but also there are many meaningful works awaiting to solve; as space is
limited, we proposed certain remarks take the end of this chapter.
1) Trigonometric function, hyperbolic function, elliptical function, modular function
and so on are primary automorphic functions, and suitable to characterize the
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phenomenon of different periodic phenomena, or some type conservation laws in
nature. Many achievements stated before, under the same controlled conditions,
may be generalized to the corresponding results of automorphic functions.
2) The condition ∧(1,1) described by modulus of continuity is more general than
the Hölder-Lipschitz condition H(H,α). There are many results here in condition
H(H,α), can be conditionally generalized to those on the condition ∧ (1,1).
3) Using the methods here, certain type of singular integral equations can easily be
solved in a closed way, most commonly with a Cauchy kernel, a logarithm kernel or
an exponent kernel, including different combination of these three kind of kernels.
4) These results have widespread and important applications to the elasticity theory
and the fluid mechanics. No matter in the theory or application, there are still much
more works awaiting to do.
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Subharmonic Bifurcations and Chaos for a Model of
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The dynamical system of an idealized micro-cantilever induced the cubic nonlinear
spring stiffness term and excited by periodic voltages in micro-electro-mechanical
system (MEMS) is considered. With Taylor expansion, the system can be re-
duced approximately as one with forcing and quadratic excitations. The global
bifurcations and chaotic behaviors of the system are studied through both an-
alytical and numerical methods. With Melnikov method, the conditions which
the system parameters satisfy for chaos are obtained. The critical curves which
separate the chaotic regions and non-chaotic regions of the system are plotted.
There is a “chaotic band” for this system, whose area changes as the coefficient
of the cubic spring stiffness term. Subharmonic bifurcations are studied via sub-
harmonic Melnikov method, and the critical curves for subharmonic bifurcations
are also plotted. With numerical methods, the phase portraits of the system are
obtained, which demonstrate some new interesting dynamical phenomena for this
system.

1. Introduction

The dynamical behavior of micro-electro-mechanical system (MEMS) has attracted
much attention in the past a few years. There exist intrinsic nonlinearities and
exterior nonlinearities arising from coupling of different domains, creep phenomena
and nonlinear damping effects, etc.[1-3,13]. Many micro-cantilever based MEMS
∗ This research was supported by the National Natural Science Foundation of China
(No.10632040), the Natural Science Foundation of Tianjin, China (No. 09JCZDJC26800), China
Postdoctoral Science Foundation (No. 20090450765).
∗∗ Corresponding author, Email: zlqrex@tom.com.
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sensors have been utilized for high precision chemical detection and small force
detection. Some micro-cantilever mass sensors have been developed and applied as
chemical sensors, biosensors and other sensors as well [4-5].

A lot of researches have been done on the nonlinear dynamical behavior of
micro-cantilever based in MEMS. Passiana et al.[6] presented a micro-cantilever of
an atomic force microscope (AFM) dynamic system to display the useful resonance
behavior at kilohertz frequencies. Zook and Burns [7] calculated the natural frequen-
cies of a micro-beam using finite element method. Choi and Lovell [8] computed the
static deflection of a micro-beam numerically by the shooting method. Ahn et al.[9]
modeled a micro-beam under electrostatic actuation as a single degree-of-freedom
spring-mass-damper system. Zhang [10] presented the nonlinear dynamical system
of micro-cantilever under combined parametric and forcing excitations in MEMS,
and studied the dynamical behavior with numerical methods.

In this paper, using Melnikov method, we study the chaotic behavior and subhar-
monic bifurcations rigorously and analytically for this class of system. The critical
curves which separate the chaotic regions and non-chaotic regions are plot. There
is a “chaotic band” for this system. There exist subharmonic bifurcations of odd
or even orders for this system under certain conditions. The critical curves for sub-
harmonic bifurcations are also plot. With numerical methods, the phase portraits
of the system are obtained, and some new interesting phenomena are found. It is a
complementarity of the research in [10].

2. Formulation of the problem

Consider the dynamical model shown in Fig. 1. For this simplified mass-spring-
damping system, the governing equation of motion for the system in MEMS is [10]

mÿ + cẏ + ky = FE(t) (1)

where y is the vertical displacement of the micro-cantilever relative to the origin
of the fixed place, m is the mass, k and c are the effective spring stiffness and the
spring coefficient of the simplified system, respectively, and

FE(t) =
ε0A

2
V 2(t)

(d− y)2
(2)

where ε0 is the absolute dielectric constant of vacuum, A is the overlapping area
between the two plates, and d is the gap between them.

Introducing the following dimensionless variables,

x =
y

d
, ξ =

c√
km

, ω0 =

√
k

m
, τ = ω0t, T =

ε0A

2mω2
0d

3
,

therefore (1) and (2) give

ẍ+ ξẋ+ x = T
V 2(τ)

(1 − x)2
(3)
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Using the approximation 1/(1 − x)2 ≈ 1 + 2x + 3x2 + O(x3), inducing the cubic
nonlinear spring stiffness term k1x

3, system (3) can be written as follows under the
applied voltage V = (V0 + VP ) cos(ωt+ φ) [10]

ẍ = −ξẋ− (x+ k1x
3)+ (2x+3x2)T (V0 +VP )2cos2(Ωt)+T (V0 +VP )2cos2(Ωt) (4)

where Ω = ω/ω0.

Fig. 1. A simplified dynamical model of the micro-cantilever in MEMS.

3. Melnikov analysis

When k1 < 0, using the transformation x = X/
√−1/k1, (4) can be written as

Ẍ+ξ̄Ẋ−(X−X3)+(2
√
−k1X−3k1X

2)T (V0+VP )2cos2Ωt+T (V0+VP )2cos2Ωt (5)

where ξ̄ =
√−k1ξ.

When k1 > 0, using the transformation x = X/
√

1/k1, (4) is written as follows

Ẍ+ ξ̄Ẋ−(X+X3)+(2
√
k1X+3k1X

2)T (V0+VP )2cos2Ωt+T (V0+VP )2cos2Ωt (6)

where ξ̄ =
√
k1ξ.

3.1 The case k1 < 0

Denoting x1 = X,x2 = Ẋ, ξ̄ = εξ, T (V0 + VP )2 ≡ f = εf , Eq.(5) can be written as{
ẋ1 = x2

ẋ2 = −εξx2 − (x1 − x3
1) + εf(2

√−k1x1 − 3k1x
2
1)cos2Ωt+ εfcos2Ωt

(7)

When ε = 0, the unperturbed system is{
ẋ1 = x2

ẋ2 = −(x1 − x3
1)

(8)

System (8) is a Hamilton system with Hamiltonian H(x1, x2) = x2
2/2 + x2

1/2 −
x4

1/4. (0, 0) is the center of system (8), (1, 0) and (−1, 0) are saddles of system (8).



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

40 Yushu Chen, Liangqiang Zhou and Fangqi Chen

There exist two heteroclinic orbits connecting (±1, 0) when H(x1, x2) = h = 1/4.
The expressions of the heteroclinic orbits are

x1±(t) = ± tanh(
√

2
2 t)

x2±(t) = ±
√

2
2 sech(

√
2

2 t)
(9)

When 0 < H(x1, x2) < 1/4 there exist closed periodic orbits around (0, 0), whose
expressions are 

x1k(t) =
√

2k√
1+k2 sn( t√

1+k2 , k)

x2k(t) =
√

2k√
1+k2 cn( t√

1+k2 , k)dn( t√
1+k2 , k)

(10)

where sn, cn, dn are Jacobi elliptic functions, 0 < k < 1 is the modulus of the Jacobi
ellipse functions. The period of the orbit is Tk = 4

√
1 + k2K(k), where K(k) is the

complete elliptic integral of the first kind. It is easy to verify that dTk/dk > 0.
Here we compute the Melnikov integrals of system (7) along the heteroclinic

orbits (9). The result computing along the orbit (x1+(t), x2+(t)) is the same as
that computing along the orbit (x1−(t), x2−(t)), so we just give the result computing
along the orbit (x1+(t), x2+(t)) as follows:

M(t0) = −ξ ∫ +∞
−∞ x2

2+(t)dt+ f [2
√−k1

∫ +∞
−∞ x1+(t)x2+(t)cos2Ω(t+ t0)dt

−3k1

∫ +∞
−∞ x2

1+(t)x2+(t)cos2Ω(t+ t0)dt+
∫ +∞
−∞ x2+(t)cos2Ω(t+ t0)dt]

≡ −
√

2
2 ξI0 + f(I1 − I2sinωt0 + I3 + I4cosωt0 + I5 + I6cosωt0)

(11)

where

I0 =
∫ +∞
−∞ sech4tdt = 4

3 ,

I1 =
√−k1

∫ +∞
−∞ tanh t sech2tdt = 2

√−k1
3 ,

I2 =
√−k1

∫ +∞
−∞ tanh t sech2t cosωtdt =

√−k1πω2

sinh(πω/2) ,

I3 = − 3
2k1

∫ +∞
−∞ tanh2 t sech2tdt = − 3

5k1,

I4 = − 3
2k1

∫ +∞
−∞ tanh2 t sech2t cosωtdt = − 3k1π(ω3−2ω)

2 sinh(πω/2) ,

I5 = 1
2

∫ +∞
−∞ sech2tdt = 1,

I6 = 1
2

∫ +∞
−∞ sech2t cosωtdt = πω

2 sinh(πω/2) ,

ω ≡ 2Ω.
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Let

Rmin ≡ max{ I1+I3+I5−
√

(I4+I6)2+I22√
2

2I0

, 0}, Rmax ≡ I1+I3+I5+
√

(I4+I6)2+I22√
2

2I0

,

by (11), we estimate that the Melnikov function M(t0) has simple zeros when
Rmin < ξ/f ≡ Rhet(ω) < Rmax, and Smale horseshoe chaos occurs.

The critical curves which separate the chaotic zones and non-chaotic zones for
different values of k1 are plot as Fig. 2.

(a) (b)

(c) (d)

Fig. 2. The critical curves for chaos of system (7) with (a)k1 = −0.1, (b)k1 = −0.3,
(c)k1 = −0.5, (d)k1 = −1.
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From Fig. 2 we can draw the following conclusions: Chaos occurs in the region
D; the area of D increases as the increases of the absolute value of k1; chaos won’t
take place when ω increases to a positive value which is near 8.

Next subharmonic bifurcation for system (7) is considered. It can be computed
that the subharmonic Melnikov function for the periodic orbits (10) is

Mm/n(t0) = −ξ ∫mT
0

x2
2k(t)dt+ f [

√−k1

∫mT
0

x1k(t)x2k(t)cos2Ω(t+ t0)dt

−3k1

∫mT
0 x2

1k(t)x2k(t)cos2Ω(t+ t0)dt+
∫mT
0 x2k(t)cos2Ω(t+ t0)dt]

≡ ξI1(m,n) + f [I2(m,n)sinωt0 + I3(m,n)cosωt0 + I4(m,n)cosωt0]

where

ω ≡ 2Ω,

T = 4
√

1 + k2K(k) = 2πm
ωn ,

I1(m,n) = 8m
3(1+k2) [(k

2 − 1)K(k) + (1 + k2)E(k)],

I2(m,n) =

{
0, n �= 1or m is odd ;√−k1π3m2

(1+k2)K2(k) cosechπmK
′(k)

2K(k) , n = 1 and m is even

I3(m,n) =


0, n �= 1 or m is even;
−

√
2k1π

2m2

8(1+k2)K3(k) [4K
2(k)(1 + k2)

−π2m2]cosechπmK
′(k)

2K(k) , n = 1 and m is odd

I4(m,n) =

{
0, n �= 1 or m is even;
− π2m2

2kK(k)cosechπmK
′(k)

4K(k) , n = 1 and m is odd

By Melnikov analysis, when

ξ

f
<
I3(m,n) + I4(m,n)

I1(m,n)
=

−3
√

2k1π(1 + k2)3/2(1 − ω2)
8ω[(k2 − 1)K(k) + (1 + k2)E(k)]

· 1
sinh(

√
1 + k2K ′(k)ω)

+
3π(1 + k2)2ω

8k[(k2 − 1)K(k) + (1 + k2)E(k)]
· 1
sinh(

√
1 + k2K ′(k)ω/2)

≡ Rm1 (ω),

subharmonic bifurcation of odd orders will occur. Numerical calculations demon-
strate that subharmonic bifurcation of first order occurs while ω ∈ (0.1, 0.25) for
m = 1; subharmonic bifurcation of m-order occurs while ω ∈ (0.15m, 0.5 + 0.15m)
for an odd number m (m > 1). The critical curves are shown as Fig. 3.
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(a) (b)

(c)

Fig. 3. The critical curves for subharmonic bifurcations of odd orders for system (7).

Melnikov analysis suggests that when

ξ

f
<
I2(m,n)
I1(m,n)

=
3
√−k1π(1 + k2)3/2

2
√

2[(1 + k2)E(k) − (1 − k2)K(k)]
· 1
sinh(

√
1 + k2K ′(k)ω)

≡Rm2 (ω)

subharmonic bifurcation of even orders will occur. Numerical calculations demon-
strate that subharmonic bifurcation of m-order occurs while ω ∈ (0.15m, 0.25m) for
an even number m. The critical curves are shown as Fig. 4.
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(a) (b)

(c)

Fig. 4. The critical curves for subharmonic bifurcations of even orders for system (7).

3.2 The case k1 > 0

Letting x1 = X,x2 = Ẋ, ξ̄ = εξ, T (V0 + VP )2 ≡ f = εf , (8) is changed into the
following system{

ẋ1 = x2

ẋ2 = −εξx2 − (x1 + x3
1) + εf(2

√
k1x1 + 3k1x

2
1)cos2Ωt+ εfcos2Ωt

(12)

When ε = 0, the unperturbed system is{
ẋ1 = x2

ẋ2 = −(x1 + x3
1)

(13)

System (13) is also a Hamilton system with hamiltonian H(x1, x2) = x2
2/2 +

x2
1/2 + x4

1/4. (0, 0) is the center of system (13).There exist closed periodic orbits
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around (0, 0), whose expressions arex1k(t) =
√

2k2

1−2k2 cn( t√
1−2k2 , k)

x2k(t) = −
√

2k2√
1−2k2 sn( t√

1−2k2 , k)dn( t√
1−2k2 , k)

(14)

The periods of the orbits are Tk = 4
√

1 − 2k2K(k).
By complicated calculations, the subharmonic Melnikov function for the periodic

orbit with period T = 4
√

1 − 2k2K(k) = 2πm/(ωn) can be written as

Mm/n(t0) = −ξ ∫mT
0

x2
2k(t)dt+ f [2

√
k1

∫mT
0

x1k(t)x2k(t)cos2Ω(t+ t0)dt

+3k1

∫mT
0 x2

1k(t)x2k(t)cos2Ω(t+ t0)dt+
∫mT
0 x2k(t)cos2Ω(t+ t0)dt]

≡ ξJ1(m,n) + f [J2(m,n) + J3(m,n) + J4(m,n)]sinωt0.

where

ω ≡ 2Ω,

J1(m,n) = 8m
3
√

1−2k2 [ 1−k2

1−2k2K(k)− E(k)],

J2(m,n) =

{
0, n �= 1or m is odd;
−4

√
k1mK(k)cosechπmK

′(k)
2K(k) , n = 1 and m is even

J3(m,n) =


0, n �= 1or m is even;
− −√

2k1π
2m2

6(1−2k2)3/2K3(k)
[π

2m2

4 − 4K2(k)(1 − 2k2)]cosechπmK
′(k)

2K(k) ,

n = 1 and m is odd

J4(m,n) =

{
0, n �= 1 or m is even;
−

√
2π2m2√

1−2k2K(k)
sechπmK

′(k)
4K(k) , n = 1 and m is odd

By Melnikov analysis, when

ξ

f
<
J3(m,n) + J4(m,n)

J1(m,n)
=

√
2k1(1 − 2k2)3/2ω(ω2 − 4)

8[(1 − k2)K(k) − (1 − 2k2)E(k)]
· 1
cosh(

√
1 − 2k2K ′(k)ω)

+
3
√

2(1 − 2k2)3/2ω
4[(1− k2)K(k) − (1 − 2k2)E(k)]

· 1
cosh(

√
1 − 2k2K ′(k)ω/2)

≡ Rm3 (ω)

subharmonic bifurcations of odd orders will occur. Numerical calculations demon-
strate that subharmonic bifurcation of m-order occurs while ω > m for an odd
number m. The critical curves are shown as Fig. 5.
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(a) (b)

(c)

Fig. 5. The critical curves for subharmonic bifurcations of odd orders for system (12).

By Melnikov analysis, we can also conclude that subharmonic bifurcation of even
orders will occur when

ξ

f
<
J2(m,n)
J1(m,n)

=
3
√
k1K(k)(1 − 2k2)3/2

2[(1 − k2)K(k) − (1 − 2k2)E(k)]
· 1
sinh(

√
1 − 2k2K ′(k)ω)

≡ Rm4 (ω).

Numerical calculations demonstrate that subharmonic bifurcation ofm-order occurs
while ω > m for an even number m. The critical curves are shown as Fig. 6.

(a) (b)
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(c)

Fig. 6. The critical curves for subharmonic bifurcations of even orders for system (12).

4. Numerical simulations

Numerical results for system (7) and (12) have been obtained by using forth-order
Runge-Kutta method in this section.

Taking ε = 0.1, ξ = 0.1, f = 0.1,Ω = 1, varying k1, the phase portraits are
obtained as Fig. 7 and Fig. 8.

(a) (b)

(c) (d)

Fig. 7. The phase portraits of system (7) for (a) k1 = −0.1, (b) k1 = −0.3, (c)
k1 = −0.5, (d) k1 = −1.
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(a) (b)

(c) (d)

Fig. 8. The phase portraits of system (12) for (a) k1 = 0.1, (b) k1 = 0.3, (c) k1 = 0.5, (d)
k1 = 1.

From Fig. 7 and Fig. 8 we can see that the phase portraits of both system
(7) and (12) change little as k1 varies, and there is little difference in the phase
portraits between the two systems.

Next we fix k1 = −1 (for system (7)) or k1 = 1 (for system (12)), ε = 0.1, ξ =
0.1,Ω = 1, vary f , and obtain the phase portraits as Fig. 9 and Fig. 10.

(a) (b)
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(c) (d)

Fig. 9. The phase portraits of system (7) for (a) f = 0.1, (b) f = 0.5, (c) f = 1, (d)
f = 2.7.

(a) (b)

(c) (d)

Fig. 10. The phase portraits of system (12) for (a) f = 0.1, (b) f = 0.5, (c) f = 1, (d)
f = 2.7.
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From Fig. 9 and Fig. 10 we can see that the phase portraits of both system
(7) and (12) change markedly as f changes. There is some difference in the phase
portraits between the two systems.

We also fix k1 = −1 (for system (7)) or k1 = 1 (for system (12)), ε = 0.1, ξ =
0.1, f = 0.1, vary Ω, and obtain the phase portraits as Fig. 11 and Fig. 12.

(a) (b)

(c) (d)

Fig. 11. The phase portraits of system (7) for (a) Ω = 1, (b) Ω = 2, (c) Ω = 4. (d) Ω = 8.

(a) (b)
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(c) (d)

Fig. 12. The phase portraits of system (12) for (a) Ω = 1, (b) Ω = 2, (c) Ω = 4. (d)
Ω = 8.

From Fig. 11 and Fig. 12 we can see that the phase portraits of both system (7)
and (12) change markedly as Ω changes, but there is little difference in the phase
portraits between the two systems.

5. Conclusions

The dynamical behavior of an idealized micro-cantilever subjected to combined non-
linear parametric and forcing excitations in MEMS is studied. The chaotic motions
arising from the transverse intersections of the stable and unstable manifolds of the
heteroclinic orbits are analyzed by means of a version of Melnikov’s method. The
critical curves which separate the chaotic zones and non-chaotic zones of the system
are plot. There is a “chaotic band” for this class of system, whose area changes as
the coefficient of the cubic spring stiffness term. The subharmonic bifurcation is
studied via subharmonic Melnikov method. There exist subharmonic bifurcations
of even or odd orders. Numerical simulations demonstrate some new interesting
dynamical phenomena. These results provide some inspiration and guidance for the
analysis and dynamic design for this class of system.
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This is an overview about natural sample spaces for differential equations driven
by various noises. Appropriate sample spaces are needed in order to facilitate a
random dynamical systems approach for stochastic differential equations. The
noise could be white or colored, Gaussian or non-Gaussian, Markov or non-
Markov, and semimartingale or non-semimartingale. Typical noises are defined
in terms of Brownian motion, Lévy motion and fractional Brownian motion. In
each of these cases, a canonical sample space with an appropriate metric (or topol-
ogy that gives convergence concept) is introduced. Basic properties of canonical
sample spaces, such as separability and completeness, are then discussed.

Moreover, a flow defined by shifts, is introduced on these canonical sample
spaces. This flow has an invariant measure which is the probability distribu-
tion for Brownian motion, or Lévy motion or fractional Brownian motion. Thus
canonical sample spaces are much richer in mathematical structures than the
usual sample spaces in probability theory, as they have metric or topological
structures, together with a shift flow (or driving flow) defined on it. This facili-
tates dynamical systems approaches for studying stochastic differential equations.
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1. Random dynamical systems

Stochastic differential equations (SDEs) or stochastic partial differential equations
(SPDEs) arise as mathematical models for complex systems under various random
influences in engineering and science. Here we only consider random dynamical sys-
tems defined by SDEs. Such SDEs define random dynamical systems (RDS) with
appropriate sample spaces, much as ordinary differential equations define determin-
istic dynamical systems.

Theory of random dynamical systems allows to discuss the qualitative behav-
ior of stochastic systems that are not only driven by a white noise, Markov pro-
cesses and semimartingales, but also driven by non-Markov processes or by non-
semimartingales (e.g., fractional Brownian motion). To analyze these more general
noise cases, appropriate sample spaces and ergodic theory play an important role.
In this article, we discuss canonical or natural sample spaces for SDEs with various
noises.

We recall the definition of a random dynamical system (RDS) in the state space
H = R

n, with the underlying probability space (Ω,F ,P), and with time t varying
in T = R = (−∞,∞) or T = R+ = [0,∞), as in Arnold.1 The state space Rn is
equipped with the Euclidean norm (or length) |x| =

√
x2

1 + · · ·+ x2
n and the usual

scalar product < x, y >= x1y1 + · · ·+ xnyn.
Note that a deterministic dynamical system on the state space H is a mapping

ψ : T ×H → H, (t, x) �→ ψ(t, x), such that the flow property is satisfied:

ψ(0, x) = x, ψ(t+ s, x) = ψ(t, ψ(s, x)),

for all t, s ∈ T and x ∈ H .
For a random dynamical system, we need an extra ingredient, namely, a model

for the noise. Moreover, the flow property has a twist (thus called cocycle property)
due to the effect of noise.

Definition 3.1. (Random dynamical system)
A random dynamical system (RDS), denoted by ϕ, consists of two ingredients:
(i) Model for the noise: A driving flow on a probability space (Ω,F ,P), i.e., a
flow (θt)t∈T on the sample space Ω, such that P is invariant, namely θtP = P for all
t ∈ T, and (t, ω) �→ θtω is measurable from T × Ω to Ω.
(ii) Model for the evolution: A cocycle ϕ over θ, i.e. a measurable mapping
ϕ : T ×Ω×H → H, (t, ω, x) �→ ϕ(t, ω, x), such that the family ϕ(t, ω, ·) = ϕ(t, ω) :
H → H of random mappings satisfies the cocycle property:

ϕ(0, ω) = idH , ϕ(t+ s, ω) = ϕ(t, θsω) ◦ ϕ(s, ω) for all t, s ∈ T, ω ∈ Ω. (1.1)

Here the driving flow θt describes stationary dynamics of noise in an appropriately
chosen sample space (see below). The mathematical model for noises in engineering
and science is usually a stationary generalized stochastic process.21
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When (t, x) �→ ϕ(t, ω, x) is continuous for all ω ∈ Ω, we say that ϕ is a con-
tinuous RDS. Since the continuity in space x is quite common for RDS generated
by stochastic differential equations, we usually do not specifically mention this spa-
tial continuity. We often call ϕ a continuous-time or discrete-time RDS when it is
continuous or discrete in time t.

It follows from1 that ϕ(t, ω), t ∈ R, is a homeomorphism of H and

ϕ(t, ω)−1 = ϕ(−t, θtω).

2. Dynamical systems driven by white noises

2.1. Brownian Motion

The physical phenomenon Brownian motiona is due to the incessant hitting of pollen
by the much smaller molecules of the liquid. The hits occur a large number of times
in any small time interval, independently of each other and the effect of a particular
hit is small compared to the total effect.43 The physical theory of this motion, set
up by Albert Einstein in 1905, suggests that the motion is random, and has the
following properties:

i) the motion is continuous;
ii) it has independent increments;
iii) the increments are stationary and Gaussian random variables.

Figure 3.1 shows a sample path of the Brownian motion.
Intuitively speaking, property i) says that the sample path of the Brownian mo-

tion is continuous. Property ii) means that the displacements of a pollen particle
over disjoint time intervals are independent random variables. Property iii) is nat-
ural considering the Central Limit Theorem.

We now describe the Brownian motion in the mathematical language, i.e., introduce
the first definition of the Brownian motion.2,9,21

Definition A: A stochastic process {Bt(ω) : t ≥ 0} defined on a probability space
(Ω,F , P ) is called a Brownian motion or a Wiener process if the following condi-
tions hold:
1) B0(ω) = 0 a.s.;
2) the sample paths t→ Bt(ω) are a.s. continuous;
3) Bt(ω) has stationary independent increments;
4) the increments Bt(ω)−Bs(ω) has the normal distribution with mean 0 and vari-
ance t− s, i.e. Bt(ω) −Bs(ω) ∼ N(0, t− s) for any 0 ≤ s < t.
aThe phenomenon was first observed by Jan Ingenhouz in 1785, but was subsequently rediscovered
by Brown in 1828, according to sources used by Eric Weisstein’s World of Physics, which can be
found on the Internet at http://scienceworld.wolfram.com/physics/BrownianMotion.html
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Fig. 3.1. A sample path of Brownian motion B(t)

Since the stochastic process Bt(ω) is a mapping from a probability space to a metric
space and is governed by its law, i.e. the probability measure on the metric space
induced by Bt(ω), we want to find it in order to have a better understanding of
the Brownian motion. In fact, we can find the finite dimensional distribution of the
Brownian motion using condition 3) and 4) in Definition A, and this gives another
definition of the Brownian motion as we shall see. We first write down the second
definition9 and then prove it is equivalent to Definition A.

Definition B: A stochastic process {Bt(ω) : t ≥ 0} defined on a probability space
(Ω,F , P ) is called a Brownian motion or a Wiener process if the following condi-
tions hold:
1’) B0(ω) = 0 a.s.;
2’) the sample paths t→ Bt(ω) are a.s. continuous;
3’) for any finite sequence of times 0 = t0 < t1 < t2 < · · · < tn and Borel sets
B1, · · · , Bn ⊂ R

P{Bt1(ω) ∈ B1, · · · , Btn(ω) ∈ Bn}

=
∫
B1

· · ·
∫
Bn

p(t1, 0, x1)p(t2 − t1, x1, x2) · · ·

· · · p(tn − tn−1, xn−1, xn)dx1 · · · dxn (2.1)
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where

p(t;x, y) =
1√
2πt

e−
(x−y)2

2t (2.2)

defined for any x, y ∈ R and t > 0 is called the transition density.

We can see the conditions 1’),2’) in Definition B are completely the same as 1),2)
in Definition A, respectively, the only thing we need to do in the proof of the equiv-
alence of the two is to show 3),4) ⇔ 3’).

Proof. 3),4)⇒ 3’)
Firstly, we show that Brownian motion Bt has Markov property, by proving that
the conditional distribution of Bt+s given Ft is the same as that given Bt, in terms
of moment generating function.32 In fact,

E(euBt+s |Ft) = E(eu[(Bt+s−Bt)+Bt]|Ft)
= euBtE(eu(Bt+s−Bt |Ft)
= euBtE(eu(Bt+s−Bt))

= euBteu
2s/2

= euBtE(eu(Bt+s−Bt)|Bt)
= E(euBt+s |Bt).

Secondly, we compute the joint distribution of the Brownian motion.

P{B(tk+1) ≤ xk+1, B(tk) ≤ xk}
= P{B(tk) ≤ xk, [B(tk+1)−B(tk)] +B(tk) ≤ xk+1}
= P{B(tk) ≤ xk, [B(tk+1)−B(tk)] ≤ xk+1 −B(tk)}
= P{B(tk+1) −B(tk) ≤ xk+1 −B(tk)|B(tk) ≤ xk}P{B(tk) ≤ xk}

(Conditional probability)

=
∫ xk

−∞

∫ xk+1−x

−∞

1√
2π(tk+1 − tk)

e
− y2

2(tk+1−tk) dy
1√
2πtk

e
− x2

2tk dx

=
∫ xk

−∞

1√
2πtk

e
− x2

2tk dx

∫ xk+1

−∞

1√
2π(tk+1 − tk)

e
− (y−x)2

2(tk+1−tk) dy

=
∫ xk

−∞
p(tk; 0, x)dx

∫ xk+1

−∞
p(tk+1 − tk;x, y)dy.
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Finally, we have the finite dimensional distribution.

P{B(t1) ≤ x1, B(t2) ≤ x2, · · · , B(tn) ≤ xn}
= P{B(t1) ≤ x1|B(t0) = 0}P{B(t2) ≤ x2|B(t1) ≤ x1}

P{B(t3) ≤ x3|B(t1) ≤ x1, B(t2) ≤ x2} · · ·P{B(tn) ≤ xn|B(t1) ≤ x1B(tn−1) ≤ xn−1}
= P{B(t1) ≤ x1|B(t0) = 0}P{B(t2) ≤ x2|B(t1) ≤ x1}

P{B(t3) ≤ x3|B(t2) ≤ x2} · · ·P{B(tn) ≤ xn|B(tn−1) ≤ xn−1} (Markov property)

=
P{B(t1) ≤ x1}P{B(t2) ≤ x2, B(t1) ≤ x1} · · ·P{B(tn) ≤ xn, B(tn−1) ≤ xn−1}

P{B(t1) ≤ x1}P{B(t2) ≤ x2} · · ·P{B(tn−1) ≤ xn−1}

=

∫ x1

−∞
p(t1; 0, y1)dy1

∫ x2

−∞
p(t2 − t1; y1, y2)dy2 · · ·

∫ xn

−∞
p(tn − tn−1; yn−1, yn)dyn

which is obviously the same as 3’).
Conversely, we need to show 3’)⇒ 3),4)

However, this part of work is completely done in9(see page 153-155). �

2.2. Wiener Measure

In Section 1, we treat the Brownian motion as a stochastic process, i.e., a collection
of time-parameterized random variables. Since a stochastic process ξ is governed
by its law, i.e., the probability measure µ := Pξ−1 on the space it maps to, one
may ask the question why the Brownian motion can be determined only by its finite
dimensional distributions although we have proved the so-defined Brownian motion
(Definition B) coincides with the definition describing the phenomenon (Definition
A). Motivated by this question, we shall treat the Brownian motion as a “random
variable”, which we call random function,6 and this point of view introduces the
Wiener measure, the probability measure defined on an appropriate space which
gives us the Brownian motion. We will sketch the ideas showing the existence
and uniqueness of this special probability measure, starting from three different
spaces, i.e, R[0,∞), C[0,∞), C0[0,∞), the spaces of arbitrary functions, continuous
functions, and continuous functions passing zero at time 0, defined on [0,∞), re-
spectively.

First approach This way of showing the existence and uniqueness of the Wiener
measure is the one most often used to construct a Markov Process and is rather
technical. The main idea is the following: First define a set function on the algebra
generated by the cylinder sets in R[0,∞) according to the finite-dimensional distri-
bution of Brownian motion. Note that it is a set function rather than a probability
measure since it is just finitely additive (not countably additive); then by the cele-
brated Kolmogorov extension theorem,21 this set function is uniquely extended to a
probability measure on the σ−algebra generated by the algebra mentioned above.
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More precisely, we now give the definitions and theorems.

• R[0,∞) denotes the set of all real-valued functions on [0,∞).

• Cylinder set21 A subset of R[0,∞) of the form

A = {ω ∈ R[0,∞) : (ω(t1), . . . , ω(tn)) ∈ Bn} (2.3)

where Bn is a Borel subset of Rn is called a cylinder set.
Fixing t1, . . . tn but varying Bn over the entire Borel subsets of Rn, the class of such
all cylinder sets forms a σ−algebra B(t1,...,tn).

• Set function A set function Φt1,...,tn is defined on the measurable space
(R[0,∞),B(t1,...,tn)), given by

Φt1,...,tn(A) := P{(Bt1 , . . . , Btn) ∈ Bn}
By varying the choice of the finite time points {t1, . . . , tn} ⊂ [0,∞), we get a class
of such set functions Φ := {Φt1,...,tn}, and this class is independent of the cylindrical
expression of the functions in R[0,∞), i.e. if the cylinder set A of (2.3) has another
expression, say

A = {ω ∈ R[0,∞) : (ω(s1), . . . , ω(sm)) ∈ Bm},
then

Φt1,...,tn(A) = Φs1,...,sm(A).

• Algebra and σ-algebra
· U[0,∞) denotes the algebra of subsets of R[0,∞) consisting all cylinder sets
· B[0,∞) denotes the smallest σ−algebra containing U[0,∞)
· Φ is a finitely additive measure on (R[0,∞),U[0,∞)) such that the restriction of
Φ to B(t1,...,tn) coincides with Φt1,...,tn

Theorem 2.1 (Kolmogorov extension theorem). The set function Φ on
(R[0,∞),U[0,∞)) is uniquely extendible to a probability measure Φ̃ on
(R[0,∞),B[0,∞)).

It has been proved21,31 that there exist a unique probability measure P on
(R[0,∞),B[0,∞)), under which the coordinate mapping process

Bt(ω) := ω(t); ω ∈ R[0,∞), t ≥ 0

satisfies condition 3) and 4) of Definition A in section 2.1, so it does not introduce
a “Brownian motion” as we defined. Fortunately, by another famous theorem of
Kolmogorov,41 the continuity problem has been solved.
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Theorem 2.2 (Kolmogorov continuity theorem). Suppose that the process
X = X{t}t≥0 satisfies the following condition: for all T > 0 there exist positive
constants α, β,D such that

E[|Xt −Xs|α] ≤ D · |t− s|1+β ; 0 ≤ s, t ≤ T

then there exists a continuous modification of X.

Modification41 Suppose that {Xt}, {Yt} are stochastic processes on (Ω,F , P ), then
we say that {Xt} is a modification of {Yt} if

P ({ω;Xt(ω) = Yt(ω)}) = 1 ∀t
Note that if Xt is a modification of Yt, then they have the same finite-dimensional
distributions.

Now there is one problem needs to be solved: Why is B0(ω) = ω(0) = 0 a.s.?

Definition6 Wiener measure, denoted by µW , is a probability measure on a mea-
surable space (C, C) having the following two properties:
i) each ω(t) ∈ C is normally distributed under µw with mean 0 and variance t, i.e,

µw{ω(t) ≤ x} =
1√
2πt

∫ x

−∞
e−

u2
2t du, x ∈ R.

For t = 0 this is interpreted to mean that µw{ω(0) = 0} = 1.
ii) the stochastic process {ω(t) : t ≥ 0} has independent increments under µw, i.e.,
∀0 ≤ t0 ≤ t1 ≤ · · · ≤ tn, ω(t1) − ω(t0), ω(t2) − ω(t1), · · ·ω(tn) − ω(tn−1) are inde-
pendent under µw.

Remark It may not seem so obvious that this approach in fact proves the ex-
istence of the Wiener measure. Also, we cannot obtain the Wiener measure simply
by assigning measure one to C[0,∞); see Karatzas and Shreve.31 One might hope
to construct the measure directly on C[0,∞). Indeed, this is the main idea of the
second approach we are going to present.

Second approach There are some advantages if we start from C[0,∞) since we
can make it Polish (complete and separable) by assigning an appropriate metric. It
has been proved that the Borel σ−algebra generated by the open sets in C[0,∞) is
equal to the σ−algebra generated by all the cylinder sets.31 Thus there is a totally
different way of constructing Wiener measure.

Metric on C[0,∞)

ρ(ωa, ωb) :=
∞∑
n=1

1
2n

max
0≤t≤n

(|ωa(t) − ωb(t)| ∧ 1) (2.4)



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Canonical Sample Spaces for Random Dynamical Systems 61

This metric introduces the topology of uniform convergence on compact intervals.
For convenience, we denote C[0,∞) by C and its Borel σ-algebra by C.

The main idea is to construct a sequence of probability measure {Pn} on (C, C)
such that Pn ⇒ µw. Since (2.1) gives the f.d.d of the Wiener measure µw, we must
let the f.d.d of {Pn} weakly converges to those of µw. Although weak convergence
in C need not follow the weak convergence of the f.d.d alone in general, it does if
we add the condition that {Pn} is tight.6,31 In fact, if a metric space is separable
and complete, then each probability measure on the measurable space is tight (see
Theorem 1.3 in6). It can be shown that equipped with the metric defined by (2.4),
the canonical space is separable and complete.6 For detail, see Billingsley.6

Remark What is still not natural is that B0(ω) = ω(0) = 0 a.s. So next we will
talk about constructing Wiener measure on C0[0,∞). It appears that the above
two different approaches may be adapted to this case.

We can define the Brownian motion Bt for t ∈ R as follows: Taking two inde-
pendent Brownian motions B̂t and B̃t, we define

Bt =

{
B̂t, if t ≥ 0;

B̃−t, if t < 0.
. (2.5)

We can work on the space C0(R,Rn) for two-sided Brownian motion. The Wiener
measure defined above should be similar defined in this space.1

2.3. Canonical sample space

We consider a SDE

dXt = b(Xt)dt+ σ(Xt)dB(t). (2.6)

The canonical sample space is Ω := C0(R,Rn), space of continuous functions that
are zero at time zero, equipped with the compact open topology, the Borel σ−field
F := B(C0(R+,Rn)), and Wiener (probability) measure µW .

We introduce a driving flow θt on this canonical sample space Ω is given by the
Wiener shifts

θtω(·) = ω(·+ t) − ω(t), t ∈ R, ω ∈ Ω = C0(R,Rd).

In this case the measure µW is invariant,1 i.e.,

µW (θ−1
t (A)) = µW (A)

for all A ∈ F . Moreover, this invariant measure is actually ergodic with respect to
the flow θ.8



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

62 Jinqiao Duan, Xingye Kan and Bjorn Schmalfuss

3. Dynamical systems driven by colored noises

Colored noise, or noise with non-zero correlation (‘memory’) in time, are common in
the physical, biological and engineering sciences.19 A good candidate for modeling
colored noise is the fractional Brownian motion.

3.1. Fractional Brownian motion

A fractional Brownian motion (fBM) BH(t), t ∈ R, with H ∈ (0, 1) the Hurst
parameter, is still a Gaussian process. But it is characterized by the stationarity of
its increments and a memory property. The increments of the fractional Brownian
motion are not independent, except in the standard Brownian motion case (H = 1

2 ).
Thus it is not a Markov process except when H = 1

2 . Specifically, BH (0) = 0 a.s.,
mean EBH (t) = 0, covariance E[BH(t)BH(s)] = 1

2 (|t|2H + |s|2H − |t − s|2H), and
variance V ar

[
BH (t) −BH (s)

]
= |t− s|2H . It also exhibits power scaling and

path regularity properties with Hölder parameter H , which are very distinct from
Brownian motion. The standard Brownian motion is a special fBM with H = 1/2.
Figure 3.2 is a sample path of the fractional Brownian motion with H = 0.25.
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Fig. 3.2. A sample path of fractional Brownian motion BH(t), with H = 0.25

Note that fBM BH(t) is non-Markov and non-semimartingale. Thus the
usual stochastic integration45 is not applicable, and other integration concepts are
needed.39,40

3.2. Canonical sample space

The stochastic calculus involving fBM is currently being developed; see e.g.40,55 and
references therein. This will lead to more advances in the study of SDEs driven by
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colored fBM noise:

dXt = b(Xt)dt+ σ(Xt)dBH(t). (3.1)

Since the fBM BH(t) is not Markov, the solution process Xt is not Markov either.
Thus the usual techniques from Markov processes will not be applicable to the
study of SDEs driven by fBms. However, the random dynamical systems approach,
as described in §1 above, looks promising.18,38 The theory of RDS, developed by
Arnold and coworkers,1 describes the qualitative behavior of systems of stochastic
differential equations in terms of stability, Lyapunov exponents, invariant manifolds,
and attractors.

As in §1 above, the canonical sample space is Ω := C0(R,Rn), the set of contin-
uous functions that is zero at zero, but the probability measure µfBM is generated
by BHt under the compact-open topology as defined in Section 2. The Borel σ−field
is F := B(C0(R,Rn)).

We can introduce a flow θt on this canonical sample space Ω defined by the shifts

θtω(·) = ω(·+ t) − ω(t), t ∈ R, ω ∈ Ω = C0(R,Rd).

In this case the measure µfBM is invariant, i.e.

µfBM (θ−1
t (A)) = µfBM (A)

for all A ∈ F .

4. Dynamical systems driven by non-Gaussian noises

In the last two sections, we considered dynamical systems driven by Gaussian noises
(white or colored), in terms of Brownian motion or fractional Brownian motion. In
this section, we discuss differential equation driven by non-Gaussian Lévy noises.

4.1. Lévy Motions

Gaussian processes like Brownian motion have been widely used to model fluctua-
tions in engineering and science. For a particle in Brownian motion, its sample paths
are continuous in time almost surely (i.e., no jumps), its mean square displacement
increases linearly in time (i.e., normal diffusion), and its probability density func-
tion decays exponentially in space (i.e., light tail or exponential relaxation).41 But
some complex phenomena involve non-Gaussian fluctuations, with peculiar proper-
ties such as anomalous diffusion (mean square displacement is a nonlinear power law
of time)7 and heavy tail (non-exponential relaxation).58 For instance, it has been
argued that diffusion in a case of geophysical turbulence53 is anomalous. Loosely
speaking, the diffusion process consists of a series of “pauses”, when the particle is
trapped by a coherent structure, and “flights” or “jumps” or other extreme events,
when the particle moves in a jet flow. Moreover, anomalous electrical transport
properties have been observed in some amorphous materials such as insulators,
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semiconductors and polymers, where transient current is asymptotically a power
law function of time.20,50 Finally, some paleoclimatic data14 indicates heavy tail
distributions and some DNA data53 shows long range power law decay for spatial
correlation.

Lévy motions are thought to be appropriate models for non-Gaussian processes
with jumps.49 Let us recall that a Lévy motion L(t), or Lt, is a non-Gaussian
process with independent and stationary increments, i.e., increments ∆L(t,∆t) =
L(t + ∆t) − L(t) are stationary (therefore ∆L has no statistical dependence on t)
and independent for any non overlapping time lags ∆t. Moreover, its sample paths
are only continuous in probability, namely, P(|L(t) − L(t0)| ≥ δ) → 0 as t → t0 for
any positive δ. With a suitable modification,4 these paths may be taken as càdlàg,
i.e., paths are continuous on the right and have limits on the left. This continuity
is weaker than the usual continuity in time.

This generalizes the Brownian motion B(t) or Bt, as B(t) satisfies all these three
conditions. But Additionally, (i) Almost every sample path of the Brownian motion
is continuous in time in the usual sense and (ii) Brownian motion’s increments are
Gaussian distributed.

Dynamical systems driven by non-Gaussian Lévy noises have attracted much
attention recently.4,29,51 Under certain conditions, the SDEs driven by Lévy mo-
tion generate stochastic flows,4,35 and also generate random dynamical systems (or
cocycles) in the sense of Arnold.1 Recently, exit time estimates have been investi-
gated by Imkeller and Pavlyukevich26,27 , and Yang and Duan57 for SDEs driven by
Lévy motion. This shows some qualitatively different dynamical behaviors between
SDEs driven by Gaussian and non-Gaussian noises.

Lévy motions are named in honor of the French probabilist Paul Lévy, who first
studied them in 1930s. From a mathematical point of view, there are so many
reasons why they are so important,4 such as:
• There are many important examples, such as Brownian motion, the Poisson pro-
cess, stable processes, and subordinators.
• They are generalizations of random walks to continuous time.
• They are the simplest class of processes whose paths consist of continuous motion
interspersed with jump discontinuities of random size appearing at random times.

Definition4 A stochastic process L = (L(t), t ≥ 0) defined on a probability space
(Ω,F , P ) is a Lévy motion if:
(L1) L(0) = 0 a.s.;
(L2) L has independent and stationary increments;
(L3) L is stochastically continuous, i.e. for all ε > 0 and for all s

lim
t→s

P (|X(t) −X(s)| > ε) = 0

With a suitable modification,4 these paths may be taken as càdlàg, i.e., paths are
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continuous on the right and have limits on the left. This continuity is weaker than
the usual continuity in time.

Figure 3.3 is a sample path for a Lévy motion.
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Fig. 3.3. A sample path for a Lévy motion

One way to understand the structure of the Lévy motions is to employ Fourier
analysis. It may be shown that each L(t) is infinitely divisible. The infinitely di-
visible random variables are characterized completely through their characteristic
functions by a beautiful formula, established by Paul Lévy and A. Ya. Khintchine
in the 1930s. The related definitions and theorems are as follows.

Definition4 The characteristic function of a stochastic process X(t) taking val-
ues in R

d is the mapping Φt : Rd → C defined by

Φt(u) = E(eiu·X(t)) :=
∫

Rd

eiu·ypt(dy)

where pt is the distribution of X(t).

Definition4 X(t) is infinitely divisible if for each n ∈ N, there exists a probability
measure pt,n on Rd with characteristic function Φt,n such that Φt(u) = (Φt,n(u))n,
for each u ∈ Rd.

Theorem 4.1 (The Lévy-Khintchine Formula4). If L = (L(t), t ≥ 0) is a
Lévy motion, then

Φt(u) = etη(u) for each t ≥ 0, u ∈ R
d
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where

η(u) = ib · u− 1
2
u · au+

∫
Rd−{0}

[eiu·y − 1 − iu · y I|y|<1(y)]ν(dy) (4.1)

for some b ∈ R
d, a non-negative definite symmetric d × d matrix a and a Borel

measure ν, called Lévy jump measure, on Rd−{0} for which
∫

Rd−{0}(|y|2∧1)ν(dy) <
∞. Here IS is the indicator function of the set S.
Conversely, given a mapping of the form (4.1), we can always construct a Lévy
motion for which Φt(u) = etη(u) and call it a Lévy motion with the characteristics
or generating triple (a, b, ν).

Remark: The so-defined Borel measure ν in (4.1) is called the Lévy jump mea-
sure, which should not be confused with the probability measure induced by the
Lévy motion, to be defined below.

Each term in the Lévy-Khintchine formula has a probabilistic meaning. Every
Lévy motion is obtained as a sum of independent processes with three types of
characteristics (0, b, 0), (a, 0, 0) and (0, 0, ν). Thus, the Lévy measure accounts for
the jumps of L and the knowledge of ν permits to give a probabilistic construction
of L; see.46

4.2. Canonical sample space

Consider a SDE driven by non-Gaussian Levy noise

dXt = b(Xt)dt+ σ(Xt)dL(t). (4.2)

The canonical space has to be enlarged to include all the cadlag functions, i.e.
functions that are right-continuous and have left limits, defined on R and taking
values in R

d. This space is denoted as D(R,Rn).
We adopt the same point of view as in Section 2 that a stochastic process is also

a random variable, i.e.

Lt(ω) : ω → D(R,Rn) ω → L(t), t ∈ R.

Remark 3.1. Here the compact-open metric defined in (2.4) cannot make
D(R+,Rn) separable.45 For example, if fα(t) = 1[α,∞)(t),fβ(t) = 1[β,∞)(t), then
ρ(fα, fβ) = 1/2 for all α, β with 0 ≤ α < β ≤ 1, and since there are uncountably
many such α, β, the space is not separable.

However, it can be made complete and separable when endowed with the Sko-
rohod metric.6 With this special metric, we call D(R,Rd) a Skorohod space. The
Skorohod metric on D(R,Rd) is defined as

d(x, y) :=
∞∑
m=1

1
2m

(1 ∧ d◦m(xm, ym)) for all x, y ∈ D
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where xm(t) := gm(t)x(t), ym(t) := gm(t)y(t) with

gm(t) :=


1, if |t| ≤ m− 1

m− t, if m− 1 ≤ |t| ≤ m,

0, if |t| ≥ m

and

d◦m(x, y) := inf
λ∈Λ

{
sup

−m≤s<t≤m

∣∣∣∣log
λ(t) − λ(s)

t− s

∣∣∣∣ ∨ sup
−m≤t≤m

|x(t) − y(λ(t))|
}
,

where Λ denotes the set of strictly increasing, continuous functions from R to itself.

The Borel σ−field under this topology is denoted as S. For studying the weak
convergence and tightness in D, the same approach adopted in C can be applied
except that the fact the natural projections are not continuous need to be noticed.6

Definition The probability measure, µL, in (D(R,Rn),S) that makes every element
in D(R,Rn) a sample Lévy path is called the Lévy probability measure. Note that
this measure is not to be confused with the Lévy jump measure ν mentioned above.

We can also introduce a flow θ = (θt, t ∈ R) on this canonical sample space Ω
by the shifts

(θtω)(s) := ω(t+ s) − ω(t). (4.3)

The (Lévy) probability measure µL is invariant under this flow, i.e.

µL(θ−1
t (A)) = µL(A)

for all A ∈ F ; see Applebaum4 (Page 325) and Liu et al.37 This flow is an ergodic
dynamical system1 with respect to the above probability measure µL.
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This paper provides a partial summary of our recent work on propagation dynam-
ics of complex networks, mainly on constructing and studying network models of
disease spreading and related propagation problems. Traditional compartmen-
tal models of disease spreading categorize individuals from a population based
on their current pathology. These methods provide a population-based descrip-
tion that offers a smooth continuous and exponential response to the presence
of an infectious agent. In many cases the available data is inconsistent with the
standard models of disease spreading and can be more readily explained using a
discrete agent-based model of spreading on complex networks. Moreover, models
for diseases spreading are not just limited to SIS or SIR. For instance, for the
spreading of AIDS/HIV, the susceptible individuals can be classified into differ-
ent cases according to their immunity, and similarly, the infected individuals can
be sorted into different classes according to their infectivity. In addition, some
diseases may develop through several stages, or with mobility property, or with
mutually exclusive feature (multi-strain epidemics). So in this paper, in order
to better study the dynamical behavior of epidemics, we discuss different epi-
demic models on complex networks, and provide a mathematical analysis of the
epidemic dynamics and spreading behavior, obtaining the epidemic threshold for
each case. Some other related diffusion and propagation processes, such as in-
formation transmission dynamics, traffic flows, contact processes, etc., are also
briefly discussed.
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1. Introduction

Disease transmission has been extensively studied by the Markov chain and mean-
field compartment models. While in the recent decade, great progress has been
made by using new results from network science. When disease transmission12 is
modelled over networks,14,16,18 it is usual to model the infectivity (that is, the rate of
transmission between infected and susceptible nodes) by assuming that transmission
is equally likely over all links. For an idealized model this is the natural way to
consider infectivity. However, when the underlying complex network is scale-free,
the situation becomes unrealistic in the extreme tail of the distribution. While
it has frequently been observed that real human, social and disease transmission
networks exhibit scale-free properties over several orders of magnitude, the tail of the
distribution observed from data is always bounded. It is an open question whether
these real networks are close to scale-free or only scale-free over a finite domain
(note that any real network is of finite size so the degree is bounded).20 In25 for
example, the observation of a scale-free transmission mechanism for avian influenza
is tempered by the fact that the finite available data necessarily limits inference to
a bounded distribution. Moreover, when considering transmission of a disease in a
finite time period it is natural to suppose that there exists an upper bound on the
infectivity of a highly connected individual. It is also quite reasonable to suppose
that highly connected (and therefore highly visible) nodes in the network would
be the focus of an immunization scheme (even for very limited control measures).
Hence, in this paper we consider the case where the infectivity is a non-decreasing,
but sub-linear, function of the node degree.

The standard network SIS compartment model (Susceptible-Infected-
Susceptible) assumes that each infected node will contact every neighbor once within
one time step,3 that is, the infectivity is equal to the connectivity, or the node de-
gree. In,27 it is assumed that every individual has the equal infectivity A, in which,
at every time step, each infected individual will generate A contacts, where A is a
constant. Joo and Lebowitz10 examined cases where the transmission of infection
between nodes depends on their connectivity, and a saturation function C(k) which
reduces the infection transmission rate across an edge going from a node with high
connectivity k was introduced.

Based on these results, in the present model, we take a more realistic approach.
We assume the infectivity is piece-wise linear: when the degree k of a node is
relatively small, its infectivity is proportional to k, e.g., αk; when k is big, say,
surpasses a constant A/α, then its infectivity is, say, A. We further discuss this
model with respect to the effects of various immunization schemes.

Our motivation for this study is the observation that transmission of SARS (Se-
vere Acute Respiratory Syndrome), most notably in Hong Kong during 2003, ex-
hibits characteristics typical of a small world or scale-free network.21–24 During the
SARS outbreak of 2003 several clusters of secondary infections were observed and
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traced back to a single primary infection. This can either be explained by assuming
a highly infectious source or by assuming a highly connected source. The latter
case leads naturally to a scale-free model of transmission, and the question of under
which conditions a real disease transmitted on an apparently scale-free network will
have a finite threshold. It has also recently been observed that the spatial-temporal
distribution of avian influenza outbreaks naturally induces a scale-free network con-
nectivity.25 In this work, the available data exhibits a power law over three orders
of magnitude, but nonetheless, the tail of the distribution is bounded because the
data is finite.

Of course, the SIS model used here was chosen because it is relatively simple, and
also widely applicable. It may also be related to influenza vaccination problems25

and strategies for dealing with computer viruses7 among others.
This paper provides a partial summary of our recent series works on propa-

gation dynamics of complex networks, mainly including construction and study
of complex network models of disease spreading and related propagation prob-
lems.45,47,53,55,56,58 A more complete list of research papers reflecting our recent
works is referred to.21–25,39–59

2. The epidemic threshold for SIS model with piecewise linear in-
fectivity

Individuals can be classified into three states, S-susceptible, I-infected and R-
recovered (removed). Here we first consider the SIS model.

Let Sk(t) and Ik(t) be the densities of susceptible and infected nodes with degree
k at time t, then

Sk(t) + Ik(t) = 1,

and the mean-field equations for infected nodes with degree k can be written as

dIk(t)
dt

= λk(1 − Ik(t))Θ(k, t) − Ik(t) (2.1)

here we take a unit recovery rate, λ is the infection rate, and according to,4,15,17,18,26

Θ(k, t) can be written in general as

Θ(k, t) =
∑
k′

ϕ(k′)P (k′|k)Ik′
k′

(2.2)

where ϕ(k) denotes the infectivity of a node with degree k, and P (k′|k) stands for
the probability for a node with degree k pointing to a node with degree k′.

An epidemic threshold for (2.1) is the critical value λc of the infection rate λ, if
λ is below λc, the disease will gradually die out, while if λ is above λc, the disease
will spread on the network.

In,4,15,17,18 ϕ(k) = k, and then the epidemic threshold λc = 0 for sufficiently
large networks. If ϕ(k) = αk, the threshold λc also vanishes. In,26 ϕ(k) = A,
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where A is a constant, that means every node has the same infectivity, no matter
its degree, small or large. In this case, λc = 1

A > 0, a positive threshold.
For simplicity, we suppose that the connectivity of nodes is uncorrelated, then

P (k′|k) = k′P (k′)/〈k〉, where 〈k〉 =
∑
k kP (k). Then (2.2) becomes

Θ =
1
〈k〉

∑
k′
ϕ(k′)P (k′)Ik′ (2.3)

where for scale-free node distribution P (k) = C−1k−2−γ , 0 < γ ≤ 1, where C ≈
ζ(2 + γ) is approximately (as some degrees may not appear in a real network) the
Riemann’s zeta function.8,25 Note that Θ(k, t) represents the probability that any
given link points to an infected node. For simplified uncorrelated cases, Θ(k, t) =
Θ(t) doesn’t depend on k.

2.1. Piecewise linear infectivity

Rather than a piecewise constant infectivity used in,10 we here take a more realistic
piecewise linear infectivity,

ϕ(k) = min(αk,A) (2.4)

where α and A are positive constants, 0 < α ≤ 1.
By imposing steady state dIk(t)

dt = 0, from (2.1) we have

Ik =
λkΘ

1 + λkΘ
(2.5)

Substitute Ik in (2.3) by (2.5), we obtain a self-consistency equation as follows:

Θ =
λΘ
〈k〉

∑
k′

k′ϕ(k′)P (k′)
1 + λk′Θ

≡ f(Θ) (2.6)

Obviously, Θ ≡ 0 is a solution of (2.6), i.e., f(0) = 0. Note that

f(1) < 1, f ′(Θ) > 0, f ′′(Θ) < 0,

therefore, a nontrivial solution exists only if
df(Θ)
dΘ

|Θ=0 > 1 (2.7)

The value of λ yielding the inequality (2.7) defines the critical epidemic threshold
λc:

λc =
〈k〉

〈kϕ(k)〉 =

∑
k

kP (k)∑
k

kϕ(k)P (k)
(2.8)

Approximating the sum in (2.8) on discrete k by continuous integration, and suppose
the size of the network is sufficiently large, we can calculate λc as

λc =

∫ +∞
m k−1−γdk∫ A/α

m
αk−γdk +

∫ +∞
A/α

Ak−1−γdk
=


1−γ
αm

( A
αm )1−γ−γ , 0 < γ < 1,

1
αm

1+log A
αm

, γ = 1,
(2.9)
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where m is the minimum connectivity of the network, and αm < A.
We remark that when A → +∞, from the above formula (2.9), λc → 0, this is

consistent with the fact that ϕ(k) approaches to the linear infectivity ϕ(k) = αk;
and when αm ≥ A, we can calculate that λc = 1/A, this is consistent with ϕ(k) = A

for all k.
From (2.9), we have a positive epidemic threshold λc if

αm <
1

γ
1

1−γ

A (0 < γ < 1) or αm < eA (γ = 1)

If A ≥ γ
1

1−γ m (0 < γ < 1) or A ≥ e−1m (γ = 1), then λc is always positive.

2.2. Piecewise smooth and nonlinear infectivity

In some cases, the infectivity may take the following piecewise smooth function

ϕ1(k) = min(αkβ , A), 0 ≤ β ≤ 1, α > 0.

In this case, the epidemic threshold

λ′c =

{
( Aβ
β−γ (αm

β

A )
γ
β − αmβ

γ(β−γ))
−1, β �= γ

(mαβ log A
αmβ + mα

β )−1, β = γ

then we have positive λ′c if (αmβ)
γ
β −1 > 1

γ(β−γ)A
γ
β and β > γ or αmβ < eA (β = γ)

We can also discuss the epidemic threshold for a smooth nonlinear infectivity,
e.g.,

ϕ2(k) =
akβ

1 + bkβ
, 0 ≤ β ≤ 1, a > 0, b ≥ 0,

The details are discussed in.47 We may also consider the effects of finite scale-free
networks on the above discussions.20,47

3. Model with different immunities and infectivities

The SIS and SIR models cannot correctly interpret all kinds of diseases. For in-
stance, for the spreading of AIDS/HIV, the susceptible individuals can be classified
into different cases according to their immunity, and similarly, the infected individ-
uals can be sorted into different classes according to their infectivity.

To better explore the mechanism of epidemic spreading on complex networks,
we suppose that the S and I states can be subdivided into subclasses according to
their different immunities, different infectivities and so on. That is, our models can
describe SiIR, SIiR and SIi,1Ii,2, · · · , Ii,nR, i = 1, 2, · · · , n. In order to make the
models more reasonable, we also consider the birth and death of individuals. By
using the method as in,13 we assume that all individuals are distributed on the net-
work, and each node of the network is empty or occupied by at most one individual.
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The numbers 0,1,2,3 denote that the node has no individual, a healthy (suscepti-
ble) individual, an infected individual and a recovered individual respectively. Each
node can change its state with a certain rate. An empty node can give birth to
a healthy (susceptible) individual at the rate δ. The susceptible individual can be
infected at a rate which is proportional to the number of infected individuals in
the neighborhood or die at certain rate α. The infected individual can be cured at
certain rate µ or die at certain rate β. If an individual dies, that node will become
an empty node again.

3.1. Multiple susceptible individuals

We consider the susceptible individuals with several different cases according to
their age or immunities. Si,k, i = 1, · · · , n denote the density of the susceptible
individuals with degree k and also belong to the i-th case, Ik and Rk denote the
density of the infected individuals and the recovered individuals with degree k,
respectively, then


dSi,k

dt = δi(1 −
n∑
i=1

Si,k − Ik −Rk)− λiSi,kkΘ − αiSi,k

dIk

dt = kΘ
n∑
i=1

λiSi,k − (β + µ)Ik
dRk

dt = µIk − γRk

i = 1, · · · , n

Where (1 −
n∑
i=1

Si,k − Ik − Rk) is the density of empty nodes which will give birth

to nodes with degree k, and δi, λi, αi are the birth rates, infectivity rates, and the
natural death rates for the i-th case susceptible individuals respectively, β, µ are
the natural death rate and the rate from I → R for infected individuals, and γ is
the natural death rate of recovered individuals. Θ takes the form for uncorrelated
networks, as discussed above.

Similar to the analysis in Section 2, we have the following inequality

n∑
i=1

λiδi
αi

>

〈k〉(β + µ)(1 +
n∑
i=1

δi

αi
)

〈k2〉

3.2. Multiple infected individuals

We suppose that the infected individuals are classified into several different cases
according to their infectivity rates or natural death rates. Let Ii,k, i = 1, · · · , n
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denote the i-th infected individual with degree k, then

dSk

dt = δ(1 −
n∑
i=1

Ii,k − Sk −Rk) − Skk
n∑
i=1

λiΘi − αSk

dIi,k

dt = piSkk
n∑
i=1

λiΘi − (βi + µi)Ii,k

dRk

dt =
n∑
i=1

µiIi,k − γRk

i = 1, · · · , n

Here the new infected individuals will come into the i-th infectivity individuals with

probability pi, so
n∑
i=1

pi = 1. Other parameters are similar to those in Section 3.1,

and

Θi =
Σkkp(k)Ii,k

〈k〉 i = 1, · · · , n

We have
n∑
i=1

λipi
µi + βi

>
〈k〉(δ + α)
〈k2〉δ

3.3. Multiple-staged infected individuals

As was discussed in,56 each case of infected individuals can also develop in several
stages. So we now discuss the multiple-staged infected individuals models. Let
Ii,j , i = 1, · · · , n, j = 1, · · · ,m denote the i-th infected individual which is in the
j-th stage.

In order to simplify the computation, we do not consider the natural death rate
for Ii,j , i = 1, · · · , n, j = 1, · · · ,m, but only suppose that they only go into R state
with certain rates. Then the dynamics equations are:

dS(k)

dt = δ(1 −
n∑
i=1

m∑
j=1

I
(k)
i,j − S(k) −R(k)) − S(k)k

n∑
i=1

m∑
j=1

λi,jΘi,j − αS(k)

dI
(k)
i,1
dt = piS

(k)k
n∑
i=1

m∑
j=1

λi,jΘi,j − µi,1I
(k)
i,1

dI
(k)
i,j

dt = µi,j−1I
(k)
i,j−1 − µi,jI

(k)
i,j , i = 1, · · · , n, j = 2, · · · ,m

dR(k)

dt =
n∑
i=1

µi,mI
(k)
i,m − γR(k)

Here the individuals’ degree k is given as the superscripts to differentiate from the
subscripts i, j. The infectivity rates for Ii,j on susceptible individuals are λi,j , and
µi,j are the rates of the transformation Ii,j → Ii,j+1, i = 1, · · · , n, j = 1, · · · ,m− 2,
and µi,m are the rates of the transformation Ii,m → R. Here we suppose that each
Ii,j can infect susceptible individuals, and new infected individuals will come into

the i-th infectivity individuals with probability pi, so we also have
n∑
i=1

pi = 1.
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Θi,j are given by:

Θi,j =
Σkkp(k)I

(k)
i,j

〈k〉 , i = 1, · · · , n, j = 1, · · · ,m

Then the threshold for the multiple-staged infected model:

n∑
i=1

m∑
j=1

pi
µi,j

λi,j >
(δ + α)〈k〉
δ〈k2〉

From the above three inequalities, we can obtain the relationship between thresh-
olds of epidemic and the parameters, such as the degree distribution, birth rate,
death rate, and so on. In particular, the thresholds for each case are zero when the
size of network is sufficiently large, that is, 〈k2〉 = Σkk2p(k) →∞.

4. SIS model with population mobility

Most previous research on epidemic spreading assumed that a node is an individual,
as a result, the deeper structure of networks were neglected, such as the mobility of
individuals between different cities was ignored. Most recently, Vittoria Colizza et al
studied the behavior of two basic types of reaction-diffusion processes (B → A and
B +A→ 2B),28 they supposed that a node of the network can be occupied by any
number of individuals and the individuals can diffuse along the link between nodes.
The two basic reaction-diffusion processes can be used to model the spreading of
epidemic diseases with SIS model.28 In the epidemic terminology, a node can be
viewed as a city, i.e, all people have the same degree k if they live in the same city
(the node with degree k), and the diffusion of particles among different nodes can
be considered as the movement of people among different cities. They supposed
that the infection may happen inside a city, however, the infection may also happen
in different cities by other media, e.g., for the Avian Influenza, in different regions
poultry can be infected by migratory birds even though the poultry have no mobility.

We suppose that the infection can also happen in different cities, and study the
effect of this kind of epidemic spreading on the epidemic threshold. This can be
done by introducing a probability of spreading of the infection to the neighboring
nodes without the need of diffusion of infected particles. In fact, as we will show,
this mechanism is in part equivalent to the diffusion of the particles.

4.1. Epidemic spreading without mobility of individuals

In order to find out the effect of mobility of individuals, we first assume that mobility
is zero, then {

dIk(t)
dt = αkSkΘi + βSkIk − µIk

dSk(t)
dt = −αk′Sk′Θi − βSkIk + µIk

i = 1, 2
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Here we should note that the total density Sk + Ik is not changed because there is
no mobility of individuals among different cities, so we can let Sk + Ik = 1. Then
we have

α

µ− β

〈k2〉
〈k〉 > 1

this condition demonstrates that epidemic diseases will always become endemic for
a heterogeneous network with sufficiently large size.

For the case Θ1, we can get
α

µ− β
> 1

this case suggests that the epidemic threshold is irrelevant to the topology of the
network, which is similar to the results in.29,30

In the following subsections, we take into account the mobility of individuals in
different cities, so the individuals’ degrees may change, that is, the total density
Sk + Ik is not an invariant, but the average density n = ΣkP (k)(Sk + Ik) is.

4.2. Spreading of epidemic diseases among different cities

Similar to,28 we denote the size of the network as V, and NS and NI are the
numbers of susceptible and infective individuals respectively, so the total number of
individuals in the network is N = NS +NI and n = N/V is the average density of
people. Because the number of individuals on each node is a random non-negative
integer, set ai and bi as the numbers of S and I stores on node i. In order to take
into account the heterogeneous quality of networks we have to explicitly consider
the presence of nodes with very different degree k. A convenient representation of
the system is therefore provided by the following quantities:

Sk = (Σ
i|ki=k

ai)/vk, Ik = (Σ
i|ki=k

bi)/vk

where vk is the number of nodes with degree k and the sums run over all nodes i
having degree ki equal to k.

Just as in,28 we also assume that the mobility of people is unitary time rate 1
along one of the links departing from the node in which they are at a given time.
This implies that at each time step an individual occupying a node with degree k
will travel to another city with probability 1/k.

Now the dynamics of epidemic spreading can be described as follows:{
dIk(t)
dt = −Ik(t) + kΣk′P (k′|k) 1

k′ [(1 − µ)Ik′ (t) + αk′Sk′Θi]
dSk(t)
dt = −Sk(t) + kΣk′P (k′|k) 1

k′ [Sk(t) + µIk′ (t) − αk′Sk′Θi]
i = 1, 2

For the case of Θ1, the threshold for the average density is

nc1 =
µ〈k〉2
α〈k2〉
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For the case of Θ2, the threshold is

nc2 =
µ〈k〉3
α〈k2〉2

We conclude that the epidemic is always endemic for sufficiently large heteroge-
neous networks, moreover, the prevalence of epidemics with infection rate αkΘ2 is
greater than the infection rate αkΘ1.

4.3. Epidemic spreading within and between cities

Now we assume that the epidemic disease not only occurs within individual cities
but also between connected cities. And we also consider two types of epidemic
spreadings inside the same cities. In the case of type 1, we consider that each ai
individuals may be infected by all the bi individuals in the same cities, in this case,
the epidemic rate is β when the spreading of the epidemic disease happen in the
same cities. In the case of type 2, we consider that each individual has a finite
number of contacts with others, in this case the epidemic rate has to be rescaled by
the total number of individuals in city i, i.e., β/ni is the epidemic rate in the same
cities, where ni = ai + bi is the total number of individuals in the city i.

4.3.1. The epidemic rate is β inside the same cities

In this case, the number of infected individuals generated by the infection taking
place in node of the degree class k is βSkIk. Let Tk = SkIk, we have

T = ΣkP (k)Tk = ΣkP (k)SkIk

Then the dynamics of epidemic spreading can be written as{
dIk(t)
dt = −Ik(t) + kΣk′P (k′|k) 1

k′ [(1 − µ)Ik′ (t) + βTk + αk′Sk′Θi]
dSk(t)
dt = −Sk(t) + kΣk′P (k′|k) 1

k′ [Sk(t) + µIk′(t) − βTk − αk′Sk′Θi]
i = 1, 2

For the case of Θ1, the threshold for the prevalence of epidemic is

nc3 =
µ〈k〉2

(α+ β)〈k2〉
For the case of Θ2, the threshold for the prevalence of epidemic disease is

nc4 =
µ〈k〉3

(α〈k2〉 + β〈k〉)〈k2〉

4.3.2. The epidemic rate is β/ni inside the same cities

In this case, the number of infected individuals generated by the infection taking
place in node of the degree class k is β SkIk

Sk+Ik
, we also let Tk = SkIk

Sk+Ik
.

We can obtain

T = ΣkP (k)Tk = ΣkP (k)
SkIk
Sk + Ik

=
IS

n
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For the Θ1 case, the prevalence of epidemic disease takes place if (β − µ)〈k〉2 +
αn〈k2〉 > 0, i.e.,

nc5 =

{
0 β/µ > 1
(µ−β)〈k〉2
α〈k2〉 β/µ < 1

For the Θ2 case,

nc6 =

{
0 β/µ > 1
(µ−β)〈k〉3
α〈k2〉2 β/µ < 1

From the above equalities, we can find that the epidemic always occurs whatever
the size of networks, when β/µ > 1.

5. Multi-strain epidemic models

There are cases of multi-strain epidemics in the real world which we wish to examine,
i.e., different strains of the same pathogen transmitting on the same network. For
example, the human immunodeficiency virus (HIV) (which can cause AIDS) has
many genetic varieties, and can be divided into some strains, such as strain HIV-
1 and strain HIV-2.31 On the one hand, being the same virus, there are many
similarities between HIV-1 and HIV-2, such as the modes of HIV-1 and HIV-2
transmission are the same - sexual contact, sharing needles etc. On the other hand,
there exist many differences between HIV-1 and HIV-2, for example, HIV-2 seems
to weaken the immune system more slowly than HIV-1.

Some multi-strains epidemic dynamics problems on fully mixed species have
been generally investigated in.32–35 During disease spreading processes, a kind of
pathogen sometime generates many strains with different spreading features, hence
researches on multi-strain epidemic dynamics possess practical significance.

For multi-strain epidemic models, the manner of interaction between two parti-
cles with different strain have many types, including co-infection, which means two
strains can host in one particle, invasion, which means one strain can host the parti-
cle with the other strain, and perfect cross-immunity, which means that two strains
are perfectly competing and nodes infected with one strain cannot be infected by
the other strain. Previous results have shown that different interaction mechanisms
have different effects, such as co-infection, and can induce complex dynamical be-
haviors, such as chaotic attractors.36 Super-infection may generate so-called strain
replacement phenomenon,35 but perfect cross-immunity can not produce similar
phenomenon even with perfect vaccination (the vaccine provides full protection
against all strains35). Strain replacement shows that the phenomenon that one
strain with smaller basic reproduction number can become prevalent in a long time.

In this section, two-strain epidemic models on complex networks with scale-free
connectivity is discussed. We assume that the network has saturated infectivity.
The two kinds of strains of the same pathogen can be denoted by strain I and
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strain J . It may be the case that the two strains have different spreading rates.
Let the spreading rate of the strain I be λ1, and that of the strain J be λ2. Each
individual is represented by a node of the network, and can be in three discrete
states, either susceptible or infected by the strain I or J , which allows that infection
mechanism to belong to the SIS type,37 that is, susceptible nodes may be infected
owing to contact with an infected node, and infected nodes also may recover into
the susceptible state, the recovery rates are β1 and β2 for strain I and strain J

respectively.
Let ik(t) and jk(t) represent the densities at time t of nodes in class with degree

k infected by strain I and strain J respectively.
We will focus on two kinds of interaction mechanisms between two strains with-

out co-infection, one is perfect cross-immunity, and the other is super-infection.
Then the two-strain models can be written as follows:
Perfect cross-immunity mechanism:

{
dik(t)
dt = −β1ik(t) + λ1k[1 − ik(t) − jk(t)]Θ1(t)

djk(t)
dt = −β2jk(t) + λ2k[1 − ik(t) − jk(t)]Θ2(t)

(5.1)

where the probability 0 � Θ1(t) � 1 describes a link pointing to an individual
infected by the strain I. According to,45 it satisfies the equality

Θ1(t) =
∑
k′

P (k′|k)
k′

ϕ(k′)ik′(t) (5.2)

Similarly, the probability 0 � Θ2(t) � 1 describes a link pointing to an individual
infected by the strain J , which satisfies the equality

Θ2(t) =
∑
k′

P (k′|k)
k′

ϕ(k′)jk′ (t) (5.3)

Those nodes with degree k have saturated infectivity, ϕ(k), which satisfies the
following three conditions:

(i) ϕ(k) � k; (ii) ϕ(k) is monotonously increasing; (iii) lim
k→∞

ϕ(k) = A > 0.

According to the physical meaning of ϕ(k), the above constraints are reason-
able and recover some previous setting about the function. It can be shown that
the piecewise linear infectivity introduced in45 is a special case for the saturated
infectivity defined above.
Super-infection mechanism:

For this mechanism, we assume that when nodes infected by the strain I contact
nodes infected by strain J they may be reinfected by strain I. The transmission
process is asymmetric, that is, strain J cannot reinfect the node infected by strain
I. This process is referred to as super-infection. And the asymmetric transmission
rate is denoted by δ.
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Similar to the perfect cross-immunity mechanism, the two-strain model with
super-infection can be described as follows:{

dik(t)
dt = −β1ik(t) + λ1k[1 − ik(t) − jk(t)]Θ1(t) + δkjk(t)Θ1(t)

djk(t)
dt = −β2jk(t) + λ2k[1 − ik(t) − jk(t)]Θ2(t) − δkjk(t)Θ1(t)

(5.4)

Now we present detailed analysis on the above models.

5.1. The two-strain epidemic model with perfect cross-immunity

Assume the network is uncorrelated about node degree. Therefore

P (k′|k) =
k′P (k′)
< k >

,

so the model (5.1) can be transformed into{
dik(t)
dt = −β1ik(t) + λ1k[1 − ik(t) − jk(t)]Θ1(t)

djk(t)
dt = −β2jk(t) + λ2k[1 − ik(t) − jk(t)]Θ2(t)

(5.5)

where

Θ1(t) =
∑
k′ ϕ(k′)P (k′)ik′(t)

〈k〉 (5.6)

and

Θ2(t) =
∑
k′ ϕ(k′)P (k′)jk′ (t)

〈k〉 (5.7)

In the above model, we can see that the system (5.5) has four parameters, which
can be reduced to three if using typical time-scale transformation. So this multi-
parameters property invokes some different dynamical behaviors, which are different
from the case of one strain epidemic. In the following analysis, we find that com-
posed parameter σi = λi

βi
, i = 1, 2 are important, which is referred to as the effective

spreading rates for strain I and strain J respectively. It is reasonable to assume
that σ1 �= σ2. But the recovery rates β1, β2 can not be all eliminated. Hence, the
case σ1 = σ2 will also be discussed.

5.2. The case σ1 �= σ2

5.2.1. Basic Reproduction Numbers (BRNs)

In order to obtain the existence of non-trivial equilibria, we define the following two
parameters

R1 =
σ1〈kϕ(k)〉

〈k〉 , R2 =
σ2〈kϕ(k)〉

〈k〉 (5.8)

They are the basic reproduction numbers for the strain I and the strain J re-
spectively. The number R1 gives the average value of secondary infectious cases
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produced by the infected individual with strain I during the entire infectious pe-
riod in a purely susceptible population. The number R2 has similar meaning. The
two BRNs are related by the effective spreading rates. If σ1 = σ2, then R1 = R2.
Otherwise, they are different.

Below we list some basic results:
A1. There is always a disease-free equilibrium E0 = (1, 0, 0);
A2. There is a strain one exclusive equilibrium E1 = (s∗1, i

∗, 0), if and only if
R1 > 1;

A3. There is a strain two exclusive equilibrium E2 = (s∗2, 0, j
∗), if and only if

R2 > 1.
In fact, by imposing steady state dik(t)

dt = 0 and djk(t)
dt = 0, from (5.5) we have

ik =
σ1kΘ1

1 + σ1kΘ1 + σ2kΘ2
, jk =

σ2kΘ2

1 + σ1kΘ1 + σ2kΘ2
. (5.9)

Substitute (5.9) into (5.6) and (5.7), we can get two self-consistent equations as
follows:

Θ1 =
σ1

〈k〉
∑
k′

k′ϕ(k′)P (k′)Θ1

1 + σ1k′Θ1 + σ2k′Θ2
(5.10)

and

Θ2 =
σ2

〈k〉
∑
k′

k′ϕ(k′)P (k′)Θ2

1 + σ1k′Θ1 + σ2k′Θ2
(5.11)

Obviously, (Θ1,Θ2) = (0, 0) is a trivial solution of equations (5.10) and (5.11).
Since σ1 �= σ2, it can be shown that the equations have no positive solutions. So we
need only to consider the other two cases, Θ1 = 0 and Θ2 = 0. When Θ2 = 0, we
can only focus on nontrivial solutions of (5.10). Note that (5.10) can be reduced to

1 =
σ1

〈k〉
∑
k′

k′ϕ(k′)P (k′)
1 + σ1k′Θ1

≡ f(Θ1). (5.12)

Because

f(1) < 1

and

f ′(Θ1) < 0,

a nontrivial solution of (5.12) exists if and only if

f(0) > 1 (5.13)

So we have R1 = f(0), i.e., R1 = σ1<kϕ(k)>
<k> = λ1<kϕ(k)>

β1<k>
. Similarly, by letting

Θ1 = 0, we can get the above result about R2.
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5.2.2. Asymptotic stability of equilibria

Now we examine the asymptotic property of the equilibria E0, E1 and E2.
We rewrite (5.5) as the following matrix form

dU(t)
dt

= A ∗ U −N(U) (5.14)

According to block property of matrices, the zero solution E0 is locally asymptoti-
cally stable, if and only if R1 ≤ 1 and R2 ≤ 1.

Perturbing the steady state i∗k so that ik = εk + i∗k and omitting higher powers
of εk gives the linearization matrix, which determines the stable state.

It can be shown that the condition R1 < 1 cannot ensure the local stability of
E1. To make E1 stable, R2 < R1 must hold.

According to symmetry, we have that E2 is locally stable if and only if R1 < R2.
When R1 < 1 or R2 < 1 holds, there are no more than two equilibria, system

(5.5) is globally stable.

5.2.3. Invasion Reproduction Numbers(IRNs)

The IRNs can be written as below:

R3 =
λ2β2

λ1β1
=
R2

R1
, R4 =

λ1β1

λ2β2
=
R1

R2
. (5.15)

According to biological interpretation,32 R3, the IRN of strain one can be consid-
ered as the number of secondary cases that one infected individual will produce in a
population where strain two is at equilibrium and measures the invasion capability
of strain one. Similarly, R4 is the measure for strain two.

If R3 > 1, the strain I spread eventually, but the other strain J cannot spread.
If R4 > 1 (e.g., R3 < 1), the strain I cannot spread eventually. As for R3 = R4 = 1,
it can be shown numerically that it is a very special case (we omit the details here).

While R3 � 1 (that is R4 � 1), the proportion eventually infected by the strain
I is not affected by the strain J . In other words, however large the spreading rate of
the strain J is, the eventually infected proportion is the same, and it is determined
by R1, that is, the spreading rate λ1, the recovery rate β1 and network structure. Of
course, when R3 � 1 (that is R4 � 1), a corresponding result can be also obtained.
So we can study only one strain with a much bigger spreading rate, thus the two
strains model can be reduced to the one strain model, which is referred as strain
dominance.

But when the invasion reproduction numbers are close to 1, we prefer to use the
two strains model (5.5) to obtain accurate results about its dynamical behavior for
prediction epidemic spreading and optimal containment strategies.
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5.2.4. Uniform immunization strategy

According to,38 uniform immunization (or random immunization) strategy is an
effective immunization strategy. A selective uniform immunization is proposed to
immunize individuals who may be infected by the epidemic with greater spreading
rate. If R1 > R2, one can approximatively use λ1(1− ε) to substitute λ1. ε denotes
the immunized proportion or immunized rate. The immunized system is as follows:{

dik(t)
dt = −β1ik(t) + λ1(1 − ε)k[1 − ik(t) − jk(t)]Θ1(t)

djk(t)
dt = −β2jk(t) + λ2k[1− ik(t) − jk(t)]Θ2(t)

(5.16)

Note the above system is just the same as (5.5) if we regard λ1(1− ε) as a new λ1.
So the BRN for strain J is still R2, while the BRN for strain I can be written as

R̂1c = R1(1 − ε) < R1.

Therefore, one know that if the immunization rate ε satisfies

R1(1 − ε) < R2,

the strain I evolves from spreading to eliminating eventually. Further, if 1 < R2 <

R1, the strain J varies from eliminating to spreading eventually. This alternate
spreading phenomenon is actually strain replacement, which is useful to control
epidemic outbreak by immunization.32

5.3. The case σ1 = σ2

For the case σ1 �= σ2 we give a relatively complete analysis, however we still cannot
confirm the existence of positive equilibria or the coexistence of two strains. Now we
turn to consider the other case, that is, σ1 = σ2 = σ. In this case, the self-consistent
equations still hold. We can find the equilibrium solutions, which can be divided
into two cases:

B1. When R ≤ 1, there is disease-free equilibrium E′
0 = (1, 0, 0);

B2. When R > 1, there are infinitely many equilibria, the parameter points
(Θ1,Θ2) of the equilibria form a line segment which connects two endpoints: (0, Θ̄)
and (Θ̄, 0), where Θ̄ satisfies

1 =
σ

〈k〉
∑
k′

k′ϕ(k′)P (k′)
1 + σk′Θ̄

. (5.17)

At the level of the equilibrium solution, Θ1,Θ2 and ik, jk are in one-to-one
correspondence. So we can transform the above continuous problem to discrete
mapping problem.
The self-consistent mapping:

F : x→ σx

〈k〉
∑
k′

k′ϕ(k′)P (k′)
1 + σk′x

The mapping F has the following properties:
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(a) There is always the zero solution, that is, F (0) = 0 holds. Further, when
R ≤ 1, x = 0 is locally stable.

(b) When R > 1, there is always a non-zero solution, x = x̄, such that F (x̄) = x̄

holds. And x = x̄ is also locally stable.
We have the following stability results for equilibria:

C1. When R ≤ 1, the disease-free equilibrium E′
0 = (1, 0, 0) is locally asymp-

totically stable.
C2. When R > 1, all non-zero equilibria are locally asymptotically stable; but

the zero solution is unstable.

5.4. The two-strain epidemic model with super-infection

5.4.1. The model

Super-infection is the concurrent or subsequent multiple infection of a host with the
same parasite, which may be with identical or different strains.34 Now we only con-
sider the latter case, that is, super-infection only occurs between different strains.
Similar to the case with perfect cross-immunity, we focus on the uncorrelated net-
works with super-infection mechanism

{
dik(t)
dt = −β1ik(t) + λ1k[1 − ik(t) − jk(t)]Θ1(t) + δkjk(t)Θ1(t)

djk(t)
dt = −β2jk(t) + λ2k[1 − ik(t) − jk(t)]Θ2(t) − δkjk(t)Θ1(t)

(5.18)

(Θ1,Θ2) = (0, 0) is a trivial equilibrium. So there is always disease-free equilibrium
K0 (the zero solution) for the system (5.18). Omitting the hight order terms, we
confirm that K0 is locally asymptotically stable when R1 ≤ 1, R2 ≤ 1.

We now discuss the nontrivial equilibria. Assuming Θ1 �= 0,Θ2 = 0, then when
R1 > 1, there exists the strain one exclusive equilibrium K1.

Secondly, assuming Θ2 �= 0,Θ1 = 0, then there exists the strain two exclusive
equilibrium K2, if and only if R2 > 1.

From the above analysis, we conclude that the two basic reproduction numbers
are the same as the case with perfect cross-immunity.

Finally, assuming that Θ2 �= 0,Θ1 �= 0, in order to find the positive solutions,
we need to discuss the equations determining two implicit functions, which are not
easy to be solved. We can obtain that when R2 ≤ R1, there is no positive solutions
for the system under consideration. So in what follow, we assume H : R2 > R1.

To simplify our discussion, we assume that β1 = β2 = 1.
Case 1: 0 < pr ≤ 1 and 0 < pb ≤ 1;
Since R2 > R1 and β1 = β2 = 1, we get λ2 > λ1. So g′(Θ1) < 0. We have the

IRN for positive epidemic state:

R5 = g(0) + g(pb)− g(0)g(pb).

When R5 > 1, there exists one positive epidemic state for the system.
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Case 2: 0 < pr ≤ 1 and pb > 1;
Similar to the Case 1, we have the IRN:

R6 = g(0) + g(1)− g(0)g(1).

Case 3: pr > 1 and 0 < pb ≤ 1;
The IRN is

R7 = g(pt) + g(pb)− g(pt)g(pb).

Case 4: pr > 1 and pb > 1.
The corresponding IRN can be written as

R8 = g(pt) + g(1)− g(pt)g(1).

Finally, we remark here that for the case β1 �= β2, theoretical analysis would be
quite difficult. We leave this for future research.

At the moment the type A H1N1 influenza has become a pandemic, and the
threat of future outbreaks of other emerging diseases or of a human-transmissible
version of the H5N1 avian influenza still remain. The problem of how best to
respond to disease transmission on a network currently remains unaddressed. And
many problems need to be further studied by using the method presented in this
paper. Most new approaches are needed for more realistic situations, e.g., on a
directed network we may need to distinguish degree distribution between in-degrees
and out-degrees, as the infectivity and immunization scheme choice will depend on
these quantities. More precisely, in a directed network, the infectivity will depend
on out-degree distribution, while the choice of immunization scheme will depend on
in-degree distribution.
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This paper is concerned with a survey and some remarks on the inverse prob-
lems for equations of parabolic type. Mainly, the regularization and continuous
dependence for the backward ill-posed Cauchy problems are considered by using
Lattes-Lions quasi-reversibility method and its variety and by using operator-
theoretic methods, in both Hilbert and Banach spaces. Moreover, Ill-posedness
of several inverse problems associated with the heat equation is explained, and
recovering source term is introduced.

1. Introduction

Based on the background with a lot of practical problems in science and technology,
the inverse problems have received much attention since 1960’s. The theory of
inverse problems for differential equations is bing extensively developed with the
framework of mathematical physics. As we know, most of inverse problems are ill-
posed. Many books or monographs published, such as,22,26,37,39,44,47,50,53,58,60,62,68

where60 is a standard and very accessible reference on ill-posed problems in general.
Other good sources are.22,44,68 There are some surveys, such as.9,28,53,5926,37,50

and62 involve with various equations and methods.
Limited by our knowledge and interests, in this paper we mainly consider the

abstract backward Cauchy problems as follows

u′(t) +Au(t) = 0 (0 < t < T ), u(T ) = x (1.1)

in both Hilbert and Banach spaces. It also involves with some inhomogeneous case.
We do not attempt to cover all aspects, which is impossible.

This paper is organized as follows. In section 2 we introduce three basically
inverse problems about the heat equation ut = uxx: backward problem, inverse
∗Corresponding author.
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heat problem, and identification for the inhomogeneous term. They are all ill-
posed. Section 3 is our main part. It contains various quasi-reversibility (Q.R.)
methods in both Hilbert and Banach spaces, including Lattes-Lions original Q.R.-
methods, Gajewski-Zaccharias Q.R.-methods, Miller stabilized Q.R.-method, and
Showalter Q.B.V-method, Boussetila-Rebbani modified Q.R.-method. Besides, we
also give a simple introduction for some outstanding works to Ames and Hughes et
al on structural stability. In section 4, we give a simple introduction on recovering
source term from.62

As we know, the method of abstract differential equations provides proper guide-
lines for solving various problems with partial differential equations involved. Under
the approved interpretation a partial differential equation is treated as an ordinary
differential equation in a Banach space.

Here we give two possible examples to end this section. They can be found in
many books. Let Ω be a bounded domain in the space Rn, whose boundary is
sufficiently smooth. And set ΩT = Ω× [0, T ], ST = ∂Ω× [0, T ].

Example 1.1. The initial boundary value problem for the heat conduction equa-
tion is as follows 

∂u(t, x)
∂t

= ∆u(t, x) + f(x, t), (x, t) ∈ ΩT ,

u(x, 0) = u0(x), x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ST .
(1.2)

When adopting X = L2(Ω), we introduce in X a linear (unbounded) operator
A = ∆ with the domain D(A) = H2 ∩ H1

0 , where H2(Ω) and H1
0 (Ω) are the

classical Sobolev spaces. The functions u(x, t) and f(x, t) are viewed as abstract
functions u(t) and f(t) of the variable t with values in X , while u0(x) is an element
u0 ∈ X . So, the direct problem (1.2) is treated as the Cauchy problem in X for the
ordinary differential equation{

u′(t) = Au(t) + f(t), 0 ≤ t ≤ T,

u(0) = u0.

Example 1.2. The initial boundary value problem for the wave equation is as
follows. The initial boundary value problem for the heat conduction equation is as
follows 

∂2w(t, x)
∂t2

= ∆w(t, x) + f(x, t), (x, t) ∈ ΩT ,

w(x, 0) = w0(x),
∂w

∂t
(x, 0) = w1(x), x ∈ Ω,

w(x, t) = 0, (x, t) ∈ ST .

(1.3)
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Take X = L2(Ω) and Y := X ×X . Along similar lines in Example 1.1, we denote
that

u(t) =
(
w(t)
w′(t)

)
, F (t) =

(
0
f(t)

)
, u0 =

(
w0

w1

)
, Au =

(
0 I

A 0

)
.

So, the direct problem (1.1) is treated as the Cauchy problem in Y for the ordinary
differential equation {

u′(t) = Au(t) + F (t), 0 ≤ t ≤ T,

u(0) = u0.

2. Some simple inverse problems with heat equation

We consider the inverse problems about the heat equation ut = uxx. Several im-
portant types of inverse problems arise.

2.1. Backward problem

The problem of determining the initial temperature from later measurements, math-
ematically speaking, the backwards heat equation.

∂u(x, t)
∂t

=
∂2u(x, t)
∂x2

, (x, t) ∈ (0, 1)× (0, T ),

u(x, T ) = ϕ(x), x ∈ [0, 1],

u(0, t) = u(1, t) = 0, t ∈ (0, T ).

(2.1)

It is well known that the problem (2.1) is ill-posed: the solution (if it exists) does
not depend continuously on the initial ϕ(x). In fact, the solution of (2.1) can be
written as follows

u(x, t) =
∞∑
n=1

[2
∫ 1

0

ϕ(x) sin(nπx)dx] exp(n2π2(T − t)) sin(nπx)

for a “good” final function ϕ(x) by separation of variables. Frequently, subject to
the usual L2-norm, we have

‖u(·, t)‖2 =
∞∑
n=1

|an exp(n2π2(T − t))|2

where an := 2
∫ 1

0
ϕ(x) sin(nπx)dx. Noting t < T , we can see that the requirement

‖u(x, ·)‖ <∞ implies rapid decay of a2
n. This induces that the solution u is unstable

if u exists (obviously, the existence of u needs some conditions on the function ϕ).
Many regularization methods have been developed for (2.1)

(e.g.12,15,16,23,29,40,59,67), these methods include Tikhonov method,68 quasi-
reversibility method,47 logarithmic convexity method,1,14 and numerical and pro-
gramming method,12,30,40 etc. Payne59 gave a simple and clear introduction more
than these methods mentioned above. Further, some modified methods above and
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new techniques are applied to deal with (2.1), such as mollification method,29 ‘opti-
mal error estimate’,67 iterative algorithm,42 operator-splitting method,43 variational
scheme,76 new filter (spectral regularization) method,75 heatlets,33 quasi Tikhonov
regularization,16 etc. Moreover,15 provides some interesting information.

2.2. Inverse heat problem

The inverse heat problem or sideways heat problem is of determining the surface
temperature (or heat flux) on an inaccessible part of the boundary from heat flux
and temperature measurements on other parts of the boundary.8 Typical practi-
cal applications include determination of the temperature and the heat flux at the
highly heated outer surface of a reentry vehicle in the atmosphere from measure-
ments taken inside the body, calorimeter-type instrumentation, combustion cham-
bers, etc.

It is now to determine the temperature u(x, t) for x ∈ [0, 1) from temperature
measurements ϕ = u(1, ·) and heat-flux measurements ψ = ux(1, ·), where u(x, t)
satisfies 

∂u(x, t)
∂t

=
∂2u(x, t)
∂x2

, x ≥ 0, t ≥ 0,

u(x, 0) = 0, x ≥ 0,

u(1, t) = ϕ(t), t ≥ 0,

limx→∞ u(x, ·) bounded.

(2.2)

By the technique of Fourier transform, the (formal) solution of (2.2) can be written
as follows19,63

u(x, t) =
∫ ∞

−∞
exp(

√
2πiω(1 − x))ĝ(ω)dω,

where
√
z denotes the principal square root of z, the Fourier transform

ĝ(ω) :=
∫ ∞

−∞
g(t) exp(−2πiωt)dt, −∞ < ω < +∞

and we define g(t) ≡ 0 for t < 0. Further, if we define the norm

‖h‖2 :=
∫ ∞

−∞
|h(t)|2dt =

∫ ∞

−∞
|ĥ(ω)|2dω,

we then get

‖u(x, ·)‖2 =
∫ ∞

−∞
| exp(

√
2πiω(1 − x))ĝ(ω)|2dω.

It is now seen that since the real part of
√

2πiω is non-negative and tends to infinity
as |ω| tends to infinity, the requirement ‖u(x, ·)‖ <∞ implies rapid decay of ĝ(ω) at
high frequencies. In other words, small high frequency perturbations in g are blown
up catastrophically.19 Hence the problem (2.2) is ill-posed and some regularization
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methods must be applied. These methods include Tikhonov regularization,13 fil-
tering method,21 wavelets,63 ‘optimal approximation’,66 and in20 where a survey of
numerical solutions is presented. More development, see74 and its references.

2.3. Inhomogeneous heat equation: identification for the inhomo-

geneous term

It is well known that the identification for the inhomogeneous term of heat equation
involves the heat source. At first, we consider an identification of finding a pair of
function (u, f) satisfying the following initial-boundary values problem69

∂u(x, t)
∂t

=
∂2u(x, t)
∂x2

− ϕ(t)f(x), (x, t) ∈ (0, 1)× (0, 1),

u(1, t) = 0, ux(0, t) = ux(1, t) = 0,

u(x, 0) = 0, u(x, 1) = g(x),

(2.3)

where ϕ and g are two given functions. From,69 (2.3) is equivalent to finding a
function f satisfying an integral equation

g(x) = −
∫ 1

0

∫ 1

0

N(x, 1; ξ, τ)ϕ(τ)f(ξ)dξdτ, (2.4)

where N(x, t; ξ, τ) is given by

N(x, t; ξ, τ) =
1

2
√
π(t− τ)

(
exp

(
− (x− ξ)2

4(t− τ)

)
+ exp

(
− (x+ ξ)2

4(t− τ)

))
.

The problem (2.4) is ill-posed from.27 Based on the spectral cutoff method and
Fourier transform, a regularized solution fε(x) was given in,69 where

fε(x) = − 1
π

∫ λ(ε)

−λ(ε)

eλ
2
∫ 1

0

g(s) cos(λs)
( ∫ 1

0

eλ
2tϕ(t)dt

)−1

eiλxdλ,

and λ(ε) = 7
√
πε

2
7 (γ−1), 0 < γ < 1.

Moreover, the discrepancy in69 between the regularized solution fε(x) and the
exact solution f0(x) is, depending on the degree of smoothness of the exact solution
f0(x), of the order (− ln ε)−1 or 8

√
ε, 0 < ε < 1, if the discrepancy between ϕ(t)

(respectively g(x)) and its exact solution ϕ0(t) (respectively g0(x)) is of the order
ε for the norm ‖ · ‖L2(0,1).

More information on this topic, see70 and its references herein. It is worth noting
the monograph62 contains plenty of identification for the inhomogeneous term, both
the abstract case and application to PDE.

3. Abstract backward parabolic problems

As mentioned in 1, the method of abstract differential equations provides proper
guidelines for solving various problems with partial differential equations involved.
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In this section, we consider the following final value problem

u′(t) +Au(t) = 0 (0 ≤ t < T ), u(T ) = x, (3.1)

where the unbounded operator A satisfies that −A is the generator of a uniformly
bounded analytic semigroup S(t) on a Banach space X , and x is one prescribed
final value in X . It is well known that the problem (3.1) is ill-posed. In fact, the
solution does not necessarily exist for x ∈ X . However, as is conventional in the
theory of ill-posed problems, we assume that a solution u(t) of the problem (3.1) is
a priori known to a certain final value x. Then S(T −t)u(t) = x from.35 This means
(3.1) is not stable because S(t)−1 is unbounded operator for each t > 0.49 Thus
the problem (3.1) can lead to a general ill-posed problem which was introduced by
Tikhonov (see68).

Many regularization methods have been developed for (3.1), these methods
include quasisolution method,46,68 quasi-reversibility method47 and its modified
methods,11,17,25,34–36,39,56,64 logarithmic convexity method,1,3,4,6,57,59 iterative pro-
cedures,7,45 and the C-regularized semigroups technique,6,31,53,54 etc.

However, the final value itself is given with an error δ > 0, which means that
xδ is given instead of x and ‖x − xδ‖ ≤ δ. The error δ is called the final-data
error. (In the most applied problems, we are given only approximate final data
and the error is defined by the accuracy of measuring instruments.) In this setting
of the problem, it is required to construct a regularizing operator of the problem,
i.e., an operator providing an approximate solution for a given xδ such that the
approximate solutions converge to the exact one as the final-data error tends to
zero.

Definition 3.1.35,53 An operator Rα(t) : X → X depending on the parameters
t ∈ [0, T ] and α > 0 is called the regularizing operator of the Cauchy problem (3.1)
if the following conditions are fulfilled:

(1) for arbitrary α > 0 and t ∈ [0, T ], the operator Rα(t) is bounded in X and
Rαx ∈ C([0, T ];X) for each x ∈ X ;

(2) there is a dependence α = α(δ) (α(δ) → 0 as δ → 0) such that

‖Rα(δ)(t)xδ − u(t)‖ → 0 (δ → 0), t ∈ [0, T ].

The parameter α is called the regularizing parameter for problem (3.1). We also
call {Rα(t)}t≥0 a family of regularizing operators.

All the mentioned methods allow one to construct regularizing operators

Rαxδ := uα

for the problem (3.1) such that α = α(δ) → 0 and

‖Rα(δ)xδ − u‖ → 0 as δ → 0.
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In this section we mainly introduce quasi-reversibility method for (3.1) and
continuous dependence for the solution of (3.1), in both Hilbert and Banach space.

3.1. Description of quasi-reversibility method (Q.R.-method)

One method for approaching such problems (3.1) is quasi-reversibility, introduced
first by Lattes and Lions47 in 1960s. The idea is to replace (3.1) with an approximate
problem which is well posed, then use the solutions of this new problem to construct
approximate solutions to (3.1). After that, some modified quasi-reversibility meth-
ods appear, such as Gajewski and Zachirias quasi-reversibility,25,36,64 Miller56 sta-
bilized quasi-reversibility, Showalter17,18,65 quasi-boundary-value method and Bous-
setila and Rebbani11,34 modified quasi-reversibility, et al.

More precisely, the description of the (modified) quasi-reversibility method is as
follows.

Step 1 Let vα be the solution of the following perturbed problem

v′α(t) + gα(A)vα(t) = 0 (0 ≤ t < T ), vα(T ) = x. (3.2)

by choosing an operator gα(A) which guarantees the problem (3.2) well-posed.
Step 2 Use the initial value

vα(0) = ϕα

in the problem

u′α(t) +Auα(t) = 0 (0 < t ≤ T ), uα(0) = ϕα. (3.3)

Step 3 Show that

‖uα(T )− x‖ → 0 (α→ 0+).

Step 4 Finally, construct the regularizing operator

Rα(t)x := uα(t) = S(t)Sα(T )x

and give the estimate of ‖Rα(t)‖, where S(t) and Sα(t) are semigroups generated
by −A and gα(A), respectively.

For α > 0, gα(A) = A − αA2 in;47 gα(A) = A(I + αA)−1 in;25 gα(A) =
− 1
pT ln(α + e−pTA), p ≥ 1 in.11 As for,17 it is a special case while p = 1, see11 or

Remark 3.5 in.34

3.2. Hilbert space case for (3.1)

In the following, assume that H is a separable Hilbert space and A is self-adjoint
operator on H such that −A generates a compact contraction semi-group on H , and
that 0 is in the resolvent set of A. Let S(t) be the compact contraction semi-group
generated by −A. Since A−1 is compact, there is an orthonormal eigenbasis ϕn for
H and eigenvalues 1

λn
of A−1 such that A−1ϕn = 1

λn
ϕn. Then the eigenvalues of

−A are −λn and those for S(t) are e−tλn (and possibly zero).61
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It is useful to know exactly when (3.1) has a solution. The following lemma
answers this question.

Lemma 3.2.17 If f =
∑∞

i=1 biφi, then (3.1) has a solution if and only if∑∞
i=1 b

2
i e

2Tλi converges.

3.2.1. The original Q.R.-method

gα(A) = A− αA2, uα(t) = S(t)Sα(T )x. So, Rα(t) = S(t)Sα(T ). Because

Rα(t)x = Σ∞
n=1 exp((T − t)λn − αλ2

n) < x,ϕn >

and

max
0<λ<∞

{(T − t)λ− αλ2} =
(T − t)2

4α
,

we have

‖Rα(t)‖ ≤ exp
((T − t)2

4α

)
. (3.4)

In addition, Ames and Hughes have the following regularization result with
Hölder-continuous dependence from Theorem 2 in:5 If ‖u(0)‖ ≤ k for some constant
k, then there exist constants C and M , independent of α > 0, such that for 0 < t ≤
T ,

‖u(t)− uα(t)‖ ≤ Cα1− t
T M t/T .

It is interesting that the regularized solution uα(t) can be represented by us-
ing heatlets from.33 The heatlets may be computed and stored, and the regu-
larized solution uα(t) requires evaluation of eT (A−αA2)Ψh

j,n(·, T − t), rather than
eT (A−αA2)e(t−T )Ax.

3.2.2. Gajewski and Zachirias quasi-reversibility

gα(A) = A(I + αA)−1 in,25,64 and

Rα(t)x = S(t)Sgzα (T )x = Σ∞
n=1 exp(−λnt+ λn(1 + αλn)−1(T − t) < x,ϕn > .

Similarly,

‖Rα(t)‖ ≤ exp
(T − 2

√
t(T − t)
α

)
. (3.5)
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3.2.3. Quasi-boundary value method

In,17 approximate (3.1) with the quasi-boundary value problem{
u′(t) +Au(t) = 0 , 0 < t < T

αu(0) + u(T ) = f .
(QBV P )

Define ucoα (t) = S(t)(αI + S(T ))−1x, for x in H , α > 0 and t in [0, T ]. Then ucoα (t)
is the unique solution of (QBVP) and it depends continuously on x. Further, for
all x in H, α > 0, and t in [0, T ] one has that (see17)

‖ucoα (t)‖ ≤ α
t−T

T ‖x‖ .
Hence,

‖Rcoα (t)‖ = ‖S(t)(αI + S(T ))−1‖ ≤ α
t−T

T . (3.6)

In,18 approximate the problem (3.1) by replacing the final condition by

u(T )− αu′(0) = x,

and

‖Rα(t)x‖ = ‖uα(t)‖ ≤ T

α(1 + ln(T/α))
‖x‖.

3.2.4. Modified quasi-reversibility method

In,11 gα(A) = − 1
pT ln(α + e−pTA), α > 0, p ≥ 1, and ubrα (t) = S(t)(αI +

S(pT ))−1/px, for x in H , and t in [0, T ]. Moreover,

‖Rbrα (t)‖ = ‖S(t)(αI + S(pT ))−1/p‖ ≤ α
t−T
pT . (3.7)

Obviously, when p = 1, the modified quasi-reversibility method in11 amounts to
the quasi-boundary value method in.17

From (3.4)-(3.7), we observe that the error factor e(α) := Rα(0) introduced by
small changes in the final value x are of order

e
T2
4α , e

T
α ,

1
α
, (

1
α

)1/p,

respectively.

Remark 3.3. It seems to show that the method in11 has a nice regularizing ef-
fect and gives a better approximation with comparison to the methods developed
in.17,25,47 However, the regularized solution ubrα (t) involves the fractional power
of bounded operator if p > 1. On the other hand, we can obtain better conver-
gent order for ‖uα(t) − u(t)‖ if we impose smooth conditions on the final value x
(c.f.10,11,17,18 etc.).
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3.3. Banach space case for (3.1)

In this subsection we assume that −A generates a uniformly bounded analytic
semigroup on a Banach space X . In general Banach space, it needs a suit functional
calculus of unbounded operator in order to obtain approximate solution for the
problem (1.3). Hence difficulties may arise. Krein and Prozorovskaja46 in 1960
discussed the relation between the analytic semigroup and the ill-posed Cauchy
problem (3.1). The conclusion is that if −A generates an analytic semigroup, then
the problem (3.1) is well-posed in the class of bounded solutions u ∈ C1([0, T ], X).
Here we notice that such solutions imply u(T ) ∈ D(A). However, our purpose is to
treat the regularization for (3.1), where the final data need not even belong to D(A)
and the solution u(t) is not restricted to be bounded. Indeed, as seen above, (3.1) is
ill-posed in general. Miller57 in 1975 obtained the logarithmic convexity inequality
for the solution of (3.1) by Carleman inequality for analytic functions, provided
that u is small at T and bounded at 0. Further development, see6,31,34–36,38,52,54

and the monographs.39,53,55

In this subsection we extend last subsection to a general Banach space X based
on,34–36,52 and in the next subsection consider the continuous dependence based
on.6,31

3.3.1. Lattes-Lions quasi-reversibility method

As mentioned above, the quasi-reversibility method, first introduced by Lattes and
Lions,47 leads to the regularization of the problem (3.1) by using the solution of the
well-posed Cauchy problem

u′α(t) + (A− αAb)uα(t) = 0 (0 ≤ t < T ), uα(T ) = x (3.8)

to construct the regularized solution of (3.1), where α > 0 and Ab (b > 1) is defined
as the fractional power.

Mel’nikova et al(c.f.39,52,53,55) applied the method to (3.1), in which −A is the
generator of an analytic semigroup of angle θ with π/4 < θ < π/2. Precisely, the
result is contained in the following theorem.

Theorem 3.4.39,52,53,55 Let A be a densely defined linear operator whose spec-
trum belongs to the region

Λ1 = {λ ∈ C : | argλ| < β <
π

4
}.

Let the estimate of the resolvent of A

‖R(λ)‖ ≤ C(1 + |λ|)−1

hold for arbitrary λ �∈ Λ1 and a certain C > 0. Then the operator

Rα(t)xδ = uα,δ(t) = UAα(t)xδ = − 1
2πi

∫
∂Λ1

e(λ−αλ
2)tR(λ)xδdλ
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constructed by the quasi-reversibility method as a solution of the Cauchy problem

u′α,δ(t) + (A− αA2)uα,δ(t) = 0, 0 ≤ t < T, uα,δ(T ) = xδ

is a regularizing operator for the ill-posed problem (3.1). Here Aα := A− αA2 and
{UAα(t), t ≥ 0} is a C0-semigroup with the generator Aα.

However, when 0 < θ ≤ π/4 it is false to choose b = 2 in (3.8). In fact, since
the spectrum of −A2 may contain a sector of angle > π/2, it does not necessarily
generate a semigroup. To this end, we in35 choose 1 < b < π/(π − 2θ), where
we notice π/(π − 2θ) ≤ 2. This means that we have to face the fractional power
operators −Ab and A− αAb.

Remark 3.5. It is worthwhile to relax the restriction π/4 < θ < π/2 to 0 <

θ < π/2. On the one hand, if −A generates an analytic semigroup of angle θ

with π/4 < θ < π/2, then it also generates an analytic semigroup of angle θ with
0 < θ < π/4. But the inverse is not true. On the other hand, the result in35 is more
convenient in the application to differential operators. Indeed, it is not always easy
to obtain the exact value of angle θ, for example, in the case that −A is a general
strongly elliptic differential operator with Dirichlet boundary condition.

In,35 the main result is

Theorem 3.6.35 Suppose −A is the generator of an analytic semigroup. Then
there exists a family of regularizing operators for (3.1).

Indeed, the family of regularizing operators is defined by

Rα,t = − 1
2πi

∫
Γ(γ)

e(µ−αµ
b)tR(µ,A)dµ, 0 < t ≤ T.

and Rα,0 = I. Where the path Γ(γ), π
2 − θ < γ < π, connects the points ∞e−iγ

and ∞eiγ in ρ(A), while avoiding the negative real axis and the origin.
The proof of Theorem 3.6 depends on following results.

Theorem 3.7.35 Let −A be the generator of a bounded analytic semigroup of
angle θ (0 < θ < π/2), and let 0 ∈ ρ(A). Then −Ab is the generator of a bounded
analytic semigroup of angle π

2 − (π2 − θ)b, where b ∈ (1, π
π−2θ ).

Theorem 3.8.35 Suppose that the operator A satisfies the conditions of Theorem
3.7. Let Aα = A − αAb, where α > 0 and b ∈ (1, π

π−2θ ). Then for any β ∈
(0, π2 − (π2 − θ)b), Aα is the generator of an analytic semigroup {Vα(t)} of angle
β. Moreover, ‖Vα(t)‖ ≤M exp(Cα1/(1−b)t) for t ≥ 0, where M and C are positive
constants independent of α.
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Theorem 3.7 was proved directly by constructing related semigroup. Theorem
3.8 was proved by a moment inequality and perturbation.

3.3.2. Gajewski and Zachirias quasi-reversibility method

Assume that−A is the generator of an analytic semigroup of angle θ, π/4 ≤ θ < π/2,
we in36 obtain the regularization of (3.1) by using the solution of the well-posed
Cauchy problem

u′α(t) + αAu′α(t) +Auα(t) = 0 (0 < t < T ), uα(T ) = x (3.9)

to construct the regularized solution of (3.1), where α > 0.
Set Aα = A(I +αA)−1, then Aα is bounded. We thus can define a C0-group by

Sα(t) = exp(−tAα), −∞ < t <∞,

where we use the power series to define the exponential function.
The key result is

Theorem 3.9.36 For each α > 0 let Eα(t) = S(t)Sα(−t) (t ≥ 0). Then Eα(t) is
an analytic semigroup on X and Aα − A is its generator. In addition, there exists
a positive constant M independent of α such that ‖Eα(t)‖ ≤M (t ≥ 0).

Define Rα(t) = Sα(−t) for α > 0 and 0 ≤ t ≤ T , where Sα(t) is the group
generated by −Aα. Then {Rα(t); α > 0, t ∈ [0, T ]} ⊂ B(X).

The main result is

Theorem 3.10.36 The operator family {Rα(t)} defined above is a family of reg-
ularizing operators for (3.1).

In addition, we in [,36 Remark 3.3] point out that restriction π/4 ≤ θ < π/2 can
not be relaxed to 0 < θ < π/2 by this method.

3.3.3. Modified quasi-reversibility method

As mentioned above, Boussetila and Rebbani11 propose a modified quasi-
reversibility method based on the perturbation

gα(A) = − 1
pT

ln(α+ e−pTA), α > 0, p ≥ 1

in a Hilbert space H . The advantage of this perturbation is that the amplification
factor of the error resulting from the approximated problem is better by comparison
with other results(cf.11).

In,11 A is a positive (A ≥ γ > 0) self-adjoint, unbounded linear operator on
H . In,34 we extend it to a more general case. Precisely, we consider this method
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in a Banach space X and assume that −A generates a uniformly bounded ana-
lytic semigroup. To end this, we need the functional calculus for A introduced by
deLaubenfels (see48). We now give some results in.34

Proposition 3.11.34 (1) ‖gα(A)‖ ≤ − 3
pT lnα for 0 < α <

√
5−1
2 ;

(2) ∀x ∈ D(A), limα→0 ‖gα(A)x −Ax‖ = 0;
(3) ∀x ∈ X, Sα(t)x = e−tgα(A)x→ S(t)x as α→ 0+, uniformly in t on [0, T ].

By the Proposition, Sα(t) (t ∈ R) is a group generated by −gα(A). Conse-
quently, the solution of (3.2) can be represented as follows:

vα(t) = Sα(t− T )x = (α+ S(pT ))−
T−t
pT x,

and it depends continuously on x. In fact,

‖Sα(−t)‖ = ‖(α+ S(pT ))−
t

pT ‖ ≤ α− 3t
pT ≤ α− 3

p .

Using vα(0) = Sα(−T )x as the initial value, it follows that uα(t) = S(t)Sα(−T )x
is the unique solution of (3.3).

Theorem 3.12.34 Let ε be a fixed positive numbers, then ‖uα(t)‖ ≤ α
t−T
pT

−ε‖x‖,
0 < t ≤ T , for small α.

Proposition 3.13.34 Let x ∈ R(S(t0)) for some t0 ∈ (0, T ). Then
limα→0+ uα(T ) = x.

By the functional calculus, S(t) and Sα(r) commute with each other. Let u(t)
be a solution of (3.1) with the final value u(T ) = x, then S(T − t)u(t) = x. Hence

uα(t) = S(t)Sα(−T )S(T − t)u(t) = S(T )Sα(−T )u(t).

This induces a good result.

Theorem 3.14.34 Let u(t) be a solution of (3.1) with the final value u(T ) = x,
then limα→0 uα(t) = u(t) for each t ∈ (0, T ].

Remark 3.15. Define Rα(t) = S(t)Sα(−T ), t ≥ 0, α > 0. By Theorem 3.12 and
Theorem 3.14, it is easy to show that Rα(t) is a family of regularizing operators for
(3.1). For details, see.11,35,36

3.4. Structural stability for (3.1)

Structural stability is the continuous dependence for the difference between solu-
tions of certain ill-posed and approximate well-posed problems. That is to give the
estimates of

‖u(t)− v(t)‖, ‖u(t)− uα(t)‖
with some order in α, see41 or6 and its references.
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Ames and Hughes in6 proved Hölder-continuous dependence in both Hilbert
and Banach spaces by using operator-theoretic methods, including regularized semi-
groups and functional calculus, and logarithmic convexity technique. We introduce
it simply in Hilbert spaces H as follows.

Consider the Cauchy problem

u′(t) = Au(t), u(0) = x, 0 ≤ t < T. (3.10)

Its “approximate problem” and well-posed final-value problem are

v′(t) = f(A)v(t), v(0) = x, 0 ≤ t < T. (3.11)

and

w′(t) = Aw(t), w(T ) = v(t) = eTf(A)x, (3.12)

respectively. For the most part, we work under the assumption that the solution
u(t) exists and is bounded in the norm of H . This is essentially necessary in order
to obtain any meaningful error estimates for approximating the exact solution. If
we make no assumptions about the solution of (3.10), then we can only bound the
error between the regularized solution and the approximation.

In the spirit of Millers work,56 one seeks functions f for which solutions to the
corresponding well-posed Cauchy problem (3.11), approximate known solutions of
the original ill-posed problem (3.10). Note that (3.10) is same to (3.1) by setting
t = T − s.

Definition 3.16.6 Let f : [0,∞) → R be a Borel function, and assume that
there exists ω ∈ R such that f(λ) ≤ ω for all λ ∈ [0,∞). Then f is said to satisfy
Condition (A) if there exist positive constants β, δ, with 0 < β < 1, for which
D(A1+δ) ⊂ D(f(A)), and

‖(−A+ f(A))ψ‖ ≤ ‖A1+δψ‖,
for all ψ ∈ D(A1+δ). Here, A1+δ and f(A) are defined by means of the functional
calculus for self-adjoint operators.

Now, assume u(t) is a known solution of (3.10), with initial data x ∈ H .
The following theorem shows that the Hölder-continuous dependence on model-

ing and the perturbation parameter, respectively.

Theorem 3.17.6 Let A be a positive self-adjoint operator acting on H, let f
satisfy Condition (A), and assume that there exists a constant γ, independent of
β and ω, such that (g(A)ψ, ψ) ≤ γ, for all ψ ∈ H. If u(t), v(t) and w(t) are
solutions of (3.10), (3.11) and (3.12), respectively, and ‖u(T )‖ ≤ M̃ , then there
exist constants C and M , independent of β, such that for 0 ≤ t < T ,

‖u(t)− v(t)‖, ‖u(t) − w(t)| ≤ Cβ1−t/TM t/T .
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Remark 3.18. (1) This work builds on the earlier results in §3.2.1 and §3.2.2. by
several authors, including Lattes and Lions,47 Miller,56,57 and Showalter,64 who use
quasi-reversibility methods to approximate the original ill-posed problem. Ames et
al3 construct numerical approximations using the quasi-boundary value regulariza-
tion of Clark and Oppenheimer17 and present several sample calculations (32).

(2) Theorem 4 and Theorem 5 in6 are generalized results of Theorem 3.17 to
Banach space X . It is remarkable that these results are very interesting. However,
there has a limited condition: −A generates an analytic semigroup of θ ∈ (π/4, π/2]
on X . Indeed, it is not always easy to obtain the exact value of angle θ, see Remark
3.5.

(3) 31 extended the results in6 to inhomogeneous case in Banach space. Very
recently,32 proved continuous dependence on modeling for the nonlinear Cauchy
problem

u′(t) = Au(t) + h(t, u(t)), 0 ≤ t < T, u(0) = x,

where A is a positive self-adjoint operator on a Hilbert space H , x ∈ H , and
h : [0, T )×H → H . Assume that h is Lipschitz continuous in both variables, i.e.

‖h(t1, u)− h(t2, v)‖ ≤ Const.(|t1 − t2| + ‖u− v‖).
The results are obtained by extending the solutions into the complex plane follow-
ing6 and, following the approach in,1 introducing a related holomorphic function
whose growth properties yield the desired Hölder continuous dependence.

(4) The approximation is done in4 by casting (3.10) as a first-kind Fredholm in-
tegral equation, using the kernel for the corresponding forward operator. It amounts
to a direct application of Tikhonov regularization (much of the theory developed
in Groetsch27 can be applied to the regularization), but they obtained their re-
sults using a log-convexity the approximating operator is shown to be logarithm
convex. Further, the numerical solution of backward parabolic problems is given
by solving the corresponding discrete least-squares system with using an eigen-
value/eigenvector approach, or by an iterative technique.

It is remarkable that although the notion of the kernel is fundamental to the
reformulation of the problem, it does not need a closed-form representation of the
kernel in order to compute approximations. On the other hand, one would obtain
the same solutions by solving the direct PDE problem{

u′α +Auα = αBuα, t > 0,
uα(T ) = (1 + α)−1ϕ,

(3.13)

where B = −2(K ∗K + αI)−1A and K = S(T ). For the details, see.4

(5) Although there are many works on the linear homogeneous case of the back-
ward problem, the literature on the linear inhomogeneous and the nonlinear case of
the problem are quite scarce. We here give some references:.2,24,31,32,51,69,71–73

(6) Melnikova et al have many works on the regularization of abstract ill-posed
Cauchy problems, see.53,55
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4. The linear inverse problem: recovering a source term

We extend 2.3 to a more general case, with both partial differential equation and
abstract first order equation. This section is from.62 Our purpose is give a simple
introduction to them, see62 for the details. It is worth noting the monograph62 which
covers the basic of equations: elliptic, parabolic and hyperbolic. Special emphasis is
given to the Navier-Stokes equations as well as to the well-known kinetic equations:
Boltzman equation and neutron transport equation.

At first, let Ω be bounded domain in Rn with boundary ∂Ω ∈ C2. And set
ΩT = Ω× [0, T ], ST := ∂Ω× [0, T ].

Consider the following inverse problem in ΩT of finding a pair of the functions
u(x, t) and p(x)

∂u

∂t
=

n∑
i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+ b(x)u+ f(x, t), (x, t) ∈ ΩT ,

u(x, 0) = u0(x), u(x, T ) = u1(x), x ∈ Ω,

f(x, t) = Φ(x, t)p(x) + F (x, t), (x, t) ∈ ΩT ,

u(x, t) = 0, (x, t) ∈ ST .

(4.1)

Assumptions are as follows

(1) aij ∈ C1(Ω), aij = aji,
n∑

i,j=1

aij(x)ξiξj ≥ c
n∑
i=1

ξ2i , c > 0;

(2) b ∈ C(Ω), b ≤ 0;
(3) Φ, Φt ∈ C(ΩT ), Φ > 0, Φt > 0;
(4) F ∈ C1([0, T ];L2(Ω)) + C([0, T ];H2(Ω) ∩H1

0 (Ω));
(5) u0, u1 ∈ H2(Ω) ∩H1

0 (Ω).
Define the operator A as follows:

Au =
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+ b(x)u,

D(A) = H2(Ω) ∩H1
0 (Ω).

Then the operator A is self-adjoint and negative and A−1 is compact. Frequently,
the operator A is a generator of a compact C0-semigroup.

Proposition 4.1(,62Cor.9.4.1). If conditions (1)-(5) hold, then a solution u, p

of the problem (4.1) exists and is unique in the class of functions

u ∈ C1([0, T ];L2(Ω)) ∩ C([0, T ];H2(Ω)),

p ∈ L(Ω).

Next we return to the abstract case. Let X and Y be Banach spaces. Assume
that the operator A generates a C0-semigroup {S(t)}t≥0. We consider the inverse
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problem of finding a pair of the functions u ∈ C([0, T ];X) and p ∈ C([0, T ];Y ) from
the problem 

u′(t) = Au(t) + f(t), 0 ≤ t ≤ T,

u(0) = u0, f(t) = Φ(t)p(t) + F (t), 0 ≤ t ≤ T,

Bu(t) = ψ(t), 0 ≤ t ≤ T.

(4.2)

Theorem 4.2 (62 Th.6.2.1 and Th.6.2.2). Assume that B, BA ∈ L(X,Y )
and Φ ∈ C([0, T ];L(Y,X)), F ∈ C([0, T ];X), u0 ∈ X and ψ ∈ C1([0, T ];Y ). If for
any t ∈ [0, T ] the operator BΦ(t) is invertible,

(BΦ)−1 ∈ ([0, T ];L(Y ))

and Bu0 = ψ(0), then a solution u, p of the inverse problem (4.2) exists and is
unique in the class of functions

u ∈ C([0, T ];X), p ∈ C([0, T ];Y ).

Moreover, there exists a positive constant M = M(A,B,Φ, T ) satisfies the estimates

‖u‖C([0,T ];X) ≤M
(
‖u0‖X + ‖ψ‖C1([0,T ];Y ) + ‖F‖C([0,T ];X)

)
,

‖p‖C([0,T ];Y ) ≤M
(
‖u0‖X + ‖ψ‖C1([0,T ];Y ) + ‖F‖C([0,T ];X)

)
.

The sketch of the proof. By the theory of semigroup, one has

u(t) = S(t)u0 +
∫ t

0

S(t− s)Φ(s)ds+
∫ t

0

S(t− s)F (s)ds.

Therefore, the over-determination condition Bu(t) = ψ(t) is equivalent to the fol-
lowing equation

B
(
S(t)u0 +

∫ t

0

S(t− s)Φ(s)ds+
∫ t

0

S(t− s)F (s)ds
)

= ψ(t).

This implies that

p(t) = p0(t) +
∫ t

0

K(t, s)p(s)ds, (4.3)

where K(t, s) = −(BΦ(t))−1BAS(t− s)Φ(s) and

p0(t) = (BΦ(t))−1
(
ψ′(t) −BAS(t)u0 −BA

∫ t

0

S(t− s)F (s)ds−BF (t)
)
.

Noting that the function p0 is continuous on [0, T ] and K(t, s) is strongly continuous
for 0 ≤ s ≤ t ≤ T , we obtain the existence and uniqueness of the solution to the
integral equation (4.3) in the class of continuous functions.
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Remark 4.3. (1) The higher order smoothness of the solution u, p for the problem
(4.2) may be obtained by improving the smoothness of the functions Φ, F and ψ

(see Corollary 6.2.2 in62).
(2) Similarly, nonlinear inverse problems were studied in.62 Say, f(t) is replaced

by f(t, u(t), p(t)).

References

1. S. Agmon and L. Nirenberg, Properties of solutions of ordinary differential equations
in Banach spaces, Comm. Pure Appl. Math., 16, 121-139, (1963).

2. D. D. Ang, Stabilized approximate solution to the inverse time problem for a parabolic
evolution equation, J. Math. Anal. Appl., 111, 148-155, (1985).

3. K. A. Ames, G. W. Clark, J. F. Epperson, and S. F. Oppenheimer, A comparison of
regularizations for an ill-posed problem, Math. Computation, 67, 1451-1471, (1998).

4. K. A. Ames and J. F. Epperson, A kernel-based method for the approximate solution
of backward parabolic problems, SIAM J. Numer. Anal., 34, 1357-1390, (1997).

5. K. A. Ames and R. J. Hughes, Continuous dependence results for ill-posed problems,
Semigroups of Operators: Theory and Applications, Second International Conference,
Rio de Janeiro, Brazil, September 10-14, 2001, (Optimization Software, Inc. Publica-
tions, New York and Los Angeles, 2002), pp. 1-8.

6. K. A. Ames and R. J. Hughes, Structural stability for ill-posed problems in Banach
space, Semigroup Forum, 70, 127-145, (2005).

7. J. Baumeister, and A. Leitao, On iterative methods for solving ill-posed problems mod-
eled by partial differential equations, J. Inv. Ill-Posed Problems, 9(1), 1-17, (2001).

8. J.V. Beck, B. Blackwell and S.R. Chair, Inverse heat conduction: ill-posed problems,
(John Wiley, New York, 1985).

9. F. Ben Belgacem, Why is the Cauchy problem severely ill-posed? Inverse Problems,
23, 823-836, (2007).

10. N. Boussetila and F. Rebbani, Optimal regularization method for ill-posed Cauchy
problems, Electronic J. Diff. Eqns., 2006, 1-15, (2006).

11. N. Boussetila and F. Rebbani, The modified quasi-reversibility method for a class of
ill-posed Cauchy problems, Georgian Math. J., 14(4), 627-642, (2007).

12. A. S. Carraso, J. Sanderson and J. Hyman, Digital removal of random media image
degradations by solving the diffusion equation backwards in time, SIAM J. Numer.
Anal., 15, 344-367, (1978).

13. A.S. Carraso, Determining surface temperature from interior observations, SIAM J.
Appl. Math., 42, 558-574, (1982).

14. A. S. Carraso, Logarithmic convexity and the slow evolution constraint in ill-posed
initial value problems, SIAM J. Math. Anal., 30(3), 479-496, (1999).

15. L.D. Chiwiaciwsky and H.F. de Campos velho, Different approaches for the solution
of a backward heat conduction problem, Inverse Problems in Eng., 11(6), 471-494,
(2003).

16. J. Cheng and J. Liu, A quasi Tikhonov regularization for a two-dimensional back-
ward heat problem by a fundamental solution, Inverse Problems, 24(6), 065012(18pp),
(2008).

17. G. Clark and S. Oppenheimer, Quasi-reversibility type methods for non-well posed
problems, Elect. J. Diff. Eqs., 1994, 1-9, (1994).

18. M. Denche and K. Bessila, A modified quasi-boundary value method for ill-posed
problems, J. Math. Anal. Appl., 301, 419-426, (2005).



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Inverse Problems for Equations of Parabolic Type 111

19. L. Eldén, Approximation for a Cauchy problem for the heat equation, Inverse Prob-
lems, 3, 263-273, (1987).

20. L. Eldén, Numerical solution of the sideways heat equation, In eds. H. Engle and
W. Rundell, Eds., Inverse Problems in Diffusion Processes, SIAM, Philadelphia, PA,
(1995).

21. L. Eldén and T.I. Seidman, An optimal filtering method for the sideways heat equa-
tion, Inverse Problems, 6, 681-696, (1990).

22. H. W. Engel and W. Rundel, Eds., Inverse problems in diffusion processes, (1995).
SIAM, Philadelphia.

23. R. E. Ewing, The approximation of certain parabolic equations backward in time by
Sobolev equations, SIAM J. Math. Anal., 6(2), 283-294, (1975).

24. X. L. Feng, Z. Qian and C. L. Fu, Numerical approximation of solution of nonhomo-
geneous backward heat conduction problem in bounded region, Math. Comp. Simul.,
79, 177-188, (2008).

25. H. Gajewski and K. Zacharias, Zur Regularisierung einer Klasse nichtkorrekter Prob-
leme bel Evolutionsgleichungen, J. Math. Anal. Appl., 38, 784-789, (1972).

26. V. B. Glasko, Inverse Problems of Mathematical Physics, (1988). American Institute
of Physics, New York.

27. C. Groetsch, The theory of Tikhonov regularization for Fredholm equations of the first
kind, (1994). Pitman, Boston, MA.

28. M. Hanke and P. C. Hansen, Regularization methods for large-scale problems, Surveys
Math. Indust., 3, 252-315, (1993).

29. D .N. Hào, A Mollification method for ill-posed problems, Numer. Math., 68(4), 469-
506, (1994).

30. A. Hassanov, J. L. Mueller, A numerical method for backward parabolic problems with
nonselfadjoint elliptic operator, Applied Numerical Mathematics, 37, 55-78, (2001).

31. B. Hetrick and R. Hughes, Continuous dependence results for inhomogeneous ill-posed
problems in Banach space, J. Math. Anal. Appl., 331, 342-357, (2007).

32. B. Hetrick and R. Hughes, Continuous dependence on modeling for nonlinear ill-posed
problems, J. Math. Anal. Appl., 349, 420-435, (2009).

33. B. Hetrick and R. Hughes and E. Mcnabb, Regularization of the backward heat equa-
tion via heatlets, Electronic J. Diff. Eqns., (130), 1-8, (2008).

34. Y. Huang, Modified quasi-reversibility method for final value problems in Banach
spaces, J. Math. Anal. Appl., 340(2), 757-769, (2008).

35. Y. Huang and Q. Zheng, Regularization for ill-posed Cauchy problems associated with
generators of analytic semigroups, J. Diff. Eqs., 203(1), 37-54, (2004).

36. Y. Huang and Q. Zheng, Regularization for a class of ill-posed Cauchy problems, Proc.
Amer. Math. Soc., 133, 3005-3012, (2005).

37. V. Isakov, Inverse Problems for Partially Differential Equations. (Springer,
Berlin,1998).

38. V. K. Ivanov, Ill-posed problems and divergent processes, Uspekhi Mat. Nauk., 40,
165-166, (1985).

39. V. K. Ivanov, I. V. Mel’nikova and A.I. Filinkov, Differential Operator Equations and
Ill-posed Problems. (Nauka, Moscow, 1995). (In Russian)

40. F. John, Numerical solution of the heat equation for preceding time, Ann. Math. Pura
Appl., 40,129-142, (1955).

41. F. John, Continuous dependence on data for solutions of partial differential equations
with a prescribed bound, Comm. Pure Appl. Math., 13, 551-585, (1960).

42. M. Jourhmane and N.S. Mera, An iterative algorithm for the backward heat con-
duction problem based on variable relaxition factors, Inverse Probl. Sci. Eng., 10(4),



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

112 Zhibin Han, Yongzhong Huang and Ming Jian

293-308, (2002).
43. S. M. Kirkup and M. Wadsworth, Solution of inverse diffusion problems by operator

splitting methods, Applied Mathematical Modelling, 26(10), 1003-1018, (2002).
44. A. Kirsch, An introduction to the mathematical theory of inverse problems. (Springer-

Verlag, New York, 1996).
45. V. A. Kozlov and V. G. Mazya, On the iterative method for solving ill-posed boundary

value problem that preserve differential equations, Leningrad Math. J., 1, 1207-1228,
(1990).

46. S. G. Krein and O. I. Prozorovskaja, Analytic semi-groups and incorrect problems for
evolutionary equations, Dokl. Akad. Nauk SSSR, 133, 277-280, (1960).

47. R. Lattes and J.-L. Lions, The method of quasi-reversibility applications to partial
differential equations. (Amer. Elsevier Publ. Co., New York, 1969).

48. R. deLaubenfels, Functional Calculus for generators of uniformly bounded holomor-
phic semigroups, Semigroup Forum, 38, 91-103, (1989).

49. R. deLaubenfels, Existence Families, Functional Calculi and Evolution Equation.
(Springer-Verlag, Berlin, 1994).

50. M. M. Lavrent’ev, V. G. Romanov and S. P. Shishatskǐi, Ill-posed Problem of Mathe-
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67. U. Tautenhahn and T. Schräter, On optimal regularization methods for the backward
heat equation., Zeitschrift Analysis und ihre Anwendungen, 15(2), 475-493, (1996).

68. A. N. Tikhonov and V. Y. Arsenin, Solution of Ill-posed Problems. (Winston and Sons,
Washington D.C., 1977).

69. D. Trong, N. Long and P. Alain, Nonhomogeneous heat equation: identification and
regularization for the inhomogeneous term, J. Math. Anal. Appl., 312, 93-104, (2005).

70. D. Trong, N. Long and P. Alain, Determine the special term of a two-dimensional
heat source, http://arxiv.org/abs/0807.1806v1.

71. D. Trong, P. Quan, T. Khanh and N. Tuan, A nonlinear case of the 1-D backward
heat problem: Regularization and error estimate, Zeitschrift Analysis und ihre An-
wendungen, 26(2), 231-245, (2007).

72. D. Trong and N. Tuan, Regularization and error estimates for nonhomogeneous back-
ward heat problems, Electronic J. Diff. Eqns., (4), 1-10, (2006).

73. D. Trong and N. Tuan, Stabilized quasi-reversibility method for a class of nonlinear
ill-posed problems, Electronic J. Diff. Eqns., (84), 1-12, (2008).

74. X.T. Xiong, C.L. Fu and J. Cheng, Spectral regularization methods for solving a
sideways parabolic equation within the framework of regularization theory, Math.
Comp. Simul., 79, 1668-1678, (2009).

75. X.T. Xiong, C.L. Fu and Z. Qian, On three spectral regularization methods for a
backward heat conduction problem, J. Korean Math. Soc., 44(6), 1281-1290, (2007).

76. B. Yildiz, H. Yetiskin, and A. Sever, A stability estimate on the regularized solution
of the backward heat equation, Appl. Math. Comput., 135, 561-567, (2003).



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

This page intentionally left blankThis page intentionally left blank



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Perspectives in Mathematical Sciences
Interdisciplinary Mathematical Sciences, Volume 9, 2009
pp. 115–133

Chapter 6

The Existence and Asymptotic Properties of
Nontrivial Solutions of Nonlinear (2 − q)-Laplacian Type

Problems with Linking Geometric Structure
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In this paper, we study the existence of nontrivial solutions and the asymptotic
properties of solutions to the following nonlinear elliptic problems with singular
perturbation in a bounded domain Ω ⊂ RN :{−�u− a(x)u− ε�qu = f(x, u), x ∈ Ω

u|∂Ω = 0
(1.1)ε

where ε ≥ 0, ∆qu = div(|∇u|q−2∇u), 1 < q < 2 < N , and that a ∈ L
N
2 (Ω),

f ∈ C0(Ω̄ × R1, R1), f(x, t) is super-linear at t = 0 and subcritical at t = ∞
and (1.1)ε possesses the so-called linking geometric structure. We prove that
there exists an ε0 > 0 such that for any 0 ≤ ε ≤ ε0, (1.1)ε possesses at least
one nontrivial solution uε and for any sequence εn with εn → 0+, there is a
subsequence {uεnk

}+∞
k=1 ⊆ {uεn}+∞

n=1 such that uεnk
→ ũ in H1

0 (Ω) for some
nontrivial solution ũ of (1.1)0. Our result generalizes a classical result in [10]
about the existence of nontrivial solutions of (1.1)0 to the (2− q)-Laplacian type
problem (1.1)ε and provides a new result for the asymptotic property of the
solutions uε as ε→ 0.

Keywords: (2− q)-Laplacian; nonlinear elliptic problem; linking geometric struc-
ture; nontrivial solutions; asymptotic properties.

1. Introduction and main results

In this paper, we study the existence of nontrivial solutions and the asymptotic
properties of solutions as ε→ 0+ to the following nonlinear (2− q)-Laplacian type
elliptic problems with singular perturbation in a bounded domain Ω ⊂ RN :{−�u− a(x)u − ε�qu = f(x, u), x ∈ Ω

u|∂Ω = 0
(1.1)ε
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where ε ≥ 0, ∆qu = div(|∇u|q−2∇u), 1 < q < 2 < N , a(x) ∈ L
N
2 (Ω), f ∈

C0(Ω̄×R1, R1) and (1.1)ε possesses the so-called linking geometric structure.
To state some conditions imposed on f(x, t) satisfies, we first recall some knowl-

edge about the eigenvalues of elliptic operators.
According to the theory of spectrum of compact operator (see e.g. Chapter 4 of

[4]or Lemma 2.12 below), let

−∞ < λ1 < λ2 � λ3 � · · ·
be the sequence of all eigenvalues of the following eigenvalue problem{−�u− a(x)u = λu, x ∈ Ω

u|∂Ω = 0
(1.2)

where each eigenvalue is repeated according to its multiplicity, lim
j→∞

λj = +∞ and

let e1, e2, ..., en, ... be the corresponding eigenfunctions in H1
0 (Ω) normalized in the

sense of L2(Ω), that is ∫
Ω

eiejdx = δij =
{

1, i = j

0, i �= j
,

hence for any i and j we have

∫
Ω

[∇ej · ∇ei − a(x)ejei]dx = λj

∫
Ω

eiejdx = λjδij .

In this paper, we study the case where (1.1)ε possesses the so-called linking
geometric structure, so we assume that λ1 ≤ 0, and there exists an n ∈ N , such
that

λ1 < λ2 � λ3 � · · · ≤ λn � 0 < λn+1 � · · · . (1.3)

Now we give some conditions imposed on f(x, t).
(f1) Suppose that f ∈ C0(Ω̄ × R1, R1) and there are constants C1, C2 and

1 < p < N+2
N−2 , such that

|f(x, t)| ≤ C1 + C2|t|p.

for all (x, t) ∈ Ω̄×R1

(f2) (Ambrosetti–Rabinowitz condition) There are θ ∈ (0, 1
2 ) and M > 0 such

that

0 ≤ F (x, t) ≤ θtf(x, t), for |t| ≥M,x ∈ Ω̄ .

(f3) Condition lim
t→0

f(x,t)
t = 0 uniformly with respect to x ∈ Ω̄.

(f4) λn

2 t
2 ≤ F (x, t), ∀(x, t) ∈ Ω̄×R1 where F (x, t) =

∫ t
0
f(x, s)ds.
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We call u ∈ H1
0 (Ω) a weak solution to (1.1)ε, if∫

Ω

[∇u · ∇v − a(x)uv]dx + ε

∫
Ω

|∇u|q−2∇u · ∇vdx =
∫

Ω

f(x, u)vdx, ∀v ∈ H1
0 (Ω).

By hypothesis (f3), we see that f(x, 0) = 0, so u ≡ 0 is a trivial solution of
(1.1)ε. We are interested in getting nontrivial solutions to (1.1)ε. Let g(x, t) =
a(x)t+f(x, t), then (1.1)ε can be viewed as a perturbation of the following problem:{−�u = g(x, u), x ∈ Ω

u|∂Ω = 0.
(1.4)

Problem (1.4) as a classical typical problem has been widely studied during the
last thirty years. Since it possesses a variational structure, weak solution to (1.4)
correspond to critical points of the following variational functional

I(u) =
1
2

∫
Ω

|∇u|2dx−
∫

Ω

G(x, u)dx,

defined on the Sobolev space H1
0 (Ω) where G(x, u) =

∫ u
0 g(x, t)dt. During the past

decadesthe critical point theory has become a standard method to study the ex-
istence of nontrivial solutions of elliptic equations of variational type. In 1973,
Ambrosetti and Rabinowitz proposed the Mountain Pass Theorem in [2] and es-
tablished a theoretical framework for obtaining a critical point for C1 functional
on Banach spaces with the so-called mountain-pass geometry hence solved the exis-
tence of a nontrivial weak solution to (1.4) when f(x, t) is of super-linear at t=0 and
subcritical at t = ∞ such that it possesses the mountain-pass geometry. In 1978,
Rabinowitz proposed the so-called Linking Theorem in [3] and [8]) which resulted
in the existence of at least one nontrivial solution to (1.4) when it possesses the
linking geometry.

On the other hand, the p− Laplacian type problem{−�pu = g(x, u), x ∈ Ω
u|∂Ω = 0

(1.5)

have been widely studied and many results about problem (1.4) have been gen-
eralized to (1.5) and there are a lot of literatures in this respect (see [9] and the
references therein).

The (p− q)-Laplacian type nonlinear elliptic problem{−∆pu− ∆qu = g(x, u), x ∈ Ω
u |∂Ω= 0

(1.6)

for 1 < p < ∞, 1 < q < ∞ comes, for example, from a general reaction-diffusion
system

ut = div[D(u)∇u] + c(x, u), (1.7)
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where D(u) = (|∇u|p−2 + |∇u|q−2). The system has a wide range of applications
in Physics and related sciences such as Biophysics, plasma Physics and chemical
reaction design. In such applications, the function u describes a concentration, the
first term on the right-hand side of (1.7) corresponds to the diffusion with a diffusion
coefficient D(U) whereas the second one is the reaction term and related to source
and loss processes. Usually the reaction term c(x, u) is a polynomial of u with
variable coefficients. Equilibrium solutions to (1.7) are solutions to equation like
(1.6). In recent years, the study of (1.6) and its extension on unbounded domain
have been found in a variety of literatures. Roughly speaking, the existence of
nontrivial solutions of (1.6) with mountain-pass geometry has been obtained (see
[5][6][7]. To guarantee that I(u) possesses the mountain-pass geometry around the
trivial solution u = 0, it is natural to assume that g(x, t) is of superlinear at t = 0,
that is lim

t→0

g(x,t)
t = 0 uniformly with respect to x ∈ Ω̄.

When ε = 0,(1.1)ε can be regarded as a special case of (1.4) for g(x, t) =
a(x)t+f(x, t). By the hypothesis (f3), we see that lim

t→0

g(x,t)
t = a(x) on Ω̄, therefore

equation (1.1)ε generally has no mountain-pass geometric structure when ε = 0
and we could not get solution of it by using the Mountain Pass Theorem. When
f(x, t) is not of superlinear at t = 0, one usually uses the Linking Theorem to get
nontrivial solutions as in [3][10]. Theorem 4.2 in [3] shows that (1.1)0 possesses at
least one nontrivial solution if a(x) ∈ Cγ(Ω̄) for some 0 < γ < 1, a(x) > 0 for x ∈ Ω̄
and f(x, t) ∈ Cγ(Ω̄ ×R1) satisfies (f1)-(f3)(f4)′ together with

(f4)′ : tf(x, t) ≥ 0, ∀(x, t) ∈ Ω̄×R1

On the other hand, [10, Theorem 2.18] proves the existence of at least one
nontrivial solution of (1.1)0 if a(x) ∈ L

N
2 (Ω) and f ∈ C0(Ω̄ × R1, R1) satisfies

(f1)−(f4). [10, Theorem 2.18] is a generalization of Theorem 4.2 in [3]. The purpose
of this paper is to generalize the main results in [10] to the (2 − q)-Laplacian type
problem. To state our main result, we first give some notations.

For u ∈ H1
0 (Ω), let ‖u‖ � (

∫
Ω |∇u|2dx) 1

2 be its norm and let

I(u) =
1
2

∫
Ω

[|∇u|2 − a(x)u2]dx−
∫

Ω

F (x, u)dx,

J(u) =
1
q

∫
Ω

|∇u|qdx,

Iε(u) = I(u) + εJ(u).

Under the assumptions (1.3) and (f4), let

Y � span{e1, · · · , en},

Z � {u ∈ H1
0 (Ω)|

∫
Ω

uvdx = 0, v ∈ Y }.
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For any ρ > r > 0, we note Mρ := {u = y + λz : ‖u‖ ≤ ρ, λ ≥ 0, y ∈ Y }, Mρ
0 :=

{u = y + λz : y ∈ Y, ‖u‖ = ρ, λ ≥ 0 or ‖u‖ ≤ ρ, λ = 0}, Nr := {u ∈ Z : ‖u‖ = r},
and

cε := inf
γ∈Γ

max
u∈Mρ

Iε(γ(u)),

Γ := {γ ∈ C(Mρ, H1
0 (Ω)) : γ |Mρ

0
= id}.

Our main result is as follows.
Theorem 1.1 Let Ω ⊂ RN be a bounded smooth domain, 1 < q < 2 <

N, a(x) ∈ L
N
2 (Ω), −∞ < λ1 < λ2 � · · · ≤ λn � 0 < λn+1 � · · · be the sequence of

eigenvalues of (1.2) and f ∈ C0(Ω̄×R1, R1) satisfies (f1)− (f4). Then there exists
an ε0 > 0 such that for any 0 ≤ ε ≤ ε0, (1.1)ε possesses a nontrivial solution uε
with the property that Iε(uε) = cε and for any sequence εn → 0+, there exists a
subsequence {uεnk

}+∞
k=1 of {uεn}+∞

n=1 and some nontrivial solution ũ of (1.1)0 such
that uεnk

→ ũ in H1
0 (Ω) and I0(ũ) = c0.

Remark 1.2: Theorem 1.1 is a new result which generalize Theorem 2.18 of
[10] to the case where ε > 0 and provides an asymptotic properties of uε as ε→ 0+.

Next we briefly describe the idea of the proof of Theorem 1.1.
Problem (1.1)ε can be viewed as a perturbation of (1.1)0. By conditions (f1)−

(f4), we know that I, J, Iε ∈ C1(H1
0 (Ω), R1). We hope to obtain the nontrivial

critical points of Iε(u), which are solutions to (1.1)ε, by means of the critical point
theory and variational method. For C2 functional of the form Kε = H(u) + εG(u),
the existence of critical points can be obtained by means of general perturbation
theory (see e.g. Theorem 2.12 and Theorem 2.25 in [1]). However, since 1 < q < 2,
J(u) is not a C2 functional and under the assumption that f ∈ C0(Ω̄×R1, R1) one
see that I(u), Iε(u) are not always C2 functional, so the method in [1] can not be
used to prove our results.

We basically follow the main idea of the proof of the existence theorem for
(1.1)0 in [10] and use Linking Theorem (see Proposition 2.8 in this paper) to get a
nontrivial critical point of the functional Iε(u) on H1

0 (Ω). To guarantee that Iε(u)
satisfy the conditions of Linking Theorem, we need to require that the parameter
ε appeared in (1.1)ε be suitably small i.e. 0 ≤ ε ≤ ε0 for some ε0 > 0. In order to
prove the asymptotic property of the solutions uε as ε→ 0+, we carefully construct
the “linking structure” of Iε uniformly with respect to ε for 0 ≤ ε ≤ ε0 so that the
linking structure depends only on a(x) and f(x, t). Then we manage to prove that
uε is uniformly bounded in H1

0 (Ω) and the strong convergence of a subsequence of
uε in H1

0 (Ω).
We use standard notations. For example, ‖u‖s = (

∫
Ω
|u|sdx) 1

s , denotes the
norm of u in Ls(Ω) for 1 < s ≤ ∞, “∼” denotes two norms in a linear space
are equivalent; → and ⇀ denote strong and weak convergence respectively in a
corresponding function space; |E| denotes the N-dimensional Lebesgue measure of
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E ⊂ RN ; C,C̃ denote arbitrary positive constants and o(1) denotes the infinitesimal,
that is, lim

n→+∞ o(1) = 0.

The paper is organized as follows, in §2 we give some preliminary results and in
§3, we prove our main result.

2. Preliminary Results

In this section we give some definitions and preliminary results which will be
used in §3 for the proof of our main result.

The Sobolev space H1(RN ) := {u ∈ L2(RN ) : ∇u ∈ L2(RN)} endowed with the
inner product

(u, v)1 :=
∫
RN

(∇u · ∇v + uv)dx

and corresponding norm

‖u‖1 = (
∫
RN

(|∇u|2 + u2)dx)
1
2

is a Hilbert space. Let Ω ⊂ RN be an open set, H1
0 (Ω) is defined as the closure of

C∞
0 (Ω) in H1(RN ) with respect to the norm. H1

0 (Ω) is a Hilbert space with inner
product

(u, v) :=
∫
RN

∇u · ∇vdx

and an equivalent norm in H1
0 (Ω) is given by ‖u‖ = (

∫
Ω
|∇u|2dx) 1

2 .
Proposition 2.1 (Rellich embedding theorem, [10, Theorem 1.9]) If Ω is a

bounded domain in RN , then the following embeddings are compact:

H1
0 (Ω) ↪→ Lp(Ω), 1 ≤ p < 2∗.

Where 2∗ = 2N
N−2 ,if N > 2; 2∗ = +∞, if N ≤ 2.

Proposition 2.2 (Lemma 2.16 of [10]]) Assume that |Ω| <∞, f ∈ C(Ω̄×R),
C > 0 such that

|f(x, u)| ≤ C(1 + |u|p−1),

where 1 < p <∞, if N = 1, 2 and 1 < p ≤ 2∗, if N ≤ 3. Then the functional ϕ

ϕ(u) :=
∫

Ω

F (x, u)dx

defined on H1
0 (Ω) satisfies that ϕ ∈ C1(H1

0 (Ω), R) and

〈ϕ′(u), v〉 =
∫

Ω

f(x, u)vdx, ∀u, v ∈ H1
0 (Ω),

where F (x, t) =
∫ t
0 f(x, s)ds.
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By Proposition 2.2, it is easy to see that the functional Iε ∈ C1(H1
0 (Ω), R)

for any ε and

〈I ′ε(u), v〉 =
∫

Ω

[∇u · ∇v − a(x)uv]dx + ε

∫
Ω

|∇u|q−2∇u · ∇vdx −
∫

Ω

f(x, u)vdx,

∀u, v ∈ H1
0 (Ω)

where 〈·, ·〉 denotes the paring between H1
0 (Ω) and its dual.

Definition 2.3 Let(X, ‖ · ‖) be a Banach space, (X∗, ‖ · ‖∗) be its dual space
and ϕ ∈ C1(X,R). The functional ϕ satisfies the (P.S) condition if any sequence
{xn} ⊂ X such that

|ϕ(xn)| ≤ C < +∞, ϕ′(xn) → 0 in X∗,

has a convergent subsequence {xnk
} in X . For c ∈ R1, we say that ϕ satisfies the

(PS)c condition if any sequence {xn} ∈ X such taht

ϕ(xn) → c, ϕ′(xn) → 0 in X∗,

has a convergent subsequence {xnk
} in X .

Proposition 2.4 (Linking Theorem, Theorem 2.12 in [10]) LetX = Y ⊕Z be
a Banach space with dimY <∞ . Let ρ > r > 0 and let z ∈ Z be a fixed element
such that ‖z‖ = r. Define

M := {u = y + λz; ‖u‖ ≤ ρ, λ ≥ 0, y ∈ Y },

M0 := {u = y + λz; y ∈ Y, ‖u‖ = ρ, λ ≥ 0 or ‖u‖ ≤ ρ, λ = 0},

Nr := {u ∈ Z; ‖u‖ = r}.
Let ϕ ∈ C1(X,R) be such that

b := inf
Nr

ϕ > a := max
u∈M0

ϕ.

If ϕ satisfies (PS)c condition with

c := inf
γ∈Γ

max
u∈M

ϕ(γ(u)),

Γ := {γ ∈ C(M,X) : γ |M0 = id},
then c is a critical value of ϕ.

Remark 2.5 c ≥ b in Proposition 2.8.
By Proposition 2.1, it is easy to see that the following result is true.
Proposition 2.6 If N ≥ 3 and a(x) ∈ LN

2 (Ω), then the real functional

χ(u) :=
∫

Ω

a(x)u2dx

defined on H1
0 (Ω) is weakly continuous.
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Proposition 2.7 (Lemma 2.15 in [10]]) If Ω is a bounded domain in RN ,
N ≥ 3 and a(x) ∈ LN

2 (Ω), then

λ1 = inf
u∈H0

1 (Ω),‖u‖2=1

∫
Ω

[|∇u|2 − a(x)u2]dx > −∞.

Lemma 2.8 If a(x) ∈ LN
2 (Ω). Then the sequence of all eigenvalues {λj}+∞

j=1

of the problem {−�u− a(x)u = λu, x ∈ Ω
u|∂Ω = 0

satisfies

−∞ < λ1 < λ2 � λ3 � · · · ,
and lim

j→∞
λj = +∞.

Proof. By Proposition 2.11, it follows that λ1 > −∞. Therefore, there is a λ0

large enough such that∫
Ω

[|∇u|2 − a(x)u2]dx+
∫

Ω

λ0u
2dx > 0.

for any u ∈ H1
0 (Ω). So we can define an equivalent inner product on H1

0 (Ω) by

(u, v)λ0 =
∫

Ω

[∇u · ∇v − a(x)uv]dx +
∫

Ω

λ0uvdx, ∀ u, v ∈ H1
0 (Ω).

By Poincare inequality and Riesz representation theorem, we know that any
u ∈ L2(Ω), there exists a unique w ∈ H1

0 (Ω) such that∫
Ω

uvdx = (w, v)λ0 , ∀v ∈ H1
0 (Ω).

For u ∈ H1
0 (Ω) define Kλ0 : L2(Ω) −→ H1

0 (Ω) by w = Kλ0u, then Kλ0 is a bounded
linear operator. If i : H1

0 (Ω) −→ L2(Ω) is the natural embedding operator, then
Rellich theorem shows that i is a compact operator and for any u, v ∈ H1

0 (Ω) we
have

(Kλ0 ◦ i(u), v)λ0 =
∫

Ω

uvdx.

SinceKλ0◦i is a compact operator fromH1
0 (Ω) toH1

0 (Ω) and (Kλ0◦i(u), u)λ0 > 0
for u �= 0, we see that by Hilbert− Schmidt theory (see e.g. Section 4 of Chapter
4 in [4]), it follows that the sequence of all eigenvalues {µj}+∞

j=1 of Kλ0 ◦ i satisfies
µ1 > µ2 > µ3 > . . . > µn > . . . > 0, µj → 0 (as j → +∞), and

λj =
1
µj

− λ0 , (j = 1, 2, 3 . . .)

is the sequence of all eigenvalues of (1.2) and the corresponding eigenfunctions
satisfy ∫

Ω

eiejdx = δij . �
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Lemma 2.9 (Corollary 1.4.17 in [4])) Let ‖ · ‖1 and ‖ · ‖2 be two norms on
a normed linear space X . ‖ · ‖1 is equivalent to ‖ · ‖2 if and only if there are two
constants C1, C2 > 0 such that

C1‖x‖1 ≤ ‖x‖2 ≤ C2‖x‖1, ∀x ∈ X.

3. The Proof of Theorem 1.1

In this section we prove our main result Theorem 1.1.
According to Theorem 2.8, let

−∞ < λ1 < λ2 � λ3 < · · ·λn < λn+1 ≤ λn+2 < · · ·

be the sequence of all eigenvalues of the problem:{−�u− a(x)u = λu, x ∈ Ω,
u|∂Ω = 0,

with lim
j→∞

λj = +∞ and let e1, e2, ..., en, ... be all the corresponding eigenvectors

such that ∫
Ω

eiejdx = δij .

Following the notation in the proof of Lemma 2.8, we denote an equivalent inner
product in H1

0 (Ω) as

(u, v)λ0 =
∫

Ω

[∇u · ∇v − a(x)uv]dx +
∫

Ω

λ0uvdx, ∀u, v ∈ H1
0 (Ω),

where λ0 + λ1 > 0, and

λ1 = inf
u∈H1

0 (Ω),‖u‖2=1

∫
Ω

[|∇u|2 − a(x)u2]dx.

In addition, we know that from the definition of Y, Z and Lemma 2.8 that dimY <

+∞, H1
0 (Ω) = Y ⊕ Z.

Lemma 3.1 (Lemma 2.15 in [10]])

δ := inf
u∈Z,‖∇u‖2=1

∫
Ω

[|∇u|2 − a(x)u2]dx > 0. (3.1)

Proof. For every u ∈ Z, we have
∫
Ω
ueidx = 0 (1 ≤ i ≤ n). Let

u =
+∞∑
i=n+1

ciei,
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where ci =
∫
Ω ueidx (i = n+ 1, n+ 2...) hence

(u, u)λ0 = (
+∞∑
i=n+1

ciei,

+∞∑
j=n+1

cjej)λ0

=
+∞∑
i=n+1

+∞∑
j=n+1

cicj(ei, ej)λ0

=
+∞∑
i=n+1

+∞∑
j=n+1

cicj [
∫

Ω

(∇ei · ∇ej − a(x)eiej)dx + λ0

∫
Ω

eiejdx]

=
+∞∑
i=n+1

+∞∑
j=n+1

cicj(λi + λ0)
∫

Ω

eiejdx

=
+∞∑
i=n+1

c2i (λi + λ0)

≥ (λn+1 + λ0)
+∞∑
i=n+1

c2i

= (λn+1 + λ0)
∫

Ω

u2dx,

So for every u ∈ Z, we have∫
Ω

[|∇u|2 − a(x)u2]dx ≥ λn+1

∫
Ω

u2dx. (3.2)

Take the minimizing sequences {un}+∞
n=1 ⊂ Z such that

‖un‖ = ‖∇un‖2 = 1, 1−
∫

Ω

a(x)u2
ndx→ δ,

Without loss of generality, let

un ⇀ u on H1
0 (Ω).

By Rellich theorem, we may assume that

un → u on L2(Ω).

So we get

δ = 1 −
∫

Ω

a(x)u2dx ≥
∫

Ω

[|∇u|2 − a(x)u2]dx ≥ λn+1

∫
Ω

u2dx.

If u = 0, then δ = 1. If u �= 0, then δ ≥ λn+1

∫
Ω u

2dx > 0. �

Lemma 3.2 (Lemma 2.18] in [10]) For every u ∈ Y , we have∫
Ω

[|∇u|2 − a(x)u2]dx ≤ λn

∫
Ω

u2dx.
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Proof. For u ∈ Y , we can write

u =
n∑
i=1

ciei,

where ci =
∫
Ω
ueidx (i = 1, 2...n). Then

(u, u)λ0 = (
n∑
i=1

ciei,

n∑
j=1

cjej)λ0

=
n∑
i=1

n∑
j=1

cicj(ei, ej)λ0

=
n∑
i=1

n∑
j=1

cicj [
∫

Ω

(∇ei · ∇ej − a(x)eiej)dx + λ0

∫
Ω

eiejdx]

=
n∑
i=1

n∑
j=1

cicj(λi + λ0)
∫

Ω

eiejdx

=
n∑
i=1

c2i (λi + λ0)

≤ (λn + λ0)
n∑
i=1

c2i

= (λn + λ0)
∫

Ω

u2dx.

Hence it follows that∫
Ω

[|∇u|2 − a(x)u2]dx ≤ λn

∫
Ω

u2dx. (3.3)

for u ∈ Y . �

Lemma 3.3 Suppose that a(x), f(x, t) are given as in Theorem 1.1. Then the
real functional

Iε(u) :=
1
2

∫
Ω

[|∇u|2 − a(x)u2]dx+
ε

q

∫
Ω

|∇u|qdx−
∫

Ω

F (x, u)dx

defined on H1
0 (Ω) belongs to C1(H1

0 (Ω), R) for any ε ≥ 0. Moreover Iε(u) satisfies
the (PS)c condition for any c ∈ R.

Proof. By 1 < q < 2 and Hölder inequality, there is a constant C = C(|Ω|, q, 2)
such that ∫

Ω

|∇u|qdx ≤ C‖u‖q , ∀u ∈ H1
0 (Ω).
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According to hypothesis (f1) and Proposition 2.2, it is easy to see that Iε(u) ∈
C1(H1

0 (Ω), R1) and

〈I ′ε(u), v〉 =
∫

Ω

∇u · ∇vdx + ε

∫
Ω

|∇u|q−2∇u · ∇vdx

−
∫

Ω

a(x)uvdx −
∫

Ω

f(x, u)vdx, ∀u, v ∈ H1
0 (Ω). (3.4)

By hypothesis (f2)(Ambrosetti − Rabinowitz condition) and the continuity of
f , there are C1 > 0 and α = 1

θ > 2, such that

F (x, u) ≥ C1(|u|α − 1). (3.5)

Fix β ∈ ( 1
α ,

1
2 ).

If {un}+∞
n=1 ⊂ H1

0 (Ω)is a (PS)c sequence of Iε(u) such that

Iε(un) → c, I ′ε(un) → 0.

By Proposition 2.9, Proposition 3.1 (3.4) and that H1
0 (Ω) = Y ⊕Z, let un = yn+zn

with yn ∈ Y, zn ∈ Z, then there exist C2, C3 > 0 with n large enough such that

c+ 1 + ‖un‖ ≥ Iε(un) − β〈I ′ε(un), un〉

= (1
2 − β)

∫
Ω[|∇un|2 − a(x)u2

n]dx + (
1
q
− β)ε

∫
Ω

|∇un|qdx

+
∫
Ω
[βf(x, un)un − F (x, un)]dx

≥ (1
2 − β)(δ‖zn‖2 + λ1‖yn‖2

2) + (αβ − 1)
∫
Ω
F (x, un)dx− C2

≥ (1
2 − β)(δ‖zn‖2 + λ1‖yn‖2

2) + C1(αβ − 1)‖un‖αα − C3.

(3.6)

Hence there are C̃1, C̃2, C̃3 > 0 such that

d̃+ ‖un‖ + C̃2‖yn‖2
2 ≥ C̃1‖zn‖2 + C̃3‖un‖αα.

Since
∫
Ω
ynzndx = 0, we have

‖un‖2
2 = ‖yn‖2

2 + ‖zn‖2
2.

By α > 2, |Ω| < +∞, Hölder inequality and Y oung inequality, we get

‖yn‖2
2 ≤ ‖un‖2

2 ≤ C4‖un‖2
α ≤ ε‖un‖αα + Cε,

‖yn‖2 ≤ ‖un‖2 ≤ C5‖un‖α ≤ ε‖un‖αα + Cε.

Since Y is a finite dimensional space, any two norms in Y are equivalent, thus

‖yn‖2 ∼ ‖yn‖α ∼ ‖yn‖.
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By Proposition 2.9, there exists C6 > 0 such that

‖yn‖ ≤ C6‖yn‖2 ≤ ε‖un‖αα + Cε,

hence

C̃1‖zn‖2 + C̃3‖un‖αα ≤ d̃+ ‖un‖ + C̃2‖yn‖2
2

≤ d̃+ ‖yn‖ + ‖zn‖ + C̃2‖yn‖2
2

≤ d̃+ ‖zn‖ + C6‖yn‖2 + C̃2‖yn‖2
2

≤ d̃+ ε‖un‖2 + ε‖un‖αα + Cε + ε‖un‖αα + Cε

≤ d̃+ ε‖zn‖2 + 2ε‖un‖αα + 2Cε.

That is

(C̃1 − ε)‖zn‖2 + (C̃3 − 2ε)‖un‖αα ≤ d̃+ 2Cε. (3.7)

From (3.7), it follows that there exists a C7 > 0 such that

‖zn‖ ≤ C7, ‖un‖αα ≤ C7.

Hence there exists 0 < C <∞ such that

‖un‖ ≤ C.

Thus we may assume that there exists u0 ∈ H1
0 (Ω) such that

un ⇀ u0 in H1
0 (Ω).

By |Ω| < +∞ and Proposition 2.1 (Rellich embedding theorem), we may assume
that {

un → u0 on Lp(Ω)(2 ≤ p < 2∗),
un → u0 a.e on Ω.

(3.8)

By (3.8) and Lebesgue′s Dominated Convergence Theorem, we have that

{∫
Ω f(x, un)undx→

∫
Ω f(x, un)u0dx,∫

Ω f(x, un)u0dx→
∫
Ω f(x, u0)u0dx.

(3.9)

On the one hand

‖un − u0‖2 + ε

∫
Ω

(|∇un|q−2∇un − |∇u0|q−2∇u0)(∇un −∇u0)dx

= 〈I ′ε(un) − I ′ε(u0), un − u0〉 +
∫

Ω

a(x)(un − u0)2dx

+
∫

Ω

[f(x, un)− f(x, u0)](un − u0)dx. (3.10)
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By I ′ε(un) → 0 and un ⇀ u0 in H1
0 (Ω), we know that

〈I ′ε(un) − I ′ε(u0), un − u0〉 → 0.

By (3.9), we obtain

|
∫

Ω

[f(x, un)− f(x, u0)](un − u0)dx| → 0.

By Proposition 2.1 we obtain

|
∫

Ω

a(x)(un − u0)2dx| → 0.

It follows from (3.10) that

un → u0 on H1
0 (Ω).

So we have proved that Iε(u) satisfies (PS)c condition for any c ∈ R. �
The Proof of Theorem 1.1.
We will complete the proof by applying the Linking Theorem (Proposition 2.4).

Proof. Let ρ > r > 0, z = en+1
‖en+1‖r ∈ Z and define

Mρ := {u = y + λz : ‖u‖ ≤ ρ, λ ≥ 0, y ∈ Y },

Mρ
0 := {u = y + λz : y ∈ Y, ‖u‖ = ρ, λ ≥ 0 or ‖u‖ ≤ ρ, λ = 0},

Nr := {u ∈ Z : ‖u‖ = r},

cε := inf
γ∈Γ

max
u∈Mρ

Iε(γ(u)),

Γ := {γ ∈ C(Mρ, H1
0 (Ω)) : γ |Mρ

0
= id}.

We hope to find 0 < r < 1 < ρ and ε0 > 0 such that

inf
Nr

Iε > max
Mρ

0

Iε.

when 0 ≤ ε ≤ ε0. By hypothesis (f1)(f3), for ∀σ > 0, there exists a Cσ > 0 such
that

|F (x, u)| ≤ σ|u|2 + Cσ|u|p+1. (3.11)

For every u ∈ Nr, we have that u ∈ Z and ‖u‖ = r. We deduce from Lemma
3.1 and Sobolev embedding theorem that

Iε(u) =
1
2

∫
Ω

[
|∇u|2 − a(x)u2

]
dx+

ε

q

∫
Ω

|∇u|qdx−
∫

Ω

F (x, u)dx

≥ δ

2
‖u‖2 +

ε

q

∫
Ω

|∇u|qdx− σ

∫
Ω

|u|2dx − Cσ‖u‖p+1
p+1

≥ δ

2
‖u‖2 − Cσ‖u‖2 − C̃σ‖u‖p+1

≥ δ

2
r2 − o(r2).



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

(2 − q)-Laplacian Type Problems with Linking Geometric Structure 129

If u ∈Mρ
0 with u = y+ λz, ‖u‖ ≤ ρ, λ = 0, then u = y ∈ Y . By Lemma 3.2 and

(f4), we known that

Iε(u) =
1
2

∫
Ω

[
|∇u|2 − a(x)u2

]
dx+

ε

q

∫
Ω

|∇u|qdx−
∫

Ω

F (x, u)dx

≤ λn
2

∫
Ω

|u|2dx+
ε

q

∫
Ω

|∇u|qdx−
∫

Ω

F (x, u)dx

≤ ε

q

∫
Ω

|∇u|qdx ≤ ε

q
|Ω| 2−q

2 ‖u‖q ≤ ε

q
|Ω| 2−q

2 ρq. (3.12)

By hypothesis (f2), there exist C1, C2 ≥ 0 such that

F (x, u) ≥ C1|u| 1θ − C2. (3.13)

If u ∈Mρ
0 with u = y + λz, λ ≥ 0, then we have

Iε(u) =
1
2

∫
Ω

[
|∇u|2 − a(x)u2

]
dx+

ε

q

∫
Ω

|∇u|qdx −
∫

Ω

F (x, u)dx

≤ 1
2
‖u‖2 + C‖u‖2 +

ε

q
C‖u‖q − C

∫
Ω

|u| 1θ dx− C̃. (3.14)

Since Mρ
0 ⊂ Y ⊕ Rz with dim(Y ⊕ Rz) < ∞ and any two norms in the finite

dimensional space Y ⊕Rz are equivalent, we see that there exists a C̄ > 0 such that∫
Ω

|u| 1θ dx ≥ C̄‖u‖ 1
θ . (3.15)

for every u ∈ Y ⊕Rz.
By (3.14) and (3.15), for every u ∈Mρ

0 with ‖u‖ = ρ, we have that

Iε(u) ≤ 1
2
‖u‖2 + C‖u‖2 + C‖u‖q − C‖u‖ 1

θ − C → −∞,

as ρ→ +∞.
Now we fix ρ > 1 > r such that

max
Mρ

0

Iε(u) ≤ ε

q
|Ω| 2−q

2 ρq.

Since

inf
Nr

Iε(u) ≥ δ

2
r2 − o(r2),

we can take 0 < r < 1 sufficiently small such that

δ

2
r2 − o(r2) >

δ

4
r2

hence there exists an ε0 = ε0(|Ω|, q, ρ, r) > 0 such that

inf
Nr

Iε(u) >
δ

4
r2 >

ε

q
|Ω| 2−q

2 ρq ≥ max
Mρ

0

Iε(u).

when 0 ≤ ε ≤ ε0.
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By Lemma 3.3 we know that Iε(u) satisfies (PS)c condition on H1
0 (Ω) for any

c ∈ R1, so from the Linking Theorem (Proposition 2.4) it follows that

cε := inf
γ∈Γ

max
u∈Mρ

Iε(γ(u))

with

Γ := {γ ∈ C(Mρ, H1
0 (Ω)) : γ |Mρ

0
= id},

is a critical value of Iε and

cε ≥ inf
Nr

Iε(u) > 0.

for 0 < ε ≤ ε0.
Thus we have proved that for any 0 < ε ≤ ε0, there exists a nontrivial solution

uε ∈ H1
0 (Ω) \ {0} to (1.1)ε with Iε(uε) = cε.

Finally, we prove that for any sequence εn → 0+, there exists a subsequence
{uεnk

}+∞
k=1 of {uεn}+∞

n=1 and some nontrivial solution ũ of (1.1)0 such that uεnk
→ ũ

in H1
0 (Ω) with I0(ũ) = c0. To this end, we notice that Mρ

0 ,M
ρ, Nr,Γ depends only

on a(x), f(x, t), |Ω|, q which makes us possible to prove ‖uε‖ ≤ C < +∞ for some
constant C as what we did for any (PS)c sequence in the proof of Lemma 3.3.

As Mρ,Γ do not depend on ε for 0 < ε ≤ ε0, we see that

c0 = inf
γ∈Γ

max
u∈Mρ

I0(γ(u)) ≤ inf
γ∈Γ

max
u∈Mρ

Iε(γ(u))

= cε ≤ inf
γ∈Γ

max
u∈Mρ

Iε0 (γ(u)) = cε0 .

Since 〈I ′ε(uε), uε〉 = 0 so∫
Ω

[|∇uε|2 − a(x)u2
ε]dx+ ε

∫
Ω

|∇uε|qdx =
∫

Ω

f(x, uε)uεdx.

As uε ∈ H1
0 (Ω) = Y ⊕ Z, there exist are yε ∈ Y, zε ∈ Z such that uε = yε + zε.

By Proposition 2.7, Lemma 3.1 and (3.13), there are CM1 , CM2 > 0 and some
β ∈ ( 1

α ,
1
2 ). such that

cε0 + 1 + ‖uε‖ ≥ cε = Iε(uε) = Iε(uε)− β〈I ′ε(uε), uε〉
= (

1
2
− β)

∫
Ω

[|∇uε|2 − a(x)u2
ε]dx+ ε(

1
q
− β)

∫
Ω

|∇uε|qdx

+
∫

Ω

[βf(x, uε)uε − F (x, uε)]dx

≥ (
1
2
− β)(δ‖zε‖2 + λ1‖yε‖2

2) + ε(
1
q
− β)

∫
Ω

|∇uε|qdx

+ (
β

θ
− 1)

∫
Ω

F (x, uε)dx− CM1

≥ (
1
2
− β)(δ‖zε‖2 + λ1‖yε‖2

2) + C1(
β

θ
− 1)‖uε‖

1
θ
1
θ

− CM2 .
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Similar to what we did in the proof of Lemma 3.3, we can show that there exists
a C > 0 such that ‖uε‖ ≤ C < +∞.

Thus for any sequence εn → 0+, by Proposition 2.1 (the Rellich embedding
theorem), we may assume that there is a ũ ∈ H1

0 (Ω) and a subsequence of {uεn}+∞
n=1,

still denoted by {uεn}+∞
n=1, such that

{
uεn ⇀ ũ on H1

0 (Ω),
uεn → ũ on Lp(Ω)(2 ≤ p < 2∗).

From I ′ε(uε) = 0, it is easy to show that∫
Ω

[∇ũ∇v − a(x)ũv − f(x, ũ)v]dx = 0, ∀v ∈ H1
0 (Ω).

Thus ũ is a weak solution of (1.1)0.
If ũ = 0, then ∫

Ω

f(x, uεn)uεndx→ 0.

∫
Ω

a(x)u2
εn
dx→ 0.

Hence ∫
Ω

|∇uεn |2dx+ εn

∫
Ω

|∇uεn |qdx =
∫

Ω

[f(x, uεn)uεn + a(x)u2
εn

]dx→ 0,

which shows that uεn → 0 in H1
0 (Ω) and

cεn = Iεn(uεn) → 0.

But

cεn ≥ c0 > 0,

which is a contradiction. Thus ũ �= 0 is a nontrivial solution to (1.1)0.
Finally we prove thatI0(ũ) = c0.
From cεn ≥ c0 > 0 ,it follows that for any γ ∈ Γ ,

cεn ≤ max
u∈Mρ

Iε(γ(u)) ≤ max
u∈Mρ

(I(γ(u)) + εnJ(γ(u)))

≤ max
u∈Mρ

I(γ(u)) + εn max
u∈Mρ

J(γ(u))),

which gives

c0 ≤ lim inf
n→+∞ cεn ≤ lim sup

n→+∞
cεn

≤ lim sup
n→+∞

max
u∈Mρ

(I(γ(u)) + lim sup
n→+∞

(εn max
u∈Mρ

J(γ(u))))

= max
u∈Mρ

I0(γ(u)).
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As γ ∈ Γ is arbitrary, we see that

c0 ≤ lim inf
n→+∞ cεn ≤ lim sup

n→+∞
cεn ≤ inf

γ∈Γ
max
u∈Mρ

I0(γ(u)) = c0.

Thus

lim
n→+∞ cεn = c0.

In fact, we have shown that

lim
ε→0

cε = c0 > 0.

Since uεn ⇀ ũ in H1
0 (Ω) and I ′0(ũ) = 0 we see that∫

Ω

|∇uεn |2dx+ εn

∫
Ω

|∇uεn |qdx =
∫

Ω

[f(x, uεn)uεn + a(x)u2
εn

]dx

→
∫

Ω

[f(x, ũ)ũ+ a(x)ũ2]dx =
∫

Ω

|∇ũ|2dx.

As ∫
Ω

|∇uεn |qdx ≤ C‖uεn‖q ≤ C̃,

so

εn

∫
Ω

|∇uεn |qdx→ 0,

hence ∫
Ω

|∇uεn |2dx→
∫

Ω

|∇ũ|2dx.

which together with the fact that uεn ⇀ ũ in H1
0 (Ω) shows that

uεn → ũ in H1
0 (Ω)

and

cεn = Iεn(uεn) → I0(ũ).

Hence I0(ũ) = c0. This completes the proof. �

Remark 3.4 If λ1 > 0, then it suffices to use the Mountain Pass Theorem
instead of the Linking Theorem to prove the existence of a nontrivial solutions to
(1.1)ε.
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In this paper chaotic behavior of the two-component Bose-Einstein condensate
system is considered. Under given parameter conditions, the existence of chaotic
motions and the bifurcations of subharmonic solutions are rigorously proven. To
verify this new strange attractor, two numerical examples are demonstrated.

1. Introduction

[Raghavan, S. et al, 1999] discussed the coherent atomic oscillations between
two weakly coupled Bose-Einstein condensates. [Marino, I. et al, 1999] continuously
considered Josephson-like tunneling phenomena. The model equations were given
by

ż = −
√

1 − z2 sinφ, φ̇ = Λz + ∆E +
z√

1 − z2
cosφ, (1)

where z is fractional population imbalance, φ is the relative phase difference, Λ and
∆E are constant parameters (see the above two references).

2000 Mathematics Subject Classifications: 34C25-28, 58F05, 58F14, 58F30.
Key words and phrases: Chaotic behavior, subharmonic bifurcation, Melnikov method, Bose-
Einstein condensate system.
This research was supported by the National Natural Science Foundation of China (10671179) and
the (10831003).
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[Xie, Q. T. et al, 2003] considered the chaotic behavior for the system

ż = −2K(t)
√

1 − z2 sinφ, φ̇ = Λz + ∆E(t) +
2K(t)z√
1 − z2

cosφ, (2)

where

∆(t) = ∆E0 + ∆E1 sinωt, K(t) = K0 +K1 sinωt, (3)

∆E0, K0 are constants and |K1| � 1, |∆E1| � 1.
Recently, [Boli Xia et al 2006] investigated the stability and chaotic behavior of

a periodically driven Bose-Einstein Condensate (BEC) with two hyperfine states as
follows:

dη

dt
= −2K

√
1 − η2 sinφ,

dφ

dt
= γ0 + γ1 sin(ωt) +Uη+ 2Kη(1− η2)−

1
2 cosφ, (4)

where γ = γ0 + γ1 sin(ωt) is relative energy fluctuation between the two hyperfine
states. The authors gave some numerical results for the chaotic regimes of (4).

To our knowledge, the complete and rigorous analysis of bifurcation behavior in
the parametric space of (2) and (4) has not be considered. In this paper we shall
consider this problem for the system

dη

dt
= −α

√
1 − η2 sinφ,

dφ

dt
= γ + βη + αη(1 − η2)−

1
2 cosφ, (5)

where, for simplicity, we use parameters β and α to substitute the mean-field in-
teraction parameter U and the population transfer 2K in [Boli Xia et al 2006],
respectively. Noting system (2), we are also interesting to the perturbed system

dη

dt
= −α0

√
1 − η2 sinφ− εα1

√
1 − η2 sinφ sinωt,

dφ

dt
= β0η + α0η(1 − η2)−

1
2 cosφ

+ ε[γ0 + β1η + (γ1 + α1η(1 − η2)−
1
2 cosφ) sin(ωt)], (6)

where we assume in (4) that γ0 and γ1 are small and α = α0 + εα1 sinωt, β =
β0 + εβ1, ε� 1.

We notice that system (5) has two straight line solutions η = ±1 in the phase
plane (φ, η) on them dφ

dt has no definition. In addition, (5) is periodic in φ. Hence,
the state (φ, η) can be viewed on a bounded phase cylinder S1 × (−1, 1), where
S1 = [−π, π] with −π, π identified.

Notice that system (5) has the Hamiltonian quality

H(φ, η) = γη +
β

2
η2 − α

√
1 − η2 cosφ = h. (7)
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This paper is organized as follows. In section 2 we study the bifurcations of
phase portraits of (5) in the three-parametric space (α, β, γ) and give all parametric
representations of the phase orbits for system (5) in the case γ = 0. In section 3, we
calculate the Melnikov integrals to establish bifurcation conditions and give some
numerical results.

2. The bifurcations of phase portraits of system (5)

In this section, we discuss the bifurcations of phase portraits of (5) when the pa-
rameters α, β and γ are varied. We always assume that β > 0. Otherwise, by using
the transformation φ→ −φ in (5) , we can get this case. In addition, the case γ < 0
or α < 0 can be discussed, by using the transformation φ→ φ + π in (5). So that,
we can always assume that α > 0, β > 0, γ ≥ 0.

I. The case γ > 0.
We see from (5) that an equilibrium point (φe, ηe) of (5) lies in the straight lines

φ = 0 and φ = π, respectively, and satisfies −1 < ηe < 1, where ηe is an intersection
point of two curves u = βη + γ and u = ∓ αη√

1−η2
, respectively. It is easy to show

that there exists only one equilibrium point O(0, ηe1) when φ = 0. For α < β, we

denote that ηc =
√

1 − (αβ )
2
3 , γc = ηc

(
α√
1−η2

c

− β

)
. Then, for a fixed pair (α, β),

we have the following conclusions.
1) When γ < γc, there exist three equilibrium points P aπ (π, ηe2), P bπ(π, ηe3),

P cπ(π, ηe4) with ηe2 < ηe3 < 0 < ηe4.

2) When γ = γc there exist two equilibrium points P abπ (π, ηc), P cπ(π, ηe4) with
ηe2 = ηe3 ≡ ηc < 0 < ηe4.

3) When γ > γc there exists only one equilibrium points P cπ(π, ηe4) with 0 <
ηe4 < 1.

Let M(φe, ηe) be the coefficient matrix of the linearized system of (5) at an
equilibrium point (φe, ηe) and J(φe, ηe) be its Jacobian determinant. Then, we
have Trace(M(ve, ηe) = 0 and

J(0, ηe1) = α
√

1 − η2
e1

(
β +

α√
(1 − η2

e1)3

)
,

J(π, ηej) = −α
√

1 − η2
ej

β − α√
(1 − η2

ej)3

 , j = 2, 3, 4.

Noting J(π, ηc) = 0, it follows that for α < β,, we have J(π, ηe2) > 0, J(π, ηe3) <
0, J(π, ηe4) > 0.

By the theory of planar dynamical systems, we know that for an equilibrium
point of a planar Hamiltonian system, if J < 0 then the equilibrium point is a
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saddle point; if J > 0, then it is a center point; if J = 0 and the Poincare index of
the equilibrium point is 0 then it is a cusp.

Write that

hO = H(0, ηe1) = −
[
α
√

1 − η2
e1 + η2

e1

(
α√

1 − η2
e1

+
β

2

)]
< 0,

hπj = H(π, ηej) = α
√

1 − η2
ej + η2

ej

 α√
1 − η2

ej

− β

2

 , j = 2, 3, 4.

h5 = H(φ,−1) = −γ +
β

2
, h6 = H(φ, 1) = γ +

β

2
.

When β > 2α, as γ increasing from 0 < γ < γc to γ > γc, we have the bifurcation
of phase portraits of (5) shown in Fig. 1.
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Fig. 1. The bifurcations of phase portraits of system (5) for β > 2α

(1-1) hO < hπ
2 < h5 < hπ

1 < h6 < hπ
3 , γ < γc. (1-2) hO < h5 < hπ

2 < hπ
1 < h6 < hπ

3 , γ < γc.

(1-3) hO < h5 < hπ
2 = hπ

1 < h6 < hπ
3 , γ = γc. (1-4) hO < h5 < h6 < hπ

3 , γ > γc.

We see from Fig. 1 (1-1) that in the phase cylinder, there exist five families of
periodic orbits of (5) as follows:

(i) The family of oscillating periodic orbits {Γh1} enclosing the equilibrium point
O(0, ηe1) which is given by H(φ, η) = h, h ∈ (hO, hπ2 ).

(ii) Two families of rotating periodic orbits {Γhr±}, which are given by H(φ, η) =
h, h ∈ (hπ3 , h5) and h ∈ (hπ3 , h6), respectively.

(iii) Two families of oscillating periodic orbits {Γh2±} enclosing the equilibrium
points P aπ (π, ηe2) and P cπ(π, ηe4), respectively, which are given by H(φ, η) = h, h ∈
(h5, h

π
2 ) and h ∈ (h6, h

π
4 ), respectively.

Similarly, we know from Fig. 1 (1-2)-(1-4) that there exist different families of
periodic orbits of (5).

When α < β < 2α, as γ increasing from 0 < γ < γc to γ > γc, we have the
bifurcation of phase portraits of (5) shown in Fig. 2.



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Chaotic Dynamics for Bose-Einstein System 139

–1

–0.5

0

0.5

1

y

–4 –2 2 4

x

–1

–0.5

0

0.5

1

y

–4 –2 2 4

x

–1

–0.5

0

0.5

1

y

–4 –2 2 4

x

(2-1) (2-2) (2-3)

Fig. 2. The bifurcations of phase portraits of system (5) for α < β < 2α

(2-1) hO < h5 < h6 < hπ
2 < hπ

1 < h6 < hπ
3 , γ < γc.

(2-2) hO < h5 < h6 < hπ
2 = hπ

1 < hπ
3 , γ = γc. (2-3) hO < h5 < h6 < hπ

3 , γ > γc.

When 0 < β < α, for γ > 0, we have the phase portrait of (5) shown in Fig. 3.
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Fig. 3. The phase portrait of system (5) for α > β > 0 where

hO < h5 < h6 < hπ
3 , γ > 0.

We see from (7) that cosφ = h−γη− β
2 η

2

−α
√

1−η2
. By using the first equation of (5), we

have

dη

dt
= −

√
(α2 − h2) + 2hγη + (hβ − α2 − γ2)η2 − βγη3 − 1

4
β2η4.

Hence, we can use this formula to obtain all parametric representations of periodic
orbits and homoclinic orbits of (5) in the different parameter regions of the 3-
parameter space (α, β, γ). Because we are interested the symmetry case i.e, the case
γ = 0. We omit these parametric representations.

II. The case γ = 0.
We see from (5) that if α ≥ β, there exist two equilibrium points O(0, 0) and

P (±π, 0)(which are identified) of (5)γ=0. If α < β, there exist four equilibrium

points O, P and P±
π (±π,±η1), where η1 =

√
1 − α2

β2 . Now, we have

J(0, 0) = α(α+ β), J(π, 0) = −α(β − α), J(π, η1) = β2 − α2.

h0 = H(0, 0) = −α, hπ = H(π, 0) = α, h1 = H(π, η1) =
α2 + β2

2β

and for y = ±1, h = h2 = β
2 .
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By using the above fact, we have the bifurcations of phase portraits of (5)γ=0

shown in Fig. 4 (4-1)-(4-4).
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Fig. 4. The bifurcations of phase portraits of system (5)γ=0 for α > 0, β > 0

(4-1) β > 2α, h0 < hπ < β
2

< h1. (4-2) β = 2α, h0 < β
2

= hπ < h1.

(4-3) α < β < 2α, h0 < β
2

< hπ < h1. (4-4) β ≤ α, h0 < β
2

< h1.

We next consider the parametric representations of orbits of the vector fields
defined by (5)γ=0 in different parameter conditions. We see from (7) that cosφ =
h−β

2 η
2

−α
√

1−η2
. By using the first equation of (5)γ=0, we have

dη

dt
= −

√
(α2 − h2) + (hβ − α2)η2 − 1

4
β2η4 = −β

2

√
(a2 − η2)(η2 − b2), (8)

where

a2 =
2
β2

[
(hβ − α2) +

√
∆
]
, b2 =

2
β2

[
(hβ − α2) −

√
∆
]

(9)

and ∆ = (hβ − α2)2 + β2(α2 − h2) = α2(α2 + β2 − 2hβ).
Thus, we can use (8) to obtain all parametric representations of periodic orbits

and homoclinic orbits of (5)γ=0 in the different parameter regions of the parameter
space (α, β). We shall use the Jacobian elliptic function cn(u, k), dn(u, k) et al (see
[Byrd, P.F. et al, 1971]).

1. The case β > 2α. In this case, we have h0 = −α < 0 < hπ = α < h2 =
β
2 < h1. On the bounded phase cylinder S1 × (−1, 1), there exist three families of
oscillating periodic orbits {Γh1}, {Γh2±} and two families of rotating periodic orbits
{Γhr±}.

(1) Corresponding to H(φ, η) = h, h ∈ (−α, α), an oscillating periodic orbit Γh1
has the parametric representation

η(t) = acn(∆
1
4 t, k1), (10)

where k1 = a√
a2−b2 , a

2 and b2 are given by (9) and b2 < 0. The period of Γh1 is

T1(k1) = 4K(k1)

∆
1
4

, where K(k) is the complete elliptic integral of the first kind. It is
easy to show that T1(k1) is monotonous as k1 increases from 0 to 1.
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(2) Corresponding to H(φ, η) = α, there are two homoclinic orbits ΓαH± to the
saddle point (±π, 0)( which are identified as a point) with the parametric represen-
tations

η(t) = ±2Ω
β

sech (Ωt) . (11)

where Ω =
√
α(β − α).

(3) Corresponding to H(φ, η) = h, h ∈ (α, β2 ), the rotating periodic orbits Γhr±
have the parametric representations

η(t) = ±adn
(
β

2
at, kr

)
, (12)

where kr =
√

a2−b2
a2 = 1

k1
, b2 > 0. The period of Γhr± is Tr(kr) = 4K(kr)

βa which is
monotonous as kr increases.

(4) Corresponding to H(φ, η) = β
2 , there are two orbits connecting the two

straight lines y = ±1.
(5) Corresponding to H(φ, η) = h, h ∈

(
β
2 ,

α2+β2

2β

)
, the two oscillating periodic

orbits Γh2± have the same parametric representations as (12).
2. The case β = 2α. In this case, there is not two families {Γhr±} of the rotating

orbits. The other orbits are the same as 1.
3. The case α < β < 2α.
(1) Corresponding to H(φ, η) = h, h ∈ (−α, β2 ), there exists a family {Γh1} of

oscillating periodic orbits enclosing the equilibrium point (0, 0) which has the same
parametric representation as (10).

(2) Corresponding to H(φ, η) = h, h ∈ (β2 , α), there exists a family {Γh2} of oscil-
lating periodic orbits enclosing three equilibrium points Pπ(±π, 0) and P±

π (±π,±η1)
which has the same parametric representation as (10).

(3) Corresponding to H(φ, η) = α, there are two homoclinic orbits Γα2H± with
“figure-eight” to the saddle point Pπ(±π, 0)( which are identified as a point) enclos-
ing the equilibrium points P+

π (±π, η1) and P−
π (±π,−η1), respectively, which have

the same parametric representations as (11).
(4) Corresponding to H(φ, η) = h, h ∈

(
α, 1

2β (α2 + β2)
)
, there exist two

families {Γh3±} of oscillating periodic orbits enclosing the equilibrium points
P±
π (±π,±η1), respectively, which have the same parametric representations as (12).

4. The case 0 < β ≤ α. In this case, the equilibrium point Pπ(π, 0) becomes a
center.

Corresponding to H(φ, η) = h, h ∈ (−α, β2 ) and h ∈ (β2 , α), respectively, there
exist two families of periodic orbits which have the same parametric representations
as (10).
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3. The Melnikov analysis for the perturbed system (6) and
numerical examples

In this section, we consider system (6). We suppose that β0 > 2α0 or α0 <

β0 < 2α0 in (6). Namely, in the phase cylinder, there exist two homoclinic orbits
with “figure-eight”, having the parametric representation (11). It is well known
that the Melnikov technique can be used to find the condition leading to the non-
empty transversal intersection of stable and unstable manifolds of a saddle point
and the conditions of subharmonic bifurcations (see [Guckenheimer and Holmes,
1983], [Li, J.B. et al, 1989]). For the perturbed system (6), the Melnikov function
of homoclinic bifurcations evaluated along the unperturbed homoclinic orbits ΓαH±
of (5)γ=0 has the form:

M(t0) =
∫∞
−∞{[−α0

√
1 − η2 sinφ][γ0 + β1η

+(γ1 + α1η(1 − η2)−
1
2 cosφ) sin(ω(t+ t0))]

+[β0η + α0η(1 − η2)−
1
2 cosφ][α1

√
1 − η2 sinφ sin(ω(t+ t0))]}dt

=
(∫∞

−∞
(
α1β0
α0

η2 − γ1η
)√

Ω2 − β2
0
4 η

2 sinωtdt
)

cosωt0

= 2πωΩ
β0

[
α1ω

α0 sinh πω
2Ω

− γ1
cosh πω

2Ω

]
cosωt0 ≡ J cosωt0.

We next only assume that α0 > 0, β0 > 0. Then, system (6)ε=0 has different
families of periodic orbits (see Fig. 4), which have the parametric representations
given by (10) and (12), respectively. For example, we investigate the Fig. 4 (4-1),
i.e., we consider the following resonant conditions for five families of periodic orbits
{Γh1}, {Γh2±} and {Γhr±}:

Ti(ki) =
2mπ
ωn

=
mT

n
, i = 1, 2, r. (14)

These relations determine ki = ki(m) for n = 1. Along the unperturbed orbits Γhi
with h = h(ki(m)) to calculate subharmonic Melnikov functions, we have

Mm
i (t0) =

∫ mT

0

(α1β0ηi − α0γ1)
√

1 − η2
i sinφ sinω(t+ t0)dt

=

[∫ mT

0

(
α1β0

2α0
η2
i − γ1ηi

)
cosωtdt

]
cosωt0. (15)

By using the parameter representations of {Γh1} and {Γhr±} (i.e.{Γh2±}), we obtain
the results as follows:

Mm
1 (t0) = Im1 cosωt0, (16)

where Im1 = α1β0a
2
0mπ

2k2
1α0K(k1)

csch
(
mπK′(k1)
K(k1)

)
− 2γ1π

k1
sech

(
(2m+1)πK′(k1)

2K(k1)

)
.

Mm
r (t0) = Mm

2 (t0) = Imr cosωt0, (17)
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where Imr = α1β0a
2
0mπ

2

2α0K(k1)
csch

(
mπK′(k1)
K(k1)

)
− 2γ1πsech

(
mπK′(k1)
K(k1)

)
.

Thus, we obtain the following conclusion.
Theorem 1
(i) Suppose that β0 > 2α0 or α0 < β0 < 2α0 in (6). Making the parameters

α1, γ1 and ω such that J �= 0, then M(t0) defined by (13) has simple zeros. It
implies that system (6) has Smale horseshoe dynamical behavior, i.e, the solutions
of (6) are chaotic.

(ii) Suppose that α0 > 0, β0 > 0 in (6). Making the parameters α1, γ1 such
that Im1 �= 0 and Imr �= 0, then Mm

1 (t0) and Mm
2 (t0) defined by (16) and (17) have

simple zeros. It means that system (6) has m−order subharmonic periodic solutions
bifurcated from the periodic families {Γh1}, {Γh2±} and {Γhr±}, respectively.

We consider the dynamical behavior for some orbits near two homoclinic orbits
Γα0
H± of (6)ε=0. As two numerical examples, Fig. 5 (5-1) gives the phase portrait of

an orbit of (6) with the initial condition φ(0) = 0, η(0) = 0.88, under the parameter
conditions α0 = 1, β0 = 3, ε = 0.1, γ1 = 1.2, ω = 1.25, β1 = 1, α1 = γ0 = 0 in
(6). Fig. 5 (5-2) is the corresponding Poincare map (4000 points are plotted);
Fig. 5 (5-3) gives the phase portrait of an orbit of (6) with the initial condition
φ(0) = 0, η(0) = 0.87, under the parameter conditions α0 = 1, β0 = 3, ε = 0.1, γ1 =
1.15, ω = 1.25, β1 = 0.88, α1 = γ0 = 0 in (6). Fig. 5 (5-4) is the corresponding
Poincare map (6000 points are plotted). We see from Fig. 5 (5-2) and (5.4) that it
is different from the Duffing attractor, two Poincare maps give rise to a new type
of strange attractor.
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Fig. 5. The phase portraits of two orbits system (6) and their Poincare maps

Finally, we consider the dynamical behavior for some orbits near two homoclinic
orbits Γα2H± with “figure-eight” of (6)ε=0. As two numerical examples, Fig. 6 (6-
1) gives the phase portrait of an orbit of (6) with the initial condition φ(0) =
π, η(0) = 0.2, under the parameter conditions α0 = 5, β0 = 5.25, ε = 0.1, γ1 =
1.2, ω = 1.25, β1 = 1, α1 = γ0 = 0 in (6). Fig. 6 (6-2) gives the phase portrait of
an orbit of (6) with the initial condition φ(0) = π, η(0) = 0.2, under the parameter
conditions α0 = 5, β0 = 5.5, ε = 0.1, γ1 = 1.2, ω = 1.25, β1 = 1, α1 = γ0 = 0 in (6).
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Fig. 6. The phase portraits of two orbits system (6)
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Recent Developments and Perspectives in Nonlinear Dynamics
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Dedicated to Professor Youzhong Guo on the occasion of his 75th birthday

We summarize three progresses in nonlinear dynamics in the recent decade: chaos
control, chaos synchronization and complex networks, and also introduce our
work on these aspects. Finally, we give some perspectives on the development of
nonlinear dynamics combining with complex systems theory.

1. Introduction

Historically speaking, the development of nonlinear dynamics has close relationship
with the research on scientific complexity. Novel prize winner Prigogine proposed
that science should transform from studying simple to complexity in the late 1960s.
For the understanding of how to investigate theoretically the complexity in scientific
phenomenon was also gradually deepened. According to our present understanding,
people have at least realized that the following several aspects should be considered:
the system consisting of two interacting simple units, the system consisting of a large
number of interacting units, and how the effects of decisiveness and randomness
harmoniously embody in the system and so on.

Since the second half of the 1970s, chaos has been found from the interacting
units. Thereafter chaos became a main research topic in nonlinear dynamics and had
a quick development. After endeavoring for about twenty years, the basic framework
of chaos theory has been constituted. At this time, how the nonlinear dynamics
develop further became a scientific problem cared about by many researchers.

According to the authors’ viewpoint, investigating the production mechanism
of scientific complexity by utilizing the ideas and methods of nonlinear dynamics
Key words and phrases: Nonlinear dynamics, chaos control, chaos synchronization, complex net-
works.
This project was jointly supported by NNSF grants 10672093, 10832006 and Shanghai Leading
Academic Discipline Project, Project Number: S30104.
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should be one of the motive powers of the development of nonlinear dynamics theory.
In view of such analysis, based on the framework of chaos theory getting constructed,
we proposed the concepts and methods of chaos control and chaos synchronization
combining applied basic research. The researches on this two problems were the
important advances of nonlinear dynamics in recent ten years. Meanwhile, due to
considering the complexity induced by the system consisting of a large number of
interacting units, thus caused the formation of another research hotspot of nonlinear
dynamics — complex networks theory.

Here we want to point out that chaos control, chaos synchronization and complex
networks, this three different progresses directions in nonlinear dynamics, have the
trend of integration at present due to affected by the research thought of nonlinear
dynamics. They provide a powerful tool for the behavioral study of open system
consisting of a large number of interaction (decisiveness and randomness) units.
According to the current stage, it should begin to enter the stage of studying the
behavior of such system for scientific complexity exploration.

This paper is organized as follows. The main methods and scientific thoughts of
three progresses are introduced in Section 1. Section 2 reports our results obtained
on this aspect. Finally, we propose some suggestions for the perspective on the
development of nonlinear dynamics in Section 3.

2. Three progresses in nonlinear dynamics

2.1. Chaos control

The discovery of chaos phenomenon shows that there exists pseudo-similar ran-
dom dynamical behavior in a deterministic system. This behavior is ubiquitous. It
sometimes plays a beneficial role in the concrete practice problems, while sometimes
plays a harmful role in that, therefore the problems of chaos control and chaotifying
(chaos anti-control ) are proposed from the view of application.

(a): In 1990, Ott, Grebogi, and Yorke published a paper in PRL, which firstly
presented the concepts and methods of chaos control, and this method is now called
OGY method for short.4

Consider a two-dimensional chaotic iteration ξn+1 = F (ξn, pn),

ξi ∈ R2, p ∈ (−pmax, pmax),
(2.1)

where p is a controllable parameter, pmax is the maximal adjustment range. Let
ξ∗F = 0 be the saddle fixed-point of (2.1) with p = 0. According to continuity, we
can assume that ξ∗(p) with p as parameter is the saddle fixed-point coordinate.
Moreover, ξn can be assumed to fall into the neighborhood of ξ∗F due to the ergod-
icity of chaos, then we can choose a suitable pn such that ξn+1 = F (ξn, pn) falls
on the tangent of stable manifold. Thus, under the linear approximation, we can
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obtain

ξn+1 − gpn ≈ A(ξn − gpn), (2.2)

where g = ∂ξ∗(p)
∂p | �= 0 is in order to make ξn+1 ·fu ≈ 0 (fu is a vector perpendicular

to the stable direction), that is, ξn+1 approximately falls on the tangent of stable
manifold. From (2.2), we can get

pn = λu(λu − 1)−1 (ξn · fu)
(g · fu) , (2.3)

where λu is a unstable eigenvalue. In such way, we can adjust the parameter step
by step to make the orbit fall on the tangent of stable manifold, once it is achieved,
the chaos orbit can then be forced to the saddle fixed-point due to the attractability
of stable manifold.

It can be seen from the above that the main features of OGY method are as
follows: 1) The control quantity is small, it is a only small perturbations method. 2)
The control method does not change the existence of global chaotic attractor of the
system, which is different from the general control theory. 3) Due to there existing
infinite many saddle period points similar to this kind of saddle fixed-point, and all
of them are embedded into chaos attractors, therefore the control method can in
principle be applied to realize controlling a system to infinite kinds of stationary
states. For the work related to this method and idea, can see references [2-20].

(b): In 1998, Chen and Lai proposed the principle and method for making a
discrete-time dynamical system chaotic by using linear feedback method [21].

Consider a discrete-time nonlinear dynamical systemxk+1 = fk(xk) + uk, xk ∈ Rn

x0 is given.
(2.4)

Choose uk = Bkxk, where Bk is a n× n constant matrix. Let

Jj(z) = f
′
j(z) +Bj , (2.5)

be the system (2.4) Jacobian matrix, evaluated at z, j = 0, 1, 2, · · · , and let

Tj = Tj(x0, x1, · · · , xj)
= Jj(xj)Jj−1(xj−1) · · · J1(x1)J0(x0).

Moreover, let uji = ui(Tj) be the i-th eigenvalue of Tj , then the Lyapunov
exponents of the system (2.4), starting from x0, are that

li(x0) = lim
j→0

ln |uji |
j

, i = 1, 2, · · · , n. (2.6)

The objective of selecting the control scheme is to make all the above Lyapunov
exponents exist and strictly positive, and, meanwhile, to ensure the system orbit



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

148 Zengrong Liu

be bounded, this will guarantee making controllable system chaotic. Therefore,
suppose that there is a constant N > 0 such that

sup
0≤k<∞

‖f ′
k‖ < N. (2.7)

Then we can select some constant c > 0, and let

Bk = (N + ec)In. (2.8)

It follows that Jj(z) = f
′
j(z) + (N + ec)In, and for any given j, z, all eigenvalues of

the matrix Jj(z) are between ec and 2N + ec, then we can obtain

li(x0) > c, i = 1, 2, · · · , n. (2.9)

Furthermore, in order to ensure the system orbit be bounded, we apply the mod-
operation to the system,

xk+1 = fk(xk) + (N + ec)xk mod 1, (2.10)

and thereby guarantee realizing chaotifying. Particularly, we can use the following
linear system for simplicityxk+1 = Axk + uk mod 1

uk = (N + ec)xk.
(2.11)

This method is very simple, and can be rigorously proved in the theory that it
satisfies all requirements of chaos [22-24]. For the further developments, can see
references [25-38].

The above theories and methods of chaos control and chaotifying got very great
development in the following a period of time, and became a research hotspot in
nonlinear dynamics in recent ten years.

2.2. Chaos synchronization

Besides proposing chaos control, people also considered the potential application
brought by the long-term unpredictable of dynamical system due to the existence
of chaos. This idea leaded to the research on the problem of chaos synchronization.

The pioneer paper about chaos synchronization problem was the paper published
in PRL by Pecara and Carroll in 1990, and this method is now called the driving-
response method [39].

Consider a n-dimensional chaotic dynamical system

U̇ = f(U), U ∈ Rn. (2.12)

Decompose it into a stable subsystem

V̇ = f1(V,W ), (2.13)
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and a unstable system

Ẇ = f2(V,W ), (2.14)

where V ∈ Rp,W ∈ Rq, p + q = n. Equation (2.12) is called the driving system,
duplicate a corresponding system which is the same as the driving subsystem (14)
by using V as a driving signal

Ẇ ′ = f2(V,W ′). (2.15)

If, for the same driving signal V and arbitrary different response initial values
W0,W

′
0, the following condition is satisfied

lim
t→∞ ‖W −W ′‖ = 0,

then we can say that the trajectories of the systems (2.14) and (2.15) asymptotically
approach to synchronize. In [39], the authors pointed out that, if all Lyapunov
exponents (generally called conditional Lyapunov exponent) of the respond system
under the effect of the driving signal are negative, then synchronization was realized.

Since the concept of chaos synchronization was proposed, the theories and meth-
ods of chaos synchronization have got a great development. More importantly, after
the discovery of synchronization phenomenon, a large number of various synchro-
nization phenomenon have been found, such as complete synchronization, phase
synchronization, lag synchronization and generalized synchronization. The discov-
ery of these synchronization phenomenon showed that the dynamical behaviors of
two dynamical systems can exhibit various relations through coupling. This idea,
reflecting in the complex system consisting of a large number of interaction basic
units, may make them exhibit spatial correlation interaction. This opened a new
direction for the research on complex system, and thus urged synchronization phe-
nomenon to become an important research hotspot in nonlinear dynamics in the
past decade [40-68].

2.3. Complex networks

After developing a relatively complete systematic results about the chaotic phe-
nomenon induced by interaction units, people started to turn the attention to the
analysis of the system consisting of interaction subsystems gradually. For such sys-
tem, the first thing to solve was to how to model, and network was found to be
the best tool to model such system after many years exploration. From a theoreti-
cal perspective, it is imperative first to understand the topological structure of the
constructed model before carrying out theoretical analysis for the system behavior.

From the viewpoint of graph theory, the topological structure of network can
be described by the average path length L, the clustering coefficient C, and the
degree distribution P (k). Before 1998, the theory result of ER random graph one
of the most studied, showed that it had small L, small C, and its p(k) followed
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the feature of exponential distribution. However, the measured results of network
consisting of a large number of realistic complex systems showed that they often
had the characters different from the above features, and then naturally attracted
people research interests.

In 1998, Watt and Strogntz first published a paper on Nature [69]. They con-
structed a new network by using deterministic and stochastic hybrid method to
establish connections among nodes, and the numerical examples showed that such
network had the characteristics of small L and large C, which was consistent with
that of many measured networks. Such network is now called small-world network.

In 1999, Barnbnsi and Albert published another paper about network’ topologi-
cal structure on Science [70]. They obtained another network by using the network
growth and the preferential attachment among nodes. The degree distribution of
such network was descried by a power law. This feature was also consistent with
that of many measured networks. Such network is now called scale-free network.

These results showed that the realistic system network had a sequence of topo-
logical characteristics. When investigating the system consisting of a large number
of interaction subsystems, we first must correctly construct network model reflect-
ing the nature of system from the real and objective mechanism of the formation
of system. According to recent opinions, such network may have many interesting
topological properties, and we use complex network as generic term of them.

The research on complex network opened a completely new research direction
in nonlinear dynamics, which told us that it perhaps may model a class of com-
plex systems by using scientific methods, and then analyzed their behaviors. This
direction has been drawn great attention since it was proposed. At present, the
research objects mainly focus on the network’ topological structure, information
transmission on the network and the study of network dynamics [71-139].

3. Related work introduction

Over the past ten years, according to the above international latest research idea,
we also have developed a series of research around the three progresses, and gained
some results. Now, we introduce the results as follows:

3.1. Chaos control

On this aspect, controlling hyperchaos and chaotifying a continuous system, this
two work are introduced mainly in this section.

(a) The OGY method can not be used to control hyperbolic fixed point without
stable manifold, but in the two-dimensional plane hyperchaos map, the embedded
fixed point has such property, so how to control it? Therefore, we proposed straight-
line stabilization method to solve this problem [140].



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Recent Developments and Perspectives in Nonlinear Dynamics 151

Consider a planar map

ξn+1 = Fε(ξn) (3.1)

where ξ = (x, y) ∈ R2, ε ∈ (p, q) ∈ R2 is a small control parameter vector, and
Fε(ξn) is a vector-valued function of ξn with ε as parameter. Let ξ0∗ be the fixed
point of map (3.1) with ε = 0. Without loss of generality, it is assumed that proper
coordinate changes have been made so that ξ0∗ is the origin of the two-dimensional
space. Let J be the Jacobian matrix of the map with ε = 0 evaluated at the fixed
point, i.e.,

J =
(∂F0

∂ξn

)
ξn=ξ0∗

. (3.2)

When Det(J − I) �= 0, the implicit function theorem can be used to obtain a
small neighborhood V in the ε planar. When ε ∈ V and ε �= 0, the map has a
corresponding fixed point ξ∗(ε) = (x∗(ε), y∗(ε)). Define the following matrix:

J1 =
(∂ξ∗(ε)

∂ε

)
ε=0

. (3.3)

In the neighborhood of ξ∗(ε), ξ∗(ε) and ξ0∗ have the same stability. Their linear
approximation is

ξn+1 − ξ∗(ε) ≈ J̄(ξn − ξ∗(ε)), (3.4)

where J̄ is the Jacobian matrix of the map with parameter ε evaluated at ξ∗(ε).
For small enough ε, J̄ can be approximated by matrix J in Eq. (3.2). Hence, for
ε→ 0, we have

ξn+1 − ξ∗(ε) = J(ξn − ξ∗(ε)). (3.5)

Thus, by means of the instability of ξ∗(ε), it can derived that ξn make ξn+1 become
more close to ξ0∗ .

To stabilize the unstable orbit, we propose to require the straight-line stabiliza-
tion method,

ξn+1 = kξn, −1 < k < 1. (3.6)

Clearly, for ε→ 0, we have

ξ∗(ε) = J1ε. (3.7)

It is easy to know that J1 is invertible since (J − I) is invertible. Substituting (3.6)
and (3.7) to (3.5) gives

εn = J−1
1 (J − I)−1(J − kI)ξn. (3.8)

Here ε has been re-denoted by εn to indicate that the parameter adjustment is in
the nth iteration of the map.
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Fig. 8.1 is the idea of straight-line stabilization method. Apply this method to
the following example

xn+1 = 1 − 2(x2
n + y2

n) + p, yn+1 = −4xnyn + q,

and the obtained result can see Fig. 8.2. Both theoretical analysis and numerical
results indicate the effectiveness of the proposed methodology, and this method can
be applied to a wide range of problems. For the detailed theory on this aspect and
the related work, can see references [141-143].

Fig. 8.1. The idea of straight-line stabilization method.

Fig. 8.2. Example of straight-line stabilization method.

(b) For the problem of chaotifying a dynamical system, we extended the method
used to chaotify a discrete-time system to continuous dynamical system.

Consider a n-dimensional continuous autonomous system

ẋ = f(x), (3.9)

where x ∈ Rn and f : Rn → Rn is a continuous function. Assume that the system
(3.9) has a stable limit orbit γ : P (t), of period T . Let matrix C =

∫ T
0 Φ−1(T−S)dS,
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where Φ(t) is the fundamental matrix of the system ẋ = A(t)x, and A(t) is the
Jacobian matrix of f along γ. Divide the tangent space at a selected point p ∈ γ

into orthogonal sum of two linear subspaces π1 ⊕ π2, where π1 is the image space
and π2 is the kernel space of matrix C. Suppose that the dimensions of π1 and π2

are m and n−m (1 ≤ m ≤ n), respectively.
Now, the task of chaotifying a continuous system is transformed into making

the system exhibit a chaotic map in the π1 planar, that is, make the system

ẋ = f(x) +
∞∑
k=1

g(x(kT ))H(
t

T
− k), x0 ∈ ω̃, (3.10)

where ω̃ is a small neighborhood of p, g(x(kT )) ∈ Rn is a constant vector determined
by x(kT ), and H is a Heaviside function, show a chaotic map in the π1 planar.

Due to the map in π1is m-dimension, thus according to the result in the previous
section, we can get that, for any arbitrary m×m bounded matrix B, the map

qk+1 = Bqk + uk, mod(r), (3.11)

can be chaotic if an appropriate control input sequence {uk}∞k=0 is applied, where
r is a positive constant. Indeed, one may simple use

uk = (N + ec)qk, (3.12)

to drive the map (3.11) chaotic, where N ≥ ‖B‖. In particular, one may use
B = 0m×m, and N = 0, which will reduce (3.11) to

qk+1 = ecqk, mod(r), (3.13)

Denote this system as qk+1 = Uc,r(qk), it can realize the map chaotifying.
The linearization of (3.10) is given by

Z((k + 1)T ) = Φ(T )Z(kT ) + Cg(x(kT )), (3.14)

where Z(t) = Dx(x(t) − p(t)). Let E1 = [I1, I2, · · · , Im], and E2 = [Im+1, · · · , In],
which are mutual orthogonal unit vectors in π1 and π2, respectively. Moreover, let
qk be the projection of Z(kT ) onto π1, then we have

qk+1 = E�
1 Z((k + 1)T )

= E�
1

[
Φ(T )Z(kT ) + Cg(x(kT ))

]
. (3.15)

The chaotifying can be realized provided that the map satisfies

qk+1 = Uc,r(E�
1 Z(kT )) = ecqk(mod r), (3.16)

and, meanwhile, the trajectory is prevented from diverging in the π2 direction. We
can prove that g(x(kT )) in (30) can be obtained as follows

g(x(kT )) =


−α[E1, E2][0, E2]�(x(t) − p(t)),

k = 0, 2, 4, . . . ,

E1M
−1{Uc,rE�

1 (x((k − 1)T )− p))
−E�

1 φ(T )(x(kT )− p)}, k = 1, 3, 5, . . .

(3.17)
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where α > − ln
(

min{ 1
4 ,

1
4λ2 }

)
/T, with λ = sup

x∈Rn

‖[E1, E2]φ(T )x‖
‖[E1, E2]�x‖ , M = E�

1 ⊂ E1

(E1 is invertible).
We apply the above method to the non-chaotic system ẋ = x− y − x(x2 + y2),

ẏ = x+ y− y(x2 + y2), ż = −z, which has a limit cycle. The numerical results show
the chaotifying is achieved, and its Poincare map can see Fig. 8.3.

Fig. 8.3. Chaotifying limit cycle system.

This method is simple and operationable. For detailed work about chaotifying
a continuous system, can see references [144-145].

The above are our two main work about chaos control, we also did some related
work, the interested readers can see references [146-153].

3.2. Chaos synchronization

On this aspect, synchronization classification, synchronization in the delayed
neural network, and cluster synchronization in the network, this three work are
introduced mainly in this section.

(a) The synchronization phenomenon discovered in two systems now have vari-
ous forms. Generally speaking, this two systems themselves can be same or differ-
ence. Four kinds of the most common synchronization phenomenon are complete
synchronization, phase synchronization, lag synchronization and generalized syn-
chronization. For complete synchronization in two systems, it has been obtained
many theoretical results. What relationships existing among the remaining seven
kinds of synchronization phenomenon, should be our concerned problem. We can
proved that all the remaining seven kinds of synchronization phenomenon could be
reduced to the generalized synchronization of two identical systems from the view-
point of differential homeomorphism between dynamical systems in mathematical
sense.

According to this theoretical results, we furthermore gave a general framework
for investigating generalized synchronization by using differential homeomorphism.
These theoretical results were correct in mathematical sense. However, their ratio-
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nality in application are still required further research. The interested readers can
see references [154-159].

(b) In recent years, coupled delayed neural networks system has been successfully
applied to image processing, information transmission and secure communication,
etc. Thus, the study on synchronization dynamic of coupled delayed neural net-
works system is indispensable to implement and design artificial neural network
technology. We consider the following coupled delayed neural networks system
[160-161]:

ẋi(t) = −Cxi(t) +Af(xi(t)) +Aτf(xi(t− τ)) + u(t)

+
N∑
j=1

bijΓxj(t), i = 1, 2, · · · , n, (3.18)

where xi(t) = (xi1(t), xi2(t), . . . , xin(t))� ∈ Rn are the state variables of the ith
delayed neural network, C = diag(c1, c2, . . . , cn) is a diagonal matrix with positive
diagonal entries, cr > 0 (r = 1, 2, . . . , n), A = (a0

rs)n×n is a weight matrix, Aτ =
(aτrs)n×n is a delayed weight matrix, u(t) = (u1(t), u2(t), . . . , un(t))� ∈ Rn is the
input vector function, τ(r) = (τrs) with the delays τrs ≥ 0, r, s = 1, 2, . . . , n,

and f(xi(t)) =
[
f1(xi1(t)), f2(xi2(t)), . . . , fn(xin(t))

]�
. Γ = diag(γ1, γ2, . . . , γn) ∈

Rn×n represents the inner linking matrix between nodes, and B = (bij)n×n ∈
Rn×n represents coupling symmetric matrix with Laplacian structure of the whole
networks. We assume that each of the activation functions fr(x) is globally Lipschitz
continuous, i.e., the following conditions are satisfied: there exist constants kr >
0 (r = 1, 2, . . . , n), such that

|fr(x1) − fr(x2)| ≤ kr|x1 − x2|, r = 1, 2, . . . , n,

for any two different x1, x2 ∈ R.
Based on the Lyapunov functional method and Hermitian matrices theory, it

can be proved that the sufficient condition for global synchronization of delayed
dynamical network (3.18) is as follows: Let the eigenvalues of coupling symmetric
matrix B be ordered as 0 = λ1 > λ2 ≥ λ3 · · · ≥ λN > −∞. If there exist n
positive numbers p1, · · · , pn and two positive numbers r1 ∈ [0, 1], r2 ∈ [0, 1], and
the following conditions are satisfied for all i = 1, 2, . . . , n

|a0
ii|piki + αi + piγiλ(γi) < 0, i = 1, · · · , n, (3.19)

where

λ(γi) =


λ2, if γi > 0,

0, if γi = 0,

λN , if γi < 0.



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

156 Zengrong Liu

and

αi
def= −cipi +

1
2

n∑
j=1,j �=i

(
pi|a0

ij |k2r1
j + pj |a0

ji|k2(1−r1)
i

)
+

1
2

n∑
j=1

(
pi|aτij |k2r2

j + pj |aτji|k2(1−r2)
i

)
.

The above results show that the synchronizability of the coupled neural network
system still is determined by the second largest eigenvalue of the coupling matrix.
It can be concluded that the global synchronization of such coupled delayed neural
networks can be achieved by a suitable design of the coupling matrix and the inner
linking matrix. Fig. 8.4 is the case of the synchronization error of neural networks
system consisting of three CNN cellular change with time.

Fig. 8.4. Global synchronization of the coupled network consisting of three CNN.

Moreover, we investigated the adaptive control and synchronization problems
of coupled delayed neural networks system, and derived a sequence of simple yet
generic criteria for robust synchronization of chaotic delayed neural networks with
all the parameters unknown [162-165].

(c) Many numerical results have shown that the network, in the process of re-
alizing complete synchronization, was often gradually developed through cluster
synchronization. For a network with N nodes, it is said to realize cluster synchro-
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nization if the N nodes split into n clusters, the number of nodes in each cluster are
denoted as m1,m2, . . . ,mn, where m1 +m2 + · · · + mn = n, and the nodes in the
same cluster synchronization with each other, while the nodes in the different clus-
ter are desynchronization. Up to now, there not only exist difficulty in the theory
on this problem, but also lack method in practical operation.

We consider the following network

ẋi = f(xi) + ε

N∑
j=1

cijPxj , i = 1, . . . , N, (3.20)

where xi = (x1
i , . . . , x

m
i )� is the m-dimensional state variable of the ithe node and

N is the total number of the nodes in the network. C = (cij) is a N × N real
symmetric matrix reflecting the network topology, satisfying

∑N
j=1 Cij = 0, i =

1, 2, . . . , N (its non-diagonal element is 1 or 0). The nonzero elements of the m×m
matrix P determine the coupling components among the states of nodes. Here
consider P = diag(p1, p2, . . . , pm), where ph > 0 for h = 1, . . . , s and ph = 0 for
h = s+ 1, . . . ,m. ε > 0 is the coupling strength.

In order to make the network achieve n-cluster synchronization, we construct a
matrix C of the form

C =



b1c11 c12 0 · · · 0 0
c21 b2c22 c23 · · · 0 0
0 c32 b3c33 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · bn−1cn−1,n−1 cn−1,n

0 0 0 · · · cn,n−1 bncn,n


where b1 ≥ 1+ 2m2

m1
, bi ≥ 1+ 2(mi−1+mi+1)

mi
, for 1 < i < n, bn ≥ mn×{2, 1+ 2mn−1

mn
},

Ci,i ∈ Rmi×mi , C�
i+1,i = Ci,i+1 ∈ Rmi×mi+1 , the structure of mi ×mi matrix Ci,i

is required to have the same form as matrix C. It can be proved that the cluster
synchronization manifold M∗ = {x1 = · · · = xm1 , · · · , xm1+m2+···+mn−1+1 = · · · =
xN} is an invariant manifold of the network (3.20) in this case.

We assume that the individual system ẋi = f(xi) is eventually dissipative, then
it can be proved that the following inequality holds:

ε
N∑
i=1

∑
j∼i

Ḡj̃X
�
jiBPXji ≥

N∑
i=1

∑
j∼i

X�
jiBAXji, (3.21)

where Gj̃ denotes the set of subscripts of the cluster in which the jth node is, i.e.,
j ∈ Gj̃ , and Ḡj̃ denotes the number of elements in Gj̃ . The means of matrix A

and B can see reference [166]. The related corresponding results of the globally
asymptotically stable of cluster invariant manifold M∗ can be derived from the
above inequality, that is, the desired cluster synchronization can be realized [166].



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

158 Zengrong Liu

We apply the above method to the network consisting of 8 coupled Lorenz
systems.

ẋi = σ(yi − xi) + ε

8∑
j=1

cijxj , ẏi = rxi − yi − xizi,

żi = −bzi + xiyi, i = 1, 2, . . . , 8.

Require realizing three-cluster synchronization in the above network, where the
sets of subscripts of three clusters areG1 = {1, 2}, G2 = {3, 4, 5}, andG3 = {6, 7, 8}.
The numerical results show that the three-cluster synchronization is achieved, (for
example, Fig. 8.5 shows node 1 and node 2 are synchronous, node 2 and node 8 are
synchronous), but the dynamical behaviors are difference among different clusters
(for example, Fig. 8.5 shows the dynamical behaviors of node 1 and node 6 are
difference), the coupling matrix of the network in this case are cooperative and
competitive, and weighted.

Fig. 8.5. Cluster synchronization of the network.

The above three results are our representational results obtained in chaos syn-
chronization. In addition, we also obtained many interesting results on impulsive
synchronization, partial synchronization, and adaptive synchronization, etc., and
on the synchronization theory in life sciences application, etc.[167-173].

3.3. Complex networks

On this aspect, we mainly introduce biological networks model construction,
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the periodic response of delayed neural networks with periodically varying external
stimuli, synchronization in complex dynamical networks via impulsive control, epi-
demic spreading on uncorrelated heterogeneous networks with non-uniform trans-
mission, synchronization mechanisms of circadian rhythms in the suprachiasmatic
nucleus, the dynamics of MicroRNA-mediated motifs, and information transmission
in scale-free or degree association networks.

For the complex networks model construction, we mainly considered the mod-
eling of biological networks. Based on the basic principles of biology evolution—
duplication and divergence, we tried to construct network models with the basic
characteristics of observed biological networks. Our existing first work showed that
duplication would make biological networks evolve towards the networks with dis-
assortative mixing property, and if introducing the proper anti-preference property,
this trend would be strengthened. The further work is in progress [174].

For the other work about network model construction, can see references [175-
177].

(b) Considering the evolution process of biological systems in the real world
and the evolution law of artificial intelligence system, it is necessary to investigate
the dynamic attractor of artificial neural networks. Thus, the following delayed
neural networks with periodically varying external stimuli and network parameters
is proposed [178-180].

ẋi(t) = −ci(t)xi(t) +
n∑
j=1

a0
ijfj(xj(t))

+
n∑
j=1

aτijfj(xj(t− τij)) + ui(t), i = 1, · · · , n, (3.22)

where xi(t) = (xi1(t), xi2(t), . . . , xin(t))� ∈ Rn are the state variables of the de-
layed neural network, C(t) = diag(c1(t), . . . , c2(t)), A(t) = (a0

rs(t))n×n, Aτ (t) =
(aτrs(t))n×n, and u(t) = (u1(t), . . . , u2(t))� are the continuous ω- periodic matrix-
valued functions and ω-periodic functions with respect to the time variable t, respec-
tively. Generally, the model (3.22) is called the periodic delayed neural networks
model (PDNNs).

Assume that each of the activation functions fi(x) satisfies the following condi-
tion: there exist real numbers ki ≥ 0 and di ≥ 0, such that

|fi(x)| ≤ ki|x| + di, i = 1, 2, . . . , n. (3.23)

Without assuming the smoothness, monotonicity and boundedness of the ac-
tivation functions, by using the Mawhin coincidence degree theory, we presents a
sufficient condition for the existence of dynamic periodic attractor for delayed Hop-
fied neural networks and delayed cellular neural networks (CNNs) descried by the
infinite-dimensional nonautonomous dynamical system (3.22): There exist n posi-
tive numbers p1, . . . , pn and two positive numbers r1 ∈ [0, 1], r2 ∈ [0, 1], and the



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

160 Zengrong Liu

following conditions are satisfied for all i = 1, 2, . . . , n,∣∣∣max
[0,ω]

a0
ii(t)

∣∣∣piki + αi < 0, i = 1, · · · , n, (3.24)

where

αi
def= −min

[0,ω]
ci(t)pi +

1
2

n∑
j=1,j �=i

max
[0,ω]

(
pi|a0

ij(t)|k2r1
j

+pj|a0
ji(t)|k2(1−r1)

i

)
+

1
2

n∑
j=1

max
[0,ω]

(
pi|aτij(t)|k2r2

j

+pj|aτji(t)|k2(1−r2)
i

)
.

We also obtained some sufficient conditions for the global exponential stability
of the above delayed neural networks model. Fig. 8.6 is the case of the dynamic
periodic attractor of the above model with non-monotonic, non-differentiable and
unbounded activation function. Moreover, we discussed the global dynamics behav-
ior of delayed bidirectional associative memory (BAM) neural networks [181].

Fig. 8.6. Dynamic attractor of neural networks with periodically varying external stimuli.

(c) In order to investigate the possibility of realizing network synchronization
by utilizing impulses, we consider the following network

ẋi = f(xi(t)) + gi(x1, x2, · · · , xN ), i = 1, 2, . . . , N. (3.25)

where xi = (x1
1, x

2
i , . . . , x

n
i )

� ∈ Rn are the state variables of node i, f : Rn → Rn is
vector function that reflect the isolated node dynamics, and gi : RnN → Rn reflect
the coupling influence in the network.

By adding the impulsive control input to the above network (3.25), then the
network can be written as

ẋi = f(xi(t)) + gi(x1, x2, · · · , xN )

+
∞∑
k=1

Bk

[
xi(t) −

N∑
j=1

ξjxj(t)
]
δ(t− tk), i = 1, 2, . . . , N. (3.26)
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where the impulsive instant sequence {tk}∞k=1 satisfies 0 ≤ t1 < t2 < · · · < tk <

tk+1 < · · · , limk→∞ tk = ∞, Bk ∈ Rn×n denote the control gains, ξj ∈ R, j =
1, 2, . . . , N denote the weight of node j in the network. Assume that the coupling
function gi(x1, . . . , xN ) and the vector function f(x) satisfy the following conditions:

‖gi(x1, x2, · · · , xN )‖ ≤
N∑
j=1

dij‖xj(t) − xi(t)‖,

‖f(x)− f(y)‖ ≤ L‖x− y‖.

It can be proved that, if there exist a set of positive-definite matrices Pij , i, j =
1, 2, . . . , N, and a constant ξ > 1 such that the following condition holds:

ln ξγλk + α(tk − tk−1) ≤ 0, ∀k = 1, 2, . . . , (3.27)

where γ = maxi,j=1,2,...,N

{
λmax(Pij)/λmin(Pij)

}
, λmax(Pij) and λmin(Pij) are

the largest and the smallest eigenvalues of Pij , respectively, λk is the largest

eigenvalue of (In + Bk)�(In + Bk), α = maxi,j=1,2,...,N

{
βij

λmin(Pij)
+ λmax(Pij)

}
,

βij = L2 + λmax(Pij)
∑N

k=1 dik + dij
∑N

k=1 λmax(Pik) + λmax(Pij)
∑N
k=1 djk +

dji
∑N
k=1 λmax(Pkj), then the network (3.25) achieves synchronization under the

impulsive control.
This theory tells us that the realizing of impulsive synchronization is determined

by several factors. Most interestingly, we can propose various schemes to make the
network achieve complete synchronization through changing the weighted sequence.
Therefore, achieving synchronization by using impulses is a very effective scheme
[188]. Fig. 8.7 shows the synchronization process of the network consisting of 100
coupled chaotic Chua system, where synchronization is achieved through adjusting
the impulsively controlled weights of the nodes in the network.

Fig. 8.7. Realizing complete synchronization of the network by changing impulsive control weights
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(d) As one of the typical cases of interacting particle systems on networks, epi-
demic spreading has been studied intensively. Many recent works on this topic
mainly focus in how the combination of the properties of the disease and the topol-
ogy structure of network determine the dynamics of spreading by assuming the
uniform transmission of edges. Considering the only consideration structure may
make previous works not valid in many realistic cases [189], we developed a method
that combines the distribution of transmissions and network structure in frame-
work of mean-field rate equation; here the transmissions of links are simply set to
be related to the nodes degree. At the mean-field level, the density of susceptible,
infected, and removed nodes of connectivity k at time t, sk(t), ρk(t), rk(t) satisfy
the coupled differential equations differentiated by connectivity classes:

dsk(t)
dt

= −ksk(t)Θ(t),
dρk(t)
dt

= ksk(t)Θ(t) − µρk(t),
drk(t)
dt

= µρk(t),

(3.28)

where µ is the recovery rate, and the factor Θ(t) represents the probability that any
given link will transmit diseases. By analyzing the quantity Θ(t), we obtain (for
details see [189])

Θ(t) =
∑

k′ λ(k′)(k′ − 1)P (k′)ρk′(t)
< k >

, (3.29)

where < k > the normalization factor. Unlike previous works, here we introduce
the transmission distribution as one of the functional factors of the network, and
this factor brings different modality of how topology structure affects the epidemic
spreading. It is shown that different kinds of P (k) (degree distribution) and λ(k)
(the transmission), will affect the threshold of λ0, which can be seen in Figs. 8.8-8.9.

Fig. 8.8. The dependence of epidemic threshold λc
0 on infectivity bound k0, the inset is log scale.

Our results show that in epidemiology, the only knowledge of the connectivity
structure is not enough. To thoroughly understand the properties of epidemics,
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Fig. 8.9. The dependence of epidemic threshold λc
0 on topological structure γ.

the particular studying of functional factors such as transmissions of edges and
infectivities of nodes is indispensable.

(e) It has been shown that isolated single neurons are able to produce circadian
oscillations, with periods ranging from 20 to 28 hours. Less well understood is how
individual cells are assembled to create a whole tissue pacemaker that can govern
behavioral and physiological rhythmicity and be reset by environmental light. In or-
der to study the synchronization mechanisms and the circadian rhythm generation
in mammals, we proposed the following heterogeneous network of circadian oscilla-
tors in which individual oscillators are self-sustained, based on the structural and
functional heterogeneity of the suprachiasmatic nucleus (SCN) of the hypothalamus
(for details see [190]):

ẋi(t) = (Ax + δAi(t))xi + (B1x + δB1i(t))f(xi)

−(B2x + δB2i(t))g(xi) + (B2x + δB2i(t))I

+
N1∑
j=1

cijΓH(xj , xi), i = 1, . . . , N1, (3.30)

ẏi(t) = (Ay + δAi(t))yi + (B1y + δB1i(t))f(yi)

−(B2y + δB2i(t))g(yi) + (B2y + δB2i(t))I

+
N1∑
j=1

dijΓH(xj , yi), i = N1 + 1, . . . , N1 +N2,

(3.31)

where xi = (x(1)
i , · · · , x(n)

i )� ∈ Rn, yi = (y(1)
i , · · · , y(n)

i )� ∈ Rn, are the
state vectors of the ith oscillator in VL and DM parts respectively, and δAi(t),
δB1i(t) and δB2i(t) are the mismatch matrices which can be time varying.∑N1

j=1 cijΓH(xj , xi) shows the coupling among the oscillators in the VL part of
the SCN.

∑N1
j=1 dijΓH(xj , yi) shows the coupling between the VL and DM parts.

Γ = (γij) ∈ Rn×n determines by which variables the oscillators are coupled.
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In our model, all the entries of Γ are zero except for γ1n = 1. H(xj , xi) =
(h1(x

(1)
j , x

(1)
i , . . . , hn(x

(n)
j , x

(n)
i ))� is a function of each oscillator’s elements that

describes the direct coupling between oscillators, where hk(x
(k)
j , x

(k)
i ) : R2 → R. In

the model, hk(x
(k)
j , x

(k)
i ) ≡ 0 for k = 1, . . . , n− 1.

Based on the Lyapunov method, we derived the sufficient conditions for the
synchronization of the coupled nonidentical oscillators (3.30) in the VL region under
some assumptions: If the following two conditions are satisfied, the network of
Eq.(3.30) is asymptotically synchronized.

1) There exist positive real constants a > 0 and γ > 0, and matrices
P > 0 with the first column (0, 0, 0, 1)�, Λ1 = diag(λ11, · · · , λ1n) > 0, Λ2 =
diag(λ21, · · · , λ2n) > 0, such that the following matrix inequality holds:

M =

 M1 M2 M3

M�
2 −2Λ1 0

M�
3 0 −2Λ2

 < 0, (3.32)

where M1 = PAx +A�
x P − 2Λ + γE, M2 = PB1x +K1Λ1, M3 = −PB2x +K2Λ2,

Λ = diag(0, 0, 0, ahmin) ∈ Rn×n, E ∈ Rn×n is the unit matrix.
2)

d∑
k=1

ckh̄
′
n(x

(n)
jk , x

(n)
ik )X(n)2

ikjk
≥ a

N1

d∑
k=1

h̄′n(x
(n)
jk , x

(n)
ik )X(n)2

ikjk
, (3.33)

where d is the number of non-zero elements in the coupling matrix C, and Xikjk =
(X(1)

ikjk
, · · · , X(n)

ikjk
) = (x(1)

jk − x
(1)
ik , . . . , x

(n)
jk − x

(n)
ik )� ∈ Rn (k = 1, . . . , d) are defined

by links. Here the coupling coecients are present and ck are the corresponding
coupling strength.

We denote the synchronization manifold of (3.30) after it achieves synchroniza-
tion as x̄, which can be described as follows by appropriate mathematical manipu-
lations

˙̄x = Āx̄+ B̄1f(x̄) − B̄2g(x̄) + B̄2I, (3.34)

where Ā, B̄1, and B̄2 are appropriate parameter matrices dened as those in the
model of a single oscillator and I = (1, 1, 1, 1)�. It should be emphasized that
the period of the synchronization solution x̄ approaches the average period of the
oscillators coupled and may not be 24h, which is also consistent with the fact that
the average periods of dispersed neurons (uncoupled) and SCN slices (coupled) are
not significantly different. Thus, intercellular communication seems to adjust the
periods of individual oscillators toward the average period.

By applying an external forcing, we consider the circadian rhythm entrained by
LD cycle. The neurons of the VL part receiving the LD cycle signal are described
by the following equation

˙̄x = Āx̄+ B̄1f(x̄) − B̄2g(x̄) + B̄2I + L(t)E1, (3.35)
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where L(t) denotes the effect of the LD cycle and E1 = [1, 0, 0, 0]�. L(t) is a
square-wave function switching from L = 0 in dark phase to L = L0 in light phase.
In our previous work [171], we proved that the system Eq.(3.35) is a 24h- periodic
oscillator under several conditions, i.e., the neurons in the VL part have a 24h-period
rhythm by the intercellular coupling and the LD cycle signal. For the dynamical
mechanism of the effect of the LD cycle signal, one can consult Ref. [171]. Similarly,
the 24-period oscillator of Eq. (3.35) can be rewritten as follows:

ẋ = Ax+B1f(x) −B2g(x) +B2I, (3.36)

where A, B1, and B2 are appropriate parameter matrices defined as those in the
model of a single oscillator. Hence, the transmission of the circadian rhythm, i.e.,
the coupling between the VL part and the DM part can be simplified to the coupling
between Eq.(3.36) and the oscillators in the DM part. Therefore, we obtain

ẋ = Ax+B1f(x) −B2g(x) +B2I,

ẏi = (A+ δAi(t))yi + (B1 + δB1i(t))f(yi) − (B2

+δB2i(t))g(yi) + (B2 + δB2i(t))I − εiΓH(yi, x),
(3.37)

where εi is the coupling strength. It is easy to derive the following sufficient con-
ditions for the neurons in the DM part to achieve the circadian rhythm: If the
following two conditions are satisfied, the network of Eq.(3.37) is asymptotically
synchronized for ∀i = N1 + 1, · · · , N1 +N2.

1) There exist positive real constants a > 0 and γ > 0, and matrices
P > 0 with the first column (0, 0, 0, 1)�, Λ1 = diag(λ11, · · · , λ1n) > 0, Λ2 =
diag(λ21, · · · , λ2n) > 0, such that the following matrix inequality holds:

M =

 M̃1 M̃2 M̃3

M̃�
2 −2Λ1 0

M̃�
3 0 −2Λ2

 < 0, (3.38)

where M̃1 = PA + A�P − 2Λ + γE, M̃2 = PB1 + K1Λ1, M̃3 = −PB2 + K2Λ2,
Λ = diag(0, 0, 0, ahmin) ∈ Rn×n, E ∈ Rn×n is the unit matrix.

2) εi ≥ a.
For simplicity, we consider a small size of network with N1 = 10 and N2 = 20

neurons to show that after the signal of circadian rhythm is transmitted from the
VL part to the DM part, the wave form of the circadian rhythm becomes smoother,
which can be viewed as the adaptability of organisms for responding the fluctuations
of the environment. Figs. 8.10 and 8.11 give the time evolution of mRNA of the
uncoupled oscillators in the VL and DM parts respectively. It is obvious that the
self-sustained oscillators of neurons have different periods. When an appropriate
coupling of the synchronized oscillators with 24h-period in the VL part is added to
the DM part, the oscillators in the DM achieve synchronization with 24h-period, as
shown in Fig. 8.12.

From the above theoretical analysis, we obtain the following conclusions:
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Fig. 8.10. The time evolution of the mRNA concentrations of the uncoupled oscillators in the
VL part, which have different periods ranging from 23.8h to 27.1h.

Fig. 8.11. The time evolution of the mRNA concentrations of the uncoupled oscillators in the
DM part, which have different periods ranging from 22.1h to 26.9.

(i) One major effect for coupling of the neurons in the VL part is to increase
their synchronizability. Accordingly, with the dense coupling, every neuron in the
VL part is able to easily achieve circadian rhythm entrained by the 24h LD cycle.
Even if there is a discrete jumping for the periodic LD cycle, the periodic response
is robust. On the other hand, comparing with the number of DM parts, the number
of the neurons in the VL part is generally small. As a result, the overall biological
network is still kept to be sparse.

(ii) Under the precondition that every neuron in the VL part has the same
wave form, all neurons can be regarded as a single equivalent neuron, coupling to
the neurons in the DM part, thereby making them achieve circadian rhythm rapidly.
At the same time, the steep wave form of LD cycle becomes smoother due to the
structure of DM and VL.
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Fig. 8.12. The time evolution of the mRNA concentrations of the coupled oscillators in the VL
and the DM parts. In this case, the synchronized oscillators have the period of 24h, and the
waveform becomes smoother.

(F) Recently, as more and more cases of post-transcriptional regulation mani-
fested by small non-coding RNAs are being uncovered, it is recognized that post-
transcriptional regulation also plays a prominent role in the regulation of cellular
processes. MicroRNAs are a kind of post-transcriptional regulatory non-coding
RNAs recently discovered in animals and plants. Therefore, we analyze the dynam-
ics and functions of microRNA-mediated motifs. According to the external input
which can be classified into the four categories: (1) the same external input regu-
lates the expression of microRNA and mRNA; (2) different external inputs regulate
the expression of microRNA and mRNA, respectively; (3) external input acts only
on mRNA; and (4) external input acts only on microRNA, as shown in Fig. 8.13.

The rate equations of this four kinds of microRNA-mediated motifs are as follows
(for details see [191]):

ṡ(t) =
α1u1(t)m

1 + u1(t)m
− γs(t)m(t) − β1s(t),

ṁ(t) =
α2u2(t)n

1 + u2(t)n
− γs(t)m(t) − β2m(t),

ṗ(t) = α3m(t) − β3p(t),
u̇1(t) = α4ω1 − β4u1(t),
u̇2(t) = α5ω2 − β5u2(t).

(3.39)



ṡ(t) =
α1u(t)m

1 + u(t)m
− γs(t)m(t) − β1s(t),

ṁ(t) =
α2u(t)n

1 + u(t)n
− γs(t)m(t) − β2m(t),

ṗ(t) = α3m(t) − β3p(t),
u̇(t) = α4ω − β4u(t).

(3.40)
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Fig. 8.13. The four kinds of microRNA-mediated motifs and one example, where ω,ω1,ω2 are
external inputs, u, u1, u2, s, and m denote the upstream factors, microRNA, and the target gene,
respectively.


ṡ(t) =

α1u(t)m

1 + u(t)m
− γs(t)m(t) − β1s(t),

ṁ(t) =
α2

1 + p(t)n
− γs(t)m(t) − β2m(t),

ṗ(t) = α3m(t) − β3p(t),
u̇(t) = α4ω − β4u(t).

(3.41)


ṡ(t) =

α1

1 + p(t)m
− γs(t)m(t)− β1s(t),

ṁ(t) = α2ω − γs(t)m(t) − β2m(t),
ṗ(t) = α3m(t) − β3p(t).

(3.42)

We analyze the dynamical behavior of the above four motifs, and conclude that
four motifs all have a unique equilibrium in the first quadrant when there is no time
delay and noise influence. Moreover, for motif I and II, this property is robust to
external input qualitatively and quantitatively.

As an example, we just consider the case ω1 = ω2 = ω, and m = n = 4 for
motif I. Fig. 8.14 is the steady state of p versus ω, which shows that when ω > 0.1
the stable state of target protein remain almost unchanged. This result shows
qualitatively and quantitatively that microRNA regulation make the expression of
target protein robust to the change of the inducer ω. Fig. 8.15 is the steady state
of p versus γ, which shows that the expression level of p decreases while the base
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pairing rate increases. The introduction of microRNA regulation plays an important
role in repressing the expression of target gene.

Fig. 8.14. The steady state of p versus ω.

Fig. 8.15. The steady state of p versus γ.

We also investigate how time delays and noise influence system’s dynamics,
respectively. Theoretical analysis and numerical simulations proved that all the
four motifs have a unique equilibrium in the first quadrant except that motif III
and IV exhibit Hopf bifurcation when time delays satisfy certain conditions, and the
position of the equilibrium almost remain unchanged in a wide range of parameters.
The above properties are preserved under time delay and are almost uninfluenced
by the stochastic cellular environment. On the other hand, We also proved that
the occurrence of Hopf bifurcation is only related to time delay, not the external
input. So Hopf bifurcation is determined by the inner attributes and has nothing to
do with external changes. In conclusion, the systems dynamic behaviors arise from
inner but not external changes. All the four motifs exhibit strong robustness to
external and internal stochastic perturbations which is indispensable to biological
system.
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(G) We investigated the effects of degree distribution and degree association
of the node in the network on information transmission, the finished work were
mainly to analyze the spread of infectious disease through scale-free networks and
the strategy problem in the marketing, the results can see references [192-194]. The
further important work on the node degree association networks is in progress.

In addition to the above seven representative results, we also did many other
work on the complex networks, the readers having interest in them can see references
[195-198].

3.4. The analysis of the problems related to emergence

We think that the research on nonlinear dynamics should be closely related
to the representation form of dynamic complexity—emergence. The researches on
synchronization and complex networks provided possibilities for investigating emer-
gence in the theory, thus we also made some explorative research on this aspect.
The obtained results mainly show in the following two aspects:

(a) We consider two different systems, the representation forms of their dy-
namical behaviors are {

ẋ = f1(x),
ẏ = f2(y),

(3.43)

and their final dynamical behaviors are different. By using the synchronization
research method, we can make this two different systems both synchronize to a
same system through feedback and structure adaptive. The same system is of the
form

ż = ε1f1(z) + ε2f2(z), (3.44)

where ε1 + ε2 = 1.
This mathematical expression explicitly expresses that, through cooperative and

competitive ways, two different systems can mutual absorb the other part advantage
and reserve own specialty, and reach consensus in the end. Of course, due to there
existing two parameters ε1, ε2 and a restrictive condition, then a parameter is free,
thus the final synchronization system can fall into simple parameter system family,
and the synchronized behavior may be diversity, this is just the requirement of
emergence [155].

(b) We believe that the nodes in the network can realize various synchronization
behaviors through interaction, particularly generalized synchronization. This kind
of generalized synchronization reflects that the nodes distributed in space exist
spatial interrelated relations, thus establish the pattern, and achieve emergence.

Therefore, we designed a class of Map Lattices on the plane, which form a
network. We then proved that these lattices could achieve lag synchronization
in the theory, thus formed various patterns which appear in the form of wave.
The following figure shows the types of pattern evoked by the lag synchronization
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in spatiotemporal networks, see [199-201] for details. This work illustrated the
rationality of our conjecture. Certainly should say, this aspect work just start, and
have many work to do.

Fig. 8.16. Pattern formation evoked by the lag synchronization in spatio-temporal networks.

4. Some perspectives

We think that the development of the theory of nonlinear dynamics will depend on
the deepening research of science of complexity. The exploration of the science of
complexity is based on the deepening of the research on various systems. Nowadays,
rather typical complex systems must be open systems composing of a large number
of interaction units. For such systems, people at least have realized the following
two points up to now:

(1) Network is its best modeling way, however this model generally has both
deterministic components and stochastic components, which is different from purely
deterministic or purely stochastic in the past.

(2) Its common behavior is emergence.
According to scientific history, there was only Statistical Physics that could deal

with the emergence phenomenon comparatively well. However, this theory is to
discuss many closed system with purely random interaction, so it can not be com-
pletely used to deal with the present problems. Actually, it should be admitted that
we do not have a complete knowledge of the topological characteristics of existing
network models. Due to this situation, I think that the most important task is to
construct a network with the characteristics (at least reflects the measured topo-
logical characteristics) according to the fundamental principle followed the study
system, and must also strengthen the research on the network characteristics in this
process.

After establishing the correct model, we should analyze its behavior, and pay
attention to the relation between the analysis and the emergence characteristics.
The following aspects should be noticed nowadays: (a) The effect of the network
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topological characteristics on the dynamical behaviors; (b) How the decisiveness and
randomness affect the network behaviors through harmoniously coexisting; (c) How
to investigate various cooperative behaviors of the nodes in the network combining
synchronization.

Another point which I want to propose is that we should pay more attention to
how environments respond the network behaviors in the theory due to this class of
systems generally all possess adaptability. Such adaptability should be represented
through the openness of the network. To the best of our knowledge, about how
to deal with this problem in the theory, few has been done. It is not favorable for
the whole research. We think this topic will surely become a direction which the
nonlinear dynamics theory must attach enough importance to.
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1. T. Aoki, Calcul exponentiel des opérateurs microdifferentiels d’ordre infini. I, Ann.
Inst. Fourier (Grenoble) 33 (1983), 227–250.

2. R. Brown, On a conjecture of Dirichlet, Amer. Math. Soc., Providence, RI, 1993.
3. R. A. DeVore, Approximation of functions, Proc. Sympos. Appl. Math., vol. 36,

Amer. Math. Soc., Providence, RI, 1986, pp. 34–56.
4. E. Ott, C. Grebogi, J.A. Yorke, Controlling chaos, Phys. Rev. Lett., 64 (1990),

1196-1199.
5. W.L. Ditto, S.N. Rauseo, M.L. Spano, Experimental control of chaos, Phys. Rev.

Lett., 65 (1990), 3211-3214.
6. G. Chen, X. Dong, From Chaos to Order: Perspectives, Methodologies, and Applica-

tions, World Scientific Pub., 1998.
7. T. Kapitaniak, Controlling Chaos, Academic Press, New York, 1996.
8. K. Pyragas, Continuous control of chaos by self-controlling feedback, Phys. Lett. A,

170 (1992), 421-428.
9. M. Basso, R. Genesio, A. Tesi, Stabilizing periodic orbits of forced systems via gen-

eralized Pyragas controller, IEEE Trans. Circ. Syst. I, 170 (1992), 421-428.
10. P. Cellka, Experimental verification of Pyragas’s chaos control method applied to

Chua’s circuit, Int. J. of Bifurcation and Chaos, 4 (1994), 1703-1706.
11. T. Ushio, Limitation of delayed feedback control in nonlinear discrete-time systems,

IEEE Trans. Circuits and Systems I, 43 (1994), 815-816.
12. T. Ushio, S. Yamamoto, Delayed feedback control with nonlinear estimation in chaotic

discrete-time systems, Phys. Lett. A, 247 (1998), 112-118.
13. R. Lima, M. Pettini, Suppression of chaos by resonant parametric perturbations,

Phys. Rev. A, 41 (1990), 726-733.
14. Y. Braiman, I. Goldhirsch, Taming chaotic dynamics with weak periodic perturba-

tions, Phys. Rev. Lett., 66 (1991), 2545-2548.
15. R. Roy, T.W. Murphy, T.D. Maier, et al, Dynamical control of a chaotic laser:

Experimental stabilization of a globally coupled system, Phys. Rev. Lett., 68 (1992),
1259-1262.

16. E.A. Jackson, On the control of complex dynamic systems, Physica D, 50 (1991),
341-366.

17. T. Kapitaniak, Targeting unstable stationary states of Chua’s circuit, J. of Circ. Sys.
Comput., 3 (1993), 195-199.



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Recent Developments and Perspectives in Nonlinear Dynamics 173

18. K. Pyragas and A. Tamasevicius, Experimental control of chaos by delayed self-
controlling feedback, Phys. Lett. A, 180 (1993), 99-102.

19. Y. Liu, N. Kikuchi, J. Ohtsubo, Controlling dynamical behavior of a semiconductor
laser with external optical feedback, Phys. Rev. E, 51 (1995), 2697-2700.

20. T. Yang, C.W. Wu, L.O. Chua, Cryptography based on chaotic systems, IEEE on
Trans. Circuits and Systems I, 44 (1997), 469-472.

21. A.T. Parker, K.M. Short, Reconstructing the key stream from a chaotic encryption
scheme, IEEE Trans. on Circuits and Systems I, 48 (2001), 624-630.

22. S. Hayes, C. Grebogi, E. Ott, Communication with chaos, Phys. Rev. Lett., 67
(1993), 3021-3034.

23. E. Bollt, Y.C. Lai, Dynamics of coding in communicating with chaos, Phys. Rev. E,
58 (1998), 1724-1736.

24. G. Chen, D. Lai, Feedback anti-control of discrete chaos, Int. J. Bifurcation and
Chaos, 8 (1998), 1585-1590.

25. X.F. Wang, G. Chen, On feedback anti-control of discrete chaos, Int. J. Bifurcation
and Chaos, 9 (1999), 1435-1442.

26. X.F. Wang, G. Chen, Chaotifying a stable LTI system by tiny feedback control, IEEE
Trans. on Circuits and Systems I, 47 (2000), 410-415.

27. X.F. Wang, G. Chen, Chaotification via arbitrarily small feedback controls: Theory,
method and applications, Int. J. Bifurcation and Chaos, 10 (2000), 549-570.

28. X.F. Wang, G. Chen, X.H. Yu, Anti-control of chaos in continuous-time system via
time-delay feedback, Chaos, 10 (2000), 771-779.

29. X.F. Wang, G. Chen, K.F. Man, Making a continous-time minimum-phase system
chaotic by using time-delay feedback, IEEE Trans. on Circuits and Systems I, 48
(2001),641-645.

30. G. Chen, S.B. Hsu, J. Zhou, et al., Chaotic vibrations of the one-dimensional wave
equation due to a self-excitation boundary condition, Part I, controlled hysteresis,
Trans. Amer. Math. Soc., 350 (1998), 4265-4311.

31. G. Chen, S.B. Hsu, J. Zhou, Chaotic vibrations of one-dimensional wave equation
due to a self-excitation boundary condition, Part II, energy injection, period doubling
and homoclinic orbits, Int. J. Bifurcation and Chaos, 8 (1998), 423-446.

32. G. Chen, S.B. Hsu, J. Zhou, Chaotic vibrations of one-dimensional wave equation due
to a self-excitation boundary condition, Part III, Natural hysteresis memory effects,
Int. J. Bifurcation and Chaos, 8 (1998), 447-470.

33. D.S. Chen, H.O. Wang, G. Chen, Anti-control of Hopf bifurcation, IEEE Trans. on
Circuits and Systems I, 48 (2001), 661-672.

34. S. Codreanu, Desynchronization and chaotification of nonlinear dynamical systems,
Chaos, Solitons, and Fractals, 13 (2002), 839-843.

35. A. Potapov, M.K. Ali, Chaotic neural control, Phys. Rev. E, 63 (2001), 046215.
36. E.N. Sanchez, J.P. Perez, G. Chen, Using dynamic neural network to generate chaos:

A inverse optimal control approach, Int. J. Bifurcation and Chaos, 11 (2001), 857-
863.

37. X. Li, Z.Q. Chen, Z.Z. Yuan, et al., Generating chaos by an Elman network, IEEE
Trans. on Circuits and Systems I, 48 (2001), 1126-1131.

38. K. Yagasaki, Homoclinic and heteroclinic behavior in an infinite-degree-of-freedom
Hamiltonian system: Chaotic free vibrations of an undamped buckled beam, Phys.
Lett. A, 285 (2001), 55-62.

39. K.S. Tang, G.Q. Zhong, G. Chen, et al., Generation of scroll attractor via sine
function, IEEE Trans. on Circuits and Systems I, 48 (2001), 1369-1372.



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

174 Zengrong Liu

40. K.S. Tang, K.F. Man, G.Q. Zhong, et al., Generating chaos via x|x|, IEEE Trans.
on Circuits and Systems, 48 (2001), 636-641.

41. G.Q. Zhong, K.F. Man, G. Chen, Generating chaos via a dynamical controller, Int.
J. Bifurcation and Chaos, 11 (2001), 865-869.

42. L.M. Pecora, T.L. Carroll, Synchronization in chaotic systems, Phys. Rev. Lett., 64
(1990), 821-824.

43. L.M. Pecora, T.L. Carroll, Driving systems with chaotic signals, Phys. Rev. A, 44
(1991), 2374-2383.

44. S. Boccalettia, J. Kurths, G. Osipov, et al., The synchronization of chaotic systems,
Physics Reports, 366 (2002), 1-101.

45. H. Fujisaka, T. Yamada, Stability Theory of Synchronized Motion in Coupled-
Oscillator Systems, Prog. Theor. Phys., 69 (1983), 32-47.

46. M.G. Rosenblum, A.S. Pikovsky, J. Kurths, Phase synchronization of chaotic oscil-
lators, Phys. Rev. Lett., 76 (1996), 1804-1807.

47. E.R. Rosa, E. Ott, M.H. Hess, Transition to phase synchronization of chaos, Phys.
Rev. Lett., 80 (1998), 1642-1645.

48. M.G. Rosenblum, A.S. Pikovsky, J. Kurths, From phase to lag synchronization in
coupled chaotic oscillators, Phys. Rev. Lett., 78 (1997), 4193-4196.

49. N.F. Rulkov, M.M. Sushchik, L.S. Tsimring, et al., Generalized synchronization of
chaos in directionally coupled chaotic systems, Phys. Rev. E, 51 (1995), 980-994.

50. L. Kocarev, U. Parlitz, Generalized synchronization, predictability, and equivalence of
unidirectionally coupled dynamical systems, Phys. Rev. Lett., 76 (1996), 1816-1819.

51. S. Boccaletti, D.L. Valladares, Characterization of intermittent lag synchronization,
Phys. Rev. E, 62 (2000), 7497-7500.

52. H.D.I. Abarbanel, N.F. Rulkov, M.M. Sushchik, Generalized synchronization of
chaos:The auxiliary system approach, Phys. Rev. E, 62 (2000), 7497-7500.

53. V. Afraimovich, A. Cordonet, N.F. Rulkov, Generalized synchronization of chaos in
non-invertible maps, Phys. Rev. E, 66 (2002), 016208.

54. M.A. Zaks, E.-H. Park, M.G. Rosenblum, et al,Alternating locking ratios in imperfect
phase synchronization, Phys. Rev. Lett., 82 (1999), 4228-4231.

55. P.K. Moore, W. Horsthemke, Localized patterns in homogeneous networks of diffu-
sively coupled reactors, Physica D, 206 (2005), 121-144.

56. Z. Zeng, J. Wang, Complete stability of cellular neural networks with time-varying
delays, IEEE Trans. Circuits Syst.I, 53 (2006), 944-955.

57. C. Li, G. Chen, X. Liao, et al., Chaos quasisynchronization induced by impulses with
parameter mismatches, Chaos, 16 (2006), 023102.

58. J. Cao, P. Li, W. Wang, Global synchronization in arrays of delayed neural networks
with constant and delayed coupling, Phys. Lett. A, 353 (2006), 318-325.

59. W. Lu, T. Chen, Synchronization of coupled connected neural networks with delays,
IEEE Trans. Circuits Syst. I, 51 (2004), 2491-2503.

60. X. Wang, G. Chen, Synchronization in small-world dynamical networks, Int. J. Bi-
furcation and Chaos, 12 (2002), 187-192.

61. X. Wang, G. Chen, Synchronization in scale-free dynamical networks: Robustness
and fragility, IEEE Trans. Circuits Syst. I, 49 (2002), 54-62.

62. P.M. Gade, C-K. Hu, Synchronous chaos in coupled map lattices, Phys. Rev. E, 65
(2002), 6409-6413.

63. L. Kocarev, U. Parlitz, General approach for chaotic synchronization with applica-
tions to communication, Phys. Rev. Lett., 74 (1995), 5028-5031.

64. U. Parlitz, L. Kocarev, T. Stojanovski, et al, Encoding messages using chaotic syn-
chronization, Phys. Rev. E, 53 (1996), 4351-4361.



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Recent Developments and Perspectives in Nonlinear Dynamics 175

65. W. Lu, T. Chen, Synchronization analysis of linearly coupled networks of discrete
time systems, Physica D, 198 (2004), 148-168.

66. Y. Wang, Z. Guan, H. Wang, Feedback and adaptive control for the synchronization
of Chen system via a single variable, Phys. Lett. A, 312 (2003), 34-40.

67. H.N. Agiaz, Chaos synchronization of Lü dynamical system, Nonlinear Analysis, 58
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A simple model for electromagnetic wave propagation through zero-temperature
plasma is analyzed. Many of the complexities of the plasma state are present
even under these idealized conditions, and a number of mathematical difficul-
ties emerge. In particular, boundary value problems formulated on the basis of
conventional electromagnetic theory turn out to be ill-posed in this context. How-
ever, conditions may be prescribed under which solutions to the Dirichlet problem
exist in an appropriately weak sense. In addition to its physical interest, anal-
ysis of the cold plasma model illuminates generic difficulties in formulating and
solving boundary value problems for mixed elliptic-hyperbolic partial differential
equations.

1. Introduction

Among the many equations of mathematical physics which change from elliptic to
hyperbolic type along a smooth curve, only the equations for transonic flow have re-
ceived sustained attention. In this brief review we consider elliptic-hyperbolic equa-
tions originating in a simple model for the propagation of electromagnetic waves
through zero-temperature plasma. Solutions to such equations are likely to have
significantly weaker regularity than solutions to the linearized equations of transonic
flow. Recognizing the interdisciplinary nature of the topic, we assume a familiarity
with physics but not necessarily plasma physics, and analysis but not necessar-
ily elliptic-hyperbolic equations. However, the physics is confined to a review of
fundamental results in Sec. 2, whereas the mathematical results of Sec. 3 are some-
what more technical. There we consider the extent to which problems formulated
primarily for linearized equations of gas dynamics possess analogies for equations
arising from a different physical problem. Continuing such investigations in various
physical and geometric contexts (c.f. Ref. 29), one may hope to obtain eventually
a natural theory for linear elliptic-hyperbolic partial differential equations.
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1.1. Physical background

The plasma state is characterized by the dominance of long-range, nonlinear effects.
For matter in such a state, it is particularly difficult to obtain mathematical prob-
lems which can be stated with a satisfactory degree of rigor, and for which solutions
can be shown to exist. Without a proof of the existence and uniqueness of solutions
— which, in particular, specifies the function spaces in which solutions lie — it is
hard to place appropriate boundary conditions on numerical experiments and to
gauge the reliability of the results obtained.

If one hopes to obtain a tractable mathematical problem, it is usually necessary
to impose harsh assumptions on both the plasma and the applied field. Perhaps
the harshest of these fixes the temperature of the plasma to be zero. This permits
one to neglect altogether the fluid properties of the medium, which is then treated
as a linear dielectric. Somewhat surprisingly, the assumption of zero plasma tem-
perature is a useful first approximation to the products of tokamaks: low-density
plasmas which are remarkably free of expected high-temperature phenomena such
as collisions and wall effects. See the remarks in the introduction to Ref. 36 and
the more detailed discussions in Ref. 39. More generally, the cold plasma model ap-
proximates the effects of small-amplitude electromagnetic waves, propagating with
phase velocities which are sufficiently large in comparison to the thermal velocity
of the particles.

We note that the term cold plasma is highly ambiguous. Although we take this
to imply zero temperature, in the astrophysics literature interstellar plasmas on the
order of 104 K to 105 K are typically referred to as “cold” (see, e.g., Ref. 11). Very
recently, “ultracold” neutral plasmas, having electron temperatures in the range
from 1 K to 103 K and ion temperatures ranging from 10−3 K to 1 K, have been
created experimentally. The cold plasma model explored in this paper is apparently
too simple to yield quantitative insight into those plasmas. In particular, the fluid
dynamics aspects of experimental ultracold plasmas appear to be non-negligible
(c.f. Sec. 3 of Ref. 17).

The other physical hypotheses imposed in this review are also quite restrictive:
Although the plasma is not assumed to be homogeneous, the inhomogeneity is taken
to be two-dimensional, so the governing equations for the model are also essentially
two-dimensional. Moreover, the applied magnetic field is assumed in Sec. 2.4 to be
longitudinal and the resulting wave motion confined to electrostatic oscillations. In
Sec. 2.5 we consider electromagnetic waves, but we find (after reviewing a detailed
analysis by Weitzner39) that elliptic-hyperbolic equations arising in the electrostatic
case retain their validity as a qualitative model for the general case.

For the most part, the outstanding mathematical problems relevant to the cold
plasma model are boundary value problems for Maxwell’s equations. The dielectric
tensor for these equations will render them of elliptic type on one part of their
domain and of hyperbolic type on the remainder, except for a smooth curve (the
parabolic line) separating the two regions. Little is known about the formulation of
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well-posed boundary value problems for equations which change type in this way,
especially as the equations that arise in the cold plasma model appear to have
certain fundamental differences from those that arise in gas dynamics.

Careful reasoning about the mathematical properties of plasma models is not
needed merely in order to prevent “mathematicians’ nightmares.” An example is
known26 in which the boundary conditions suggested by physical reasoning about
the plasma lead to a mathematically ill-posed problem in the expected function
space. Moreover, numerical experiments tend to confirm the difficulties that arise
when the model equations are subjected to classical analytic techniques; see Ref.
26 and various remarks in Ref. 39.

High-frequency waves can be modelled via geometrical optics. (Any propagating
electromagnetic field will tend to have high frequency relative to the characteris-
tic plasma frequencies; see, e.g., Sec. 2.4 of Ref. 23.) Mathematical problems that
arise in the geometrical optics approximation are quite different from those that
arise from applying Maxwell’s equations directly, and we do not pursue the geo-
metrical optics approach in this review. The complexity of the geometrical optics
approximation is due to significant difference in magnitude among the terms of
the plasma conductivity tensor at lower hybrid frequencies; see Ref. 34 and the
references therein.

The physics presented in Secs. 2.1 and 2.2 essentially goes back to the work
of Tonks and Langmuir38 in the late 1920s. The results of Sec. 2.3 were already
well known in the 1950s;2,3,35 those of Secs. 2.4 and 2.5 date from the 1970s20,33

and 1980s, respectively. In particular, Sec. 2.5 derives some fundamental analytic
formulas introduced by Weitzner in Refs. 39 and 40; see also Ref. 16. Section 3
is based on recent results,27,28 which extend analogous research on equations of
Tricomi type — particularly Refs. 21 and 22; see also Ref. 41, an earlier paper
which is based on Ref. 24.

In the sequel, a subscripted variable denotes (usually partial) differentiation
in the direction of the variable, whereas subscripted numbers denote components
of a matrix, vector, or tensor. Differentiation of vector or matrix components in
the direction of a variable is indicated by preceding the subscripted variable by
a comma. Unless otherwise stated, a cartesian coordinate system is assumed in
which the subscript 1 denotes a component projected onto the x-axis, the subscript
2 denotes a component projected onto the y-axis, and the subscript 3 denotes a
component projected onto the z-axis. In particular, x = (x1, x2, x3) = (x, y, z) and
we denote the canonical cartesian basis by

(
ı̂, ̂, k̂

)
.

2. The cold plasma model

A plasma is a fluid composed of electrons and one or more species of ions. Because
it is a fluid, its evolution must satisfy the equations of fluid dynamics. But because
the particles of the fluid are charged, they act as sources of an electromagnetic field,



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

184 Thomas H. Otway

which is governed by Maxwell’s equations. The presence of this intrinsic field leads
to highly nonlinear behavior. Indeed, the dominance of long-range electromagnetic
interactions over the short-range interatomic or intermolecular forces is often cited
as the defining characteristic of the plasma state.

If the plasma is at zero temperature, then Amontons’ Law implies that the
pressure term in the equations for fluid motion will also be zero, and the laws of fluid
dynamics will enter only through the conservation laws for mass and momentum.
In fact, because collisions can be neglected, the fluid aspect of the medium can
be virtually ignored. The plasma is then represented as a static dielectric through
which electromagnetic waves propagate.

In particular, zero-order quantities — the plasma density, proportions of ions
to electrons, and the background magnetic field — can all be considered static in
time and uniform in space. First-order quantities — the electric field E and particle
velocities v, are assumed to be expressible as plane waves: sinusoidal waves propor-
tional to functions having the form exp [i (k · r− ωt)] , where k is the propagation
vector of the wave (not to be confused with the notation for the cartesian basis
vector k̂); r is the radial coordinate in space; ω is angular frequency; i2 = −1. Thus
in cartesian coordinates, k · r = k1x+ k2y + k3z.

In the following we review basic elements of the physical theory that results
from these assumptions. The material in Secs. 2.1–2.3 is completely standard and
can be found in many sources. The classical reference is Ch. 1 of Ref. 36; see also
Refs. 1, 8, 13, and Sec. 2 of Ref. 40. More recent surveys include nodes 43–45 of
Ref. 12 and Ch. 2 of Ref. 37. A recent review of theoretical plasma physics can be
found in Ref. 6. We employ SI units except where other units are specified.

2.1. Equations of motion

Consider a single particle of mass m, having charge q = Zδe, where Z is a positive
integer, δ equals 1 or −1, and e is the charge on an electron. Let the particle be
subjected only to the Lorentz force

FL = q (E + v ×B) ,

where

B = B0k̂. (2.1)

Equation (2.1) implies that the applied magnetic field is longitudinal : its only
nonzero component is directed along the positive z-axis. (In fact, there is little
harm in assuming, somewhat more generally, that

B = B0k̂ + B̃ (x, y, z) exp [i (k · r− ωt)] ,

with |B̃| << |B0|.)
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The equation of motion for the particle is given by Newton’s Second Law of
Motion, that is,

m
dv
dt

= FL. (2.2)

In accordance with our assumption about first-order quantities, we write

v (x, y, z, t) = ṽ (x, y, z) exp [i (k · r− ωt)] ,

or
dv
dt

= −iωv.

Substituting this result into (2.2) yields

−imωṽ = q
(
Ẽ + ṽ ×B

)
, (2.3)

where

E (x, y, z, t) = Ẽ (x, y, z) exp [i (k · r− ωt)] . (2.4)

Initially we will take Ẽ to be a constant vector:

Ẽ (x, y, z) = E1 ı̂+ E2 ̂+ E3k̂, (2.5)

where E1, E2, and E3 are constants, and similarly for ṽ.
Defining the cyclotron frequency

Ω =
∣∣∣∣qB0

m

∣∣∣∣ ,
Eq. (2.3) has solutions v = (v1, v2, v3) satisfying

v1 =
iq

m (ω2 − Ω2)
(ωE1 + iδΩE2) ; (2.6)

v2 =
iq

m (ω2 − Ω2)
(ωE2 − iδΩE1) ; (2.7)

v3 =
iq

mω
E3. (2.8)

2.2. The dielectric tensor

Although the above relations were derived for an individual particle, they also hold,
in our simplified linear model, for each species of particle in a plasma consisting of
electrons and N−1 species of ions. In particular, the plasma current can be written
as the sum

j =
N∑
ν=1

nνqνvν , (2.9)

where nν is the density of particles having charge magnitude |qν | = Zνe.
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In the sequel we will only consider the aggregate of particles, in which Eqs.
(2.1)–(2.8) pertain with the quantities v, m, q, Z, δ, and Ω indexed by ν, where
ν = 1, ..., N. Introduce the electric displacement vector

D = vacuum displacement + plasma current = ε0E +
i

ω
j, (2.10)

where ε0 is the permittivity of free space. It will be convenient to express (2.10) in
the form

D = ε0KE, (2.11)

where

Di = ε0

3∑
j=1

KijEj (2.12)

and K = (Kij) is the dielectric tensor (also called the cold plasma conductivity
tensor). The tensorial nature of this quantity reflects the anisotropy of the plasma
due to the presence of an applied magnetic field. (Note that in the sequel the reader
will be expected to distinguish between the notation K for the dielectric tensor, the
notation Kij for the scalar element of its ith row and jth column, and the notation
K for the type-change function of an elliptic-hyperbolic equation.)

Equations (2.6)–(2.11) imply that

K =

 s −id 0
id s 0
0 0 p

 , (2.13)

where s, d, and p are defined in terms of:
i) the plasma frequency, which for particles of the νth species is given by

Π2
ν =

nνq
2

ε0mν
;

ii) the permittivities R or L of a right- or left-circularly polarized wave travelling
in the direction k̂; these are given by

R = 1 −
N∑
ν=1

Π2
ν

ω2

(
ω

ω + δνΩν

)
and

L = 1 −
N∑
ν=1

Π2
ν

ω2

(
ω

ω − δνΩν

)
.

In terms of these quantities,

s =
1
2

(R+ L) ,

d =
1
2

(R− L) ,
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and

p = 1 −
N∑
ν=1

Π2
ν

ω2
.

The mass of an electron is considerably smaller than the mass of any ion; so the
squared ion cyclotron frequencies obtained from combining fractions in R and L

can be neglected, leading to the approximate formulas

R ≈ 1 −
N−1∑
ν=1

Π2
e

ω2 + ωΩe + ΩeΩiν
(2.14)

and

L ≈ 1 −
N−1∑
ν=1

Π2
e

ω2 − ωΩe + ΩeΩiν
. (2.15)

In these formulas, the subscripted e denotes the value of the relevant quantity for
the electrons and the subscripted iν denotes that value for the νth species of ion.
Note that, by the same reasoning, the ion plasma frequencies can be neglected in
the definition of p.

2.3. The plasma dispersion relation

The field equations for the system described in Sec. 2.2 are Maxwell’s equations,

∇×E = −∂B
∂t
, (2.16)

∇×B = µ0

(
j + ε0

∂E
∂t

)
, (2.17)

where µ0 is the permeability of free space.
From the form of Eq. (2.4), it is clear that whenever E and B are plane waves,

Eqs. (2.16) and (2.17) reduce to the simpler form

k×E = ωB (2.18)

and

k×B = −iµ0j− ωµ0ε0E. (2.19)

We can rewrite Eq. (2.19) to read

k×B = −ωµ0

(
ij
ω

+ ε0E
)

= −ωµ0D = −ε0µ0ωKE, (2.20)

where we have used (2.10) and (2.11) in deriving the last identity.



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

188 Thomas H. Otway

Now using (2.18), (2.20), and the elementary identity µ0ε0 = c−2, where c is the
speed of light in vacuo, we obtain

k× (k×E) = k× (ωB) = ω (k×B)

= −ω2ε0µ0KE = −
(ω
c

)2

KE,

implying that

k× (k×E) +
(ω
c

)2

KE = 0. (2.21)

Define the index of refraction vector

n =
c

ω
k.

With this construction, the scalar index of refraction acquires a direction: that of
the wave propagation vector k. In terms of n, Eq. (2.21) reads

n× (n×E) + KE = 0. (2.22)

Conventionally, k (and thus n) lies in the xz-plane. Denote by θ the angle subtended
by the vectors k and B. Then (2.22) can be written as the matrix equation s− n2 cos2 θ −id n2 cos θ sin θ

id s− n2 0
n2 cos θ sin θ 0 p− n2 sin2 θ

E1

E2

E3

 = 0.

This matrix equation has a nontrivial solution precisely when the determinant of
the 3× 3 matrix vanishes. The condition for the vanishing of that determinant, the
cold plasma dispersion relation is, geometrically, the equation for the wave-normal
surface:

An4 −Bn2 + C = 0, (2.23)

where the coefficients satisfy

A = s sin2 θ + p cos2 θ, (2.24)

B =
(
s2 − d2

)
sin2 θ + ps

(
1 + cos2 θ

)
, (2.25)

and

C = p
(
s2 − d2

)
. (2.26)

Because the left-hand side of Eq. (2.23) is a quadratic polynomial in n2, we obtain
from the quadratic formula the solutions

n2 =
B ± F

2A
for F satisfying F 2 = B2 − 4AC. Using (2.24)–(2.26) to write

F 2 = (RL− ps)2 sin4 θ + 4p2d2 cos2 θ,
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we obtain

tan2 θ = −p
(
n2 −R

) (
n2 − L

)
(sn2 − RL) (n2 − p)

.

These equations yield criteria for cutoff, where n = 0, or resonance, where n→∞.

Physically, cutoffs and resonances correspond to a change in the behavior of
the wave from possible propagation to evanescence. Mathematically, we will iden-
tify certain resonances with a change in type of the governing field equation, from
hyperbolic (implying wave propagation) to elliptic (implying evanescence). These
transitions may be accompanied, under certain conditions, by reflection and/or ab-
sorption of the wave.

Sufficient conditions for cutoff are p = 0, R = 0, or L = 0 — that is, a sufficient
condition is C = 0. A sufficient condition for resonance is A = 0 which, given Eq.
(2.24), can be written

tan2 θ = −p
s
. (2.27)

Particular cases of interest are θ = 0 (propagation parallel to the magnetic field) and
θ = π/2 (propagation perpendicular to the magnetic field). We will be particularly
interested in the hybrid resonances at θ = π/2, which occur at frequencies for which
s = 0.

2.4. Electrostatic waves

The electric field is said to be electrostatic if it approximately satisfies

E = −∇Φ, (2.28)

where Φ is a scalar potential. Equation (2.28) is satisfied locally by all time-
independent electric fields and in an ordinary dielectric, the converse is also true.
However in cold plasma there also exist time-dependent solutions of (2.28). This
recalls the characterization of cold plasma as a linear dielectric through which, in
distinction to ordinary dielectrics, electromagnetic waves propagate — including as
a special case, electrostatic oscillations.

We write Φ in the form

Φ(x, y, z; t) = ϕ (x, y, z) exp [k · r− iωt] ,

and add to Maxwell’s equations (2.16), (2.17) the additional equation

divD = 0, (2.29)

which follows from Gauss’ law for electricity.
Equation (2.28) implies immediately that

∇×E = 0. (2.30)
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This is most easily seen if we use differential forms, and note that in terms of the
exterior derivative, E = dΦ, so (2.30) is just the well-known property that

dE = d2Φ = 0.

(Here and below we will switch from vectors to forms whenever the calculation is
made more transparent thereby; but we will not change notation for the underlying
geometric object, making the convention that the argument of the exterior derivative
is always assumed to be a differential form.) In either the vector or form notation,
identity (2.30) follows from the equality of mixed partial derivatives. Applying the
arguments relating (2.16) to (2.18) and (2.17) to (2.19) (translation into Fourier
modes), we rewrite (2.30) in the form

k×E = 0.

This implies, by the properties of the cross product, the geometric fact that the
vectors k and E are parallel. We say that electrostatic waves are longitudinal.
Physically, they appear as oscillations along the axis of the magnetic field.

Thus we conclude that transverse waves, which propagate in a direction perpen-
dicular to the magnetic field, must satisfy

k ·E = 0.

Again, differential forms are illuminating: The above identity becomes δdΦ = 0,
where δ is the formal adjoint of the exterior derivative d. But Φ is a 0-form, so
δΦ = 0 automatically, and we find that transverse waves satisfy

δdΦ + dδΦ ≡ ∆Φ = 0,

that is, transverse waves are necessarily harmonic.

2.4.1. Plane-layered media

If we allow a plane-layered inhomogeneous medium (parameterized by x), the elec-
trostatic potential has the form

Φ (x, y, z) = ϕ(x) exp [i (k2y + k3z)] ,

where kj is the jth component of the wave vector k for j = 1, 2, 3. Substitution of
this form for the electric potential into Eq. (2.29) yields, using (2.12), the single
scalar equation20

K11ϕxx + (K11,x + iσ0)ϕx = 0, (2.31)

where

σ0 = k3 (K13 +K31) + k2 (K12 +K21) ,

and zero-order terms in ϕ have been neglected. This equation has a power-series
solution except where K11 vanishes.
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Explicit solutions of the model equation (2.31) under various physical assump-
tions are given in Sec. 1 of Ref. 33, the Appendix to Ref. 20, and Sec. C of Ref.
16.

It is easy to believe that inhomogeneities may develop in a plasma. For example,
if the temperature is not exactly zero, the difference in velocity between electrons
and ions can be expected to destabilize an initially homogeneous distribution. How-
ever, it is difficult to imagine a force that will restrict these inhomogeneities to a
1-parameter foliation, which would be necessary in order to arrive at Eq. (2.31).
Formally, an electromagnetic potential leading to Eq. (2.31) could be induced by
applying a driving potential to the metallic plates of a condenser. But in practice,
this plasma geometry has little application either in the laboratory or in nature.

2.4.2. A two-dimensional inhomogeneity

Suppose instead that the medium is a cold, anisotropic plasma with a two-
dimensional inhomogeneity parameterized by two variables, x and z. Then the field
potential has the form

Φ (x, y, z) = ϕ (x, z) exp [ik2y] .

The electric field E is then given by

E = −∇Φ = (E1, E2, E3) = − (ϕxeik2y, ik2ϕe
ik2y, ϕze

ik2y
)
.

Maxwell’s equations for the electric displacement vector D = (D1, D2, D3) take
the form

0 = ∇ ·D = D1,x +D2,y +D3,z. (2.32)

We continue to neglect those terms which do not contain derivatives of ϕ, as ϕ is
assumed to oscillate rapidly.

Because neither ϕ nor Kij have any dependence on y, the problem is effectively
two-dimensional. Applying Eq. (2.12), the surviving terms of Eq. (2.32) are (setting
ε0 equal to 1)

D1,x = − [K11ϕxx +K11,xϕx +K12ϕxik2 +K13ϕzx +K13,xϕz] eik2y;

D2,y = − [K21ϕxik2 +K23ϕzik2] eik2y;

D3,z = − [K31ϕxz +K31,zϕx +K32ik2ϕz +K33ϕzz +K33,zϕz ] eik2y.

Collecting terms, we find that33

K11ϕxx + 2σϕxz +K33ϕzz + α1ϕx + α2ϕz = 0, (2.33)

where

2σ = K13 +K31;
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α1 = K11,x + ik2 (K12 +K21) +K31,z;

α2 = K13,x + ik2 (K23 +K32) +K33,z.

Two-dimensional inhomogeneities of the kind represented by Eq. (2.33) can be
expected to arise in toroidal fields, such as those created in tokamaks.

The entries of the matrix K under our assumptions on B0 imply that σ = 0, so
we can write Eq. (2.33) in the form

K11ϕxx +K33ϕzz + lower-order terms = 0. (2.34)

Equation (2.34) is of either elliptic or hyperbolic type, depending on whether the
sign of the product

K11 ·K33 =

(
1 −

N∑
ν=1

Π2
ν

ω2 − Ω2
ν

)
·
(

1 −
N∑
ν=1

Π2
ν

ω2

)
(2.35)

is, respectively, positive or negative.
The sign of K11 changes at the cyclotron resonances ω2 = Ω2

ν . The cold plasma
model breaks down at these resonances, as three terms of the dielectric tensor
become infinite. The sign of K11 also changes at the hybrid resonances, at which

1 =
N∑
ν=1

Π2
ν

ω2 − Ω2
ν

. (2.36)

(These resonances, which have both a low-frequency and a high-frequency solu-
tion, are hybrid in that they involve both plasma and cyclotron frequencies.) In
particular, the sign changes at the lower hybrid resonance,

1 +
Π2
e

Ω2
e

=
Π2
i

ω2
, (2.37)

where as before, the subscript e denotes electron frequency, and the subscript i
denotes ion frequency. At the hybrid resonance frequencies the cold plasma model
retains its validity.

The sign of K33 changes on the surface

1 =
N∑
ν=1

Π2
ν

ω2
, (2.38)

the resonance at which the frequency of the applied wave equals the plasma fre-
quency of the medium. We may suppose that an electromagnetic wave propagating
through a plasma does so at a much higher frequency than any of the characteristic
frequencies of the plasma. Otherwise, the plasma magnetic field would prevent the
waves from propagating very far (c.f. Ref. 18). Thus in evaluating (2.35) and in
the sequel we will take K33 to be strictly positive.

Borrowing the terminology of fluid dynamics, we will refer to resonances such
as (2.36)–(2.38) as sonic conditions on Eq. (2.34).
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2.4.3. The type of the governing equation

In order to understand the possible variants of Eq. (2.34), we consider the coordinate
transformation (x, z) → (ξ (x, z) , η (x, z)) , where

ξ = K11 (x, z) .

In these coordinates, the higher-order terms of Eq. (2.34) assume the form

K11ϕxx +K33ϕzz =
(
ξξ2x +K33ξ

2
z

)
ϕξξ +

(ξξxηx +K33ξzηz)ϕξη +
(
ξη2
x +K33η

2
z

)
ϕηη. (2.39)

In order that the transformation (x, z) → (ξ, η) be nonsingular, we require that its
Jacobian be nonvanishing, i.e.,

ξxηz − ξzηx �= 0. (2.40)

Because we want the coefficients of the cross term ϕξη to be zero in the new coor-
dinates, we impose the condition that

ξξxηx +K33ξzηz = 0. (2.41)

Both ξ and K33 are given, and it is easy for the two first derivatives of η to satisfy
(2.40) and (2.41) simultaneously.

Two possibilities arise. Either

i) ξ and ξz never vanish simultaneously, or

ii) there exist one or more points (x, z) on the domain at which

ξ (x, z) = ξz (x, z) = 0. (2.42)

In case i), the condition ξ = 0 implies, via (2.41) and the assumption that K33

is positive, the accompanying condition ηz = 0. But if ξ and ηz both vanish, then
the coefficient of ϕηη in (2.39) vanishes; that is,

ξη2
x +K33η

2
z = 0

whenever ξ = 0. Again using (2.41), we obtain from Eqs. (2.34) and (2.39) an
equation with higher-order terms having the form

ϕξξ +
ξη2
x +K33η

2
z

ξξ2x +K33ξ2z
ϕηη = 0. (2.43)

The denominator in the coefficient of ϕηη cannot be zero: ξ and ξz cannot vanish
simultaneously, and if ξx vanishes, then ξz must be nonzero in order to preserve
condition (2.40). So Eq. (2.43) is of the form

ϕξξ + K (ξ, η)ϕηη = 0, (2.44)

where K (ξ, η) = 0 if and only if ξ = 0, an equation of Tricomi type.
In case ii), condition (2.40) prevents ηz from vanishing when ξz vanishes. Thus

if ξ and ξz vanish together, the coefficient of ϕηη in (2.39) will not vanish at that
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point. Thus in case ii) we obtain from (2.34), (2.39), and (2.41) an equation with
higher-order terms having the form

ξξ2x +K33ξ
2
z

ξη2
x +K33η2

z

ϕξξ + ϕηη = 0, (2.45)

where the numerator in the coefficient of ϕξξ, but not the denominator, is zero
whenever ξ is zero. That is, Eq. (2.45) is an equation of the form

K (ξ, η)ϕξξ + ϕηη = 0, (2.46)

where K (ξ, η) = 0 if and only if ξ = 0, an equation of Keldysh type.
See Sec. 1.2 of Ref. 5, Ref. 9, Sec. 1 of Ref. 26, and Eqs. (75)–(78) of Ref. 39 for

arguments of this kind.
The regularity of weak solutions to equations of Tricomi type can be established

by microlocal arguments; see Refs. 14 and 15 and, especially, Refs. 30 and 31.
These arguments appear to fail for equations of Keldysh type, and one expects
weaker regularity for weak solutions to such equations.

The crucial question is: does condition (2.42) occur in our physical model? The
answer to that question is “yes.”

2.4.4. Geometry of the resonance curve ( after Piliya and Fedorov)

Returning to our original xz-coordinates, we set the elements K11 and K22 of the
dielectric tensor equal to K, and the element K33 equal to η. The coefficients of
the only other nonzero elements, K12 and K21, are zero in Eq. (2.34), so only K11

and K33 play a direct role in the analysis. The sonic condition is equivalent to the
alternative:

K = 0 (2.47)

or

K sin2 θ + η cos2 θ = 0, (2.48)

where θ (x, z) is the angle between the direction of B0 and the xz-plane; c.f. (2.27).
The singular points on the sonic line (2.47) are the points at which this curve

(which is not a generally a line in standard coordinates) is tangent to the projection
of the force lines of B0 in the xz-plane — that is, the flux lines of the magnetic
field. The singular points of the graph Γ of Eq. (2.48) are the points at which the
flux lines of B0 are normal to Γ.

This motivates the placement of the origin at a singular point of the sonic line,
with the z-axis (the axis along which B0 is directed) tangent to the sonic line.
The x-axis is directed along the inward normal to the sonic line, relative to the
hyperbolic region of Eq. (2.33). Then K11 and σ both vanish at the origin. Taking
both x and z to be small, one can write

K11 =
x

a
+
z2

b
(2.49)
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and

K33 = −η0, (2.50)

where η0 is a positive constant. Scale x and z, via

x→ x̃ = x/a (2.51)

and

z → z̃ = z/a
√
η0, (2.52)

in order to obtain dimensionless variables x̃ and z̃. In this way, one obtains in place
of (2.33) the equation

− (x̃+Az̃2
)
ϕx̃x̃ + ϕz̃z̃ − ϕx̃ = 0, (2.53)

where A is a constant, for the simple case in which the coefficients of cross terms
vanish identically.33

2.5. Analytic difficulties in the electromagnetic case (after H.
Weitzner)

In this section we suppose that the electric field satisfies Eqs. (2.4) and (2.5), but no
longer assume that the electric field satisfies condition (2.28). Closely following Ref.
39, we attempt to study the resulting field equations using conventional analytic
tools, in order to see what difficulties arise.

Repeating the calculations of Eqs. (2.16)–(2.21) in greater detail, we compute

∇× (∇×E) = ∇×
(
−∂B
∂t

)
= ∇× (iωB) =

iω (∇×B) = iω

[
µ0

(
j + ε0

∂E
∂t

)]
=

iωµ0j + iωµ0ε0 (−iωE) = iωµ0j + ω2µ0ε0E

= µ0ω
2

(
i

ω
j + ε0E

)
= µ0ω

2D = µ0ε0ω
2KE. (2.54)

Now

∇×E = (E3,y − E2,z) ı̂+ (E1,z − E3,x) ̂+ (E2,x − E1,y) k̂.

It is obvious that this quantity vanishes identically in the electrostatic case: apply
(2.28) and equate mixed partial derivatives. But if ∇× E is itself a gradient, then
the quantity ∇× (∇×E) vanishes for the general case as well. We will understand
the seriousness of this latter difficulty once we evaluate the left-hand side of Eq.
(2.54). Explicitly,

∇× (∇×E) = (E2,xy − E1,yy − E1,zz + E3,xz) ı̂+

(E3,yz − E2,zz − E2,xx + E1,yx) ̂+ (E1,zx − E3,xx − E3,yy + E2,zy) k̂.
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Applying (2.4), (2.5) to the right-hand side, we obtain the algebraic expression[
k1k2E2 −

(
k2
2 + k2

3

)
E1 + k1k3E3

]
ı̂ +

[
k2k3E3 −

(
k2
3 + k2

1

)
E2 + k21E1

]
̂

+
[
k31E1 −

(
k2
1 + k2

2

)
E3 + k32E2

]
k̂. (2.55)

This object can be written as the matrix operator

LE =

− (k2
2 + k2

3

)
k1k2 k1k3

k2k1 − (k2
3 + k2

1

)
k2k3

k3k1 k3k2 − (k2
1 + k2

2

)
E1

E2

E3

 .

The system (2.54) is uniquely solvable if and only if the operator L can be inverted
— that is, if and only if

det

− (k2
2 + k2

3

)
k1k2 k1k3

k2k1 − (k2
3 + k2

1

)
k2k3

k3k1 k3k2 − (k2
1 + k2

2

)
 �= 0.

But it is easy to check that this determinant vanishes identically for all (k1, k2, k3) .
Of course (2.55) is just a translation of ∇×(∇×E) into Fourier mode. Because the
symbol of a differential operator is a natural generalization of the idea of Fourier
modes, we can interpret the foregoing computation to mean that the symbol of the
differential operator ∇ × (∇× ) vanishes identically. This is a serious obstacle to
understanding (2.54). As Weitzner notes in Ref. 40, neither the type of Eq. (2.54)
(which is given by the sign of the symbol) nor the order of the equation (which is
given by the degree of the symbol) are determined by standard analytic methods.

2.5.1. Choices of potential and gauge

It is therefore necessary to impose an additional hypothesis. A natural one is that
an electromagnetic potential exists. But in distinction to the electrostatic case, we
do not assume that E can be derived by simply taking the negative gradient of a
scalar field.

In order to compare our computations with the extensive expositions in Refs.
39 and 40 we adopt, only in Secs. 2.5.1 and 2.5.2, the convention that the time-
harmonic dependence is of the form exp [iωt] in units of c/ω. (This is in distinction
to (2.4).) Because our time derivatives usually end up being taken twice, this only
has an effect on the sign in a few intermediate calculations. However, with this sign
convention, Maxwell’s equations for plane waves assume the slightly different form

∇×E = −iB, (2.56)

∇×B = iD = iKE. (2.57)

The first choice of potentials is to let the vector A denote the magnetic potential
and to introduce a second, scalar potential, Φ. We then write

B = ∇×A (2.58)
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and

E = −iA−∇Φ. (2.59)

Taking the curl of the second equation, we obtain

∇×E = −i∇×A−∇×∇Φ. (2.60)

Evaluating the last term on the right-hand side of (2.60) using differential forms, Φ
is a zero-form and

∇×∇Φ = d2Φ = 0. (2.61)

Equations (2.58) and (2.61) imply that (2.56) is satisfied under condition (2.59) for
any smooth choice of A and Φ.

Notice that we automatically obtain from hypothesis (2.58) an extra condition

∇ ·B = ∇ · (∇×A) ,

which is to say, in terms of differential forms, that the 2-form B and the 1-form A
satisfy

dB = d2A = 0.

In order to evaluate (2.57), we notice, continuing to interpret the magnetic
potential A as a 1-form and Φ as a zero-form, that if g is defined by

g (A) = A + df,

where f is a smooth 0-form, then

d (g (A)) = d (A + df) = dA + d2f = dA = B,

so the magnetic field remains invariant under the gauge transformation g. Moreover,
because δf = 0 for any zero-form f, we have

∆f = − (δd+ dδ) f = −δdf.
Thus, given any smooth potential A, we can choose f to satisfy the Poisson equation

∆f = δA,

in which case

δ (g (A)) = δ (A + df) = δA− ∆f = 0.

We call the gauge produced by such a g a Coulomb (transverse, radiation, or Hodge)
gauge. In vector notation,

i∇ · g (A) = 0.

Computing (2.57) in the Coulomb gauge, we obtain39

∆g (A) − iK∇Φ + Kg (A) = 0.
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Computing the symbol σ of this operator by the same method that was applied to
the operator ∇× (∇×E) , we find that σ = −|k|4 (Kk) ·k, a polynomial of degree
six in k. That the corresponding system is of order six is an expected result for a
system of two first-order equations for vectors in R

3.

Replacing the Coulomb gauge by a slightly more complicated gauge in which

i∇ · (K∗A) = 0,

where the superscripted asterisk denotes the adjoint matrix, we obtain a self-adjoint
operator in (2.57). This more complicated gauge can be constructed by the same
general method that led to the Coulomb gauge, provided that we solve a slightly
more complicated Poisson problem. The symbol corresponding to this self-adjoint
operator can also be calculated by the methods introduced earlier, and that symbol
is also a sixth-degree polynomial in k.

However, we can obtain a fourth-order system, which is more convenient for
analysis, if we impose an additional hypothesis: that the plasma has axisymmetric
geometry. While this is a very strong hypothesis, it is satisfied by plasmas produced
in tokamaks.

In order to motivate the choice of potential in this case, we make a few prelim-
inary calculations. Only for the remainder of this section, the subscripts r, θ, and
z when affixed to a vector are to be interpreted as the radial, angular, and axial
components of the vector unless preceded by a comma; if preceded by a comma,
they are to be considered partial derivatives in the direction of the component. (The
subscripted-variable notation for partial derivatives of scalar functions remains un-
changed.) Adopting the basis

ur = cos θı̂+ sin θ̂,

uθ = − sin θı̂+ cos θ̂,

uz = −k̂,
we recall that in the axisymmetric case we can write

E = (Er (r, z)ur + Eθ (r, z) ruθ + Ez (r, z)uz) eimθ,

and similarly for B. If m = 0, the waves preserve the axisymmetry of the underlying
static plasma medium, as the wave vector satisfies k = (kr, 0, kz) . We will restrict
our attention to this simple special case, in which

∇×E =
1
r

[Ez,θur + Er,z (ruθ) + (rEθ)r uz]

− 1
r

[Ez,r (ruθ) + rEθ,zur + Er,θuz ]

= −Eθ,zur + (Er,z − Ez,r)uθ +
1
r

(rEθ),r uz . (2.62)
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Thus (2.56) implies in particular that

−iEθ,z = Br (2.63)

and

(rEθ),r
r

= −iBz. (2.64)

Just as Eqs. (2.63) and (2.64) imply, using (2.56), that Br and Bz can each be
expressed in terms of derivatives of Eθ, so it is possible to use (2.57) to show
that the other cylindrical components of E and B can be expressed as appropriate
derivatives of Eθ and Bθ. This will allow the angular components of E and B to
play the role of potentials for the two fields.

Applying (2.56) to the middle term of the last identity in (2.62) yields

Er,z − Ez,r = −iBθ. (2.65)

Because E and B have exactly analogous forms and the left-hand and middle terms
of (2.57) is exactly analogous to (2.56) with a change of sign, we can immediately
write

Dr = iBθ,r

and

Dz = −i (rBθ),z
r

.

Now the extreme right-hand side of (2.57) yields Er and Ez (see Eqs. (22), (23) of
Ref. 39) and one obtains

Br,z −Bz,r = iDθ = i (KθrEr +KθθEθ +KθzEz) , (2.66)

completing the system of equations for Eθ and Bθ.

2.5.2. Variational interpretation

Continuing to adopt the special hypotheses and special notation of Sec. 2.5.1, we
continue to review the analysis in Ref. 39 of geometry-preserving plane waves in an
axisymmetric plasma.

Equations (2.65), (2.66) can be associated to an energy functional:

E =
∫
{[∇ (rE∗

θ ) · ∇ (rEθ)] /r2 + [∇ (rB∗
θ ) ·K∇ (rBθ)] /r2∆

+iEθ
[
(rB∗

θ ),r (KzrKrθ −KzθKrr) /r +B∗
θ,z (KrθKzz −KrzKzθ)

]
/∆

−iE∗
θ

[
(rBθ),r (KzrKθr −KθzKrr) /r +Bθ,z (KθrKzz −KzrKθz)

]
/∆

−B∗
θBθ − E∗

θEθ [det (K)] /∆}r drdz, (2.67)
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where

∇ =
∂

∂r
r +

∂

∂z
z,

and

∆ = KrrKzz −KrzKzr.

Provided K can be made self-adjoint, so can E . Form a right-handed orthogonal set
(v, θ,u) , where

u = sinβr + cosβk

and

v = cosβr − sinβk.

The basis is to be chosen so that u lies in the poloidal direction and v lies orthogonal
to it; so we write the magnetic field vector in the form

B = B0 [cosαθ + sinα (sinβr + cosβz)] ,

where α, β, and B0 depend only on r and z. In this notation, the variational
equations of E form a second-order system in which the differential operator for
one of the equations is essentially the Laplacian L. We ignore that equation, as
standard analytic methods can be applied to it. The differential operator for the
other equation looks like

L + (u · ∇)2 , (2.68)

and that is the equation — in particular, the second of the two differential operators
in that equation — that we will study in the remainder of this review. The term
(2.68) in Eq. (2.67) can be written explicitly, in terms of the chosen basis, in the
form

r∇ ·
[(

ξ

r2∆

)
∇ (rBθ)

]
− r∇ ·

[(
ζ sin2 α

r2∆

)
(u · ∇) (rBθ)u

]
−iθ · ∇ (rBθ) ×∇

(µ cosα
r∆

)
+Bθ

= (r∆)−1 [
µ (ζ − ξ) sinαu · ∇ (rEθ) + i

(
µ2 − ξζ

)
sinα cosαv · ∇ (rEθ)

]
, (2.69)

where

ξ = 1 +
N∑
ν=1

Π2
ν

Ω2
ν − ω2

,

ζ = ξ +
N∑
ν=1

Π2
ν

ω2
− 1,
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and

µ =
N∑
ν=1

Π2
νΩν

ω (Ω2
ν − ω2)

.

Equation (2.69) is only elliptic for negative values of ξ. Physically, this is the
condition for so-called lower-hybrid frequencies, at which

1 +
Π2
e

Ω2
e

<
Π2
i

ω2
,

c.f. (2.37). Noticing that ξ is a function of r and z, define a new variable η (r, z)
so the curves η = constant are orthogonal to the curves ξ = constant. Rewriting
(2.69) in (ξ, η)-coordinates, the behavior of the solution depends on whether or not

u · ∇ξ = 0.

This identity implies that flux surfaces coincide with resonance surfaces. In that
case, Eq. (2.69) is analogous to Eq. (2.46) of Sec. 2.4.2 and is not of Tricomi type.
The second-order terms of that equation can be written in the form

L(u) = f (ξ, η) [ξuξξ +M (ξ, η)uηη] , (2.70)

where u = u (ξ, η) is a scalar function; f and M are given well behaved scalar
functions near ξ = 0 and, in addition, M is positive.

The physical model allows two further alternatives: If the curve representing
the flux surface in two dimensions is collinear with the resonance curve as in (2.70),
then the plasma can be treated as a perpendicularly stratified medium, which is
essentially the case considered in Sec. 2.4.1. If the resonance curve is tangent to
the curve representing the flux surface, then we are in a more mathematically and
physically interesting case. In this latter case, the simplest model for the operator
L of (2.69) is an operator for which the highest-order terms have the form

L̃(u) =
(
x− y2

)
uxx + uyy. (2.71)

Note that this operator is closely related to the differential operator of Eq. (2.53).
The two operators can be made virtually identical by replacing the coordinate
transformation (2.51) by

x→ x̃ = −x/a. (2.72)

2.6. A conjecture about the singular set

Methods for deriving the smoothness of solutions to the Tricomi equation appear
to fail for an operator of the form (2.71) whenever the domain includes the origin
of coordinates. This suggests the existence of a singular point at the origin, a
conjecture which is supported by an analysis of characteristic lines.
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In order for a characteristic line to pass through the origin, the point(x, y) would
need to satisfy the identity

x = λy2 (2.73)

for some constant λ, and also the characteristic equation for (2.71). Substituting
(2.73) into the characteristic equation(

x− y2
)
dy2 + dx2 = 0, (2.74)

one obtains the equation

dy2

(2λydy)2
=

1
(1 − λ) y2

, (2.75)

or

4λ2 + λ− 1 = 0.

This polynomial has two real solutions; considering that the characteristic equation
(2.75) has two roots, one concludes26 that four characteristic lines must pass through
the origin — two more than pass through any other hyperbolic point. This motivates
the suspicion that solutions of at least the equation L̃u = 0 will tend to be singular
at the origin. It has been observed that an energy sink or plasma heating zone
might be associated with such a singularity; see Refs. 16, 26, 33, 39, and 40 for
details on this and other issues raised in this section.

3. Analysis of the model equation

Physical reasoning suggests that the closed Dirichlet problem, in which data are
prescribed along the entire boundary of the domain, should be well-posed for the
cold plasma model. However, the closed Dirichlet problem has been shown to be
ill-posed, in the classical sense, for the equation(

x− y2
)
uxx + uyy +

1
2
ux = 0

on a typical domain.26 This leads us to ask whether a well-posed problem with
closed boundary data can be formulated in a suitably weak sense. In this section
we address the “existence” part of that question.

Because the operator introduced in Eq. (2.71) is not of Tricomi type at the
origin, where it satisfies a condition of the form (2.42), we expect weaker regularity
than we have for operators which are uniformly of Tricomi type. In particular,
although we can show the existence of very weak solutions in L2, we do not expect
H1 regularity for the closed Dirichlet problem. This lack of optimism is supported
by numerical experiments.26 Moreover, our methods are insufficient to determine
the uniqueness of a solution.

Denote by Ω a bounded, connected domain of R
2 having piecewise smooth

boundary ∂Ω, oriented in a counterclockwise direction; the domain includes both



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Mathematical Aspects of the Cold Plasma Model 203

an arc of the sonic curve and the origin of coordinates in R2. (This insures that our
equation will be elliptic-hyperbolic but not equivalent to an equation of Tricomi
type.)

Define,21 for a given C1 function K (x, y) , the space L2 (Ω; |K|) and its dual.
These spaces consist, respectively, of functions u for which the norm

||u||L2(Ω;|K|) =
(∫

Ω

|K|u2dxdy

)1/2

is finite, and functions u ∈ L2 (Ω) for which the norm

||u||L2(Ω;|K|−1) =
(∫

Ω

|K|−1u2dxdy

)1/2

is finite. Standard arguments allow us to define the space H1
0 (Ω;K) as the closure

of C∞
0 (Ω) with respect to the norm

||u||H1(Ω;K) =
[∫ ∫

Ω

(|K|u2
x + u2

y + u2
)
dxdy

]1/2
. (3.1)

The H1
0 (Ω;K)-norm has the explicit form

||u||H1
0 (Ω;K) =

[∫ ∫
Ω

(|K|u2
x + u2

y

)
dxdy

]1/2

, (3.2)

which can be derived from (3.1) via a weighted Poincaré inequality.
In the following we denote by C generic positive constants, the value of which

may change from line to line.

3.1. The closed Dirichlet problem for distribution solutions

Consider the equation

Lu = f, (3.3)

where f is a given, sufficiently smooth function of (x, y) and

L =
(
x− y2

) ∂2

∂x2
+

∂2

∂y2
+ κ

∂

∂x
(3.4)

for a given constant κ. By a distribution solution of equations (3.3), (3.4) with the
boundary condition

u(x, y) = 0 ∀(x, y) ∈ ∂Ω (3.5)

we mean a function u ∈ L2(Ω) such that ∀ξ ∈ H1
0 (Ω;K) for which L∗ξ ∈ L2(Ω), we

have

(u, L∗ξ) = 〈f, ξ〉. (3.6)
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Here L∗ is the adjoint operator; ( , ) denotes the L2 inner product on Ω; 〈 , 〉 is the
duality bracket associated to the H−1 norm

||w||H−1(Ω;K) = sup
0�=ξ∈C∞

0 (Ω)

|〈w, ξ〉|
||ξ||H1

0 (Ω;K)

.

Such solutions have also been called weak; c.f. Eq. (2.13) of Ref. 4, Sec. II.2. In
fact they are a little smoother than generic distribution solutions, as they lie in a
classical function space.

The existence of solutions to boundary value problems can be shown to follow
from energy inequalities having the general form

||v||V ≤ C||L∗v||U ,
where U and V are suitable function spaces. We will combine such an inequal-
ity with the Riesz Representation Theorem to prove the existence of distribution
solutions; see Ref. 4 for a general reference.

Lemma 3.1. (Ref. 28). The inequality

||u||H1
0 (Ω;K) ≤ C||Lu||L2(Ω),

is satisfied for u ∈ C2
0 (Ω), where the positive constant C depends on Ω and K; L is

defined by (3.4) with κ ∈ [0, 2] ; K = x− y2.

Proof. We outline the proof; for details, see Ref. 28, Sec. 2. Initially, let 1 ≤ κ ≤
2, and let δ be a small, positive constant. Define an operator M by the identity

Mu = au+ bux + cuy

for a = −1, c = 2 (2δ − 1) y, and

b =
{

exp (2δK/Q1) if (x, y) ∈ Ω+

exp (6δK/Q2) if (x, y) ∈ Ω− ,

where Ω+ = {(x, y) ∈ Ω | K > 0} and Ω− = Ω\Ω+. Choose Q1 = exp (2δµ1) , where
µ1 = max(x,y)∈Ω+ K. Define the negative number µ2 = min(x,y)∈Ω− K and let Q2 =
exp (µ2) . Notice that b ≤ Q1 on Ω+ and b > Q2 on Ω−.

We will estimate the quantity (Mu,Lu) from above and below. As in the Tricomi
case,21 one of the coefficients in Mu fails to be continuously differentiable on all of
Ω. When integrating this quantity, a cut should be introduced along the line K = 0.
The boundary integrals involving a, b, and c on either side of this line will cancel.

The boundary terms vanish by the compact support of u. Integration by parts
yields the identity

(Mu,Lu) =
∫ ∫

Ω+∪Ω−
αu2

x + 2βuxuy + γu2
y dxdy,
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where

α =
(
cy
2
− a− bx

2

)
K +

(
κ− 1

2

)
b− cy,

for

α|Ω+ =
(

2 − b

Q1

)
δK + 2 (1 − 2δ) y2 +

(
κ− 1

2

)
b

and

α|Ω− =
(

3
b

Q2
− 2
)
δ|K| + 2 (1 − 2δ) y2 +

(
κ− 1

2

)
b;

β =
1
2

[c (κ− 1)− by] =
{
y [2δ (b/Q1) + (κ− 1) (2δ − 1)] ≤ |y| in Ω+

y [6δ (b/Q2) + (κ− 1) (2δ − 1)] ≤ κ|y| in Ω− ;

γ =
1
2

(bx − cy) − a =
{

2 (1 − δ) + δ (b/Q1) in Ω+

2 (1 − δ) + 3δ (b/Q2) in Ω− .

On Ω+, for any scalars ξ and η, we have

αξ2 + 2βξη + γη2 ≥ αξ2 − (y2ξ2 + η2
)

+ γη2

=
[(

2 − b

Q1

)
δK + (1 − 4δ) y2 +

(
κ− 1

2

)
b

]
ξ2 +

[
(1 − 2δ) +

6b
Q1

]
η2

≥ δ
(Kξ2 + η2

)
,

provided δ is sufficiently small. On Ω−,

αξ2 + 2βξη + γη2 ≥ α2ξ2 − 2
(
y2ξ2 + η2

)
+ γη2

=
[(

3
b

Q2
− 2
)
δ|K| − 4δy2 +

(
κ− 1

2

)
b

]
ξ2 + δ

(
3
b

Q2
− 2
)
η2

≥ δ
(|K|ξ2 + η2

)
.

Arguing in this way on each subdomain (and taking ξ = ux, η = uy), we obtain

(Mu,Lu) ≥ δ||u||2H1
0 (Ω;K). (3.7)

For the upper estimate, we have21

(Mu,Lu) ≤ ||Mu||L2||Lu||L2 ≤ C (K,Ω) ||u||H1
0 (Ω;K)||Lu||L2(Ω). (3.8)

Combining (3.7) and (3.8), and dividing through by the weighted H1
0 -norm of u,

completes the proof for the case κ ∈ [1, 2] .
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Now let 0 ≤ κ < 1. Again subdivide the domain into Ω+ and Ω− by introducing
a cut along the curve K = 0. Integrate by parts, choosing a = −1;

b =
{−NK in Ω+

NK in Ω− ,

where N is a constant satisfying

1 + δ̃

3 − κ
< N <

1 − δ̃

κ+ 1
(3.9)

for a sufficiently small positive constant δ̃; c = −4Ny. The boundary integrals
involving a and c on either side of the cut will cancel and the boundary integrals
involving b will be zero along the cut. Inequality (3.7) can be derived by an argument
broadly analogous to the case κ ∈ [1, 2] . Applying (3.8) completes the proof. �

Theorem 3.1 (Ref. 28). The Dirichlet problem (3.3), (3.4), (3.5) with κ ∈ [0, 2]
possesses a distribution solution u ∈ L2(Ω) for every f ∈ H−1(Ω;K).

Proof. Again, we only outline the proof (c.f. Ref. 21, Theorem 2.2). Define for
ξ ∈ C∞

0 a linear functional

Jf (Lξ) = 〈f, ξ〉.
This functional is bounded on a subspace of L2 by the inequality

|〈f, ξ〉| ≤ ||f ||H−1(Ω;K)||ξ||H1
0 (Ω;K) (3.10)

and by applying Lemma 3.1 to the second term on the right. Precisely, Jf is a
bounded linear functional on the subspace of L2 (Ω) consisting of elements having
the form Lξ with ξ ∈ C∞

0 (Ω) . Extending Jf to the closure of this subspace by
Hahn-Banach arguments, we obtain a functional defined on all of L2. The Riesz
Representation Theorem then guarantees the existence of a distribution solution in
the self-adjoint case. If κ �= 1, then L is not self-adjoint, and

L∗ =
(
x− y2

) ∂2

∂x2
+

∂2

∂y2
+ (2 − κ)

∂

∂x
. (3.11)

Estimating L for κ in [0, 2] will also yield estimates for the adjoint L∗. Applying the
preceding argument to the adjoint operator completes the proof of Theorem 3.1.�

3.2. Mixed boundary value problems with closed boundary data

It is also possible to form mixed Dirichlet-Neumann problems for operators of the
form (3.4). Mixed boundary value problems arise in various contexts in plasma
physics (e.g., Ref. 7) and in related topics from electromagnetic theory (e.g., Ref.
19, which is related to the model of Sec. 2.4.1). However, the results of this section
also imply — by taking the set of boundary points on which the Dirichlet conditions
are imposed to be empty — the existence of weak solutions to a class of Neumann
problems.
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Denote by u = (u1, u2) and w = (w1, w2) measurable vector-valued functions
on Ω. Define HK to be the Hilbert space of measurable functions on Ω for which
the norm induced in the obvious way by the weighted L2 inner product

(u,w)K =
∫ ∫

Ω

(|K|u1w1 + u2w2) dxdy

is finite. In the notation for these spaces, K denotes a diagonal matrix having entries
|K| and 1.

By a weak solution of a mixed boundary-value problem in this context we mean
an element u ∈ HK(Ω) such that

− (u,L∗w)L2(Ω;R2) = (f ,w)L2(Ω;R2) (3.12)

for every function w ∈ C1
(
Ω; R2

)
for which K−1L∗w ∈ L2

(
Ω; R2

)
and for which

w1 = 0 ∀ (x, y) ∈ G (3.13)

and

w2 = 0 ∀ (x, y) ∈ ∂Ω\G, (3.14)

where G ⊂ ∂Ω. Choose the differential operator L to have the form(K∂x ∂y
∂y −∂x

)
+
(
κ 0
0 0

)
, (3.15)

where κ is a number in [0, 1] .

Theorem 3.2 (Ref. 28). Let G be a subset of ∂Ω and let K = x− y2. Define the
functions b (x, y) = mK + s and c(y) = µy − t, where µ is a positive constant,

m =
{

(µ+ δ) /2 in Ω+

(µ− δ) /2 in Ω−

for a small positive number δ, and t is a positive constant such that µy−t < 0 ∀y ∈ Ω.
Let s be a sufficiently large positive constant. In particular, choose s to be so large
that the quantities mK + s, 2cy + s, and b2 + Kc2 are all positive. Let

bdy − cdx ≤ 0 (3.16)

on G and

K (bdy − cdx) ≥ 0 (3.17)

on ∂Ω\G. Then there exists for every f such that K−1MT f ∈ L2(Ω) a weak solution
to the mixed boundary-value problem (3.12)–(3.14) for L given by Eq. (3.15) with
κ = 0, where the superscripted T denotes matrix transpose.
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Proof. We give the idea of the proof.28 One shows that there exists a positive
constant C such that

(Ψ,L∗MΨ) ≥ C

∫ ∫
Ω

(|K|Ψ2
1 + Ψ2

2

)
dxdy

for any sufficiently smooth 2-vector Ψ, provided conditions (3.13), (3.14) are sat-
isfied on the boundary for w = MΨ, where L∗ is given by (3.15) with κ = 1
and

M =
(

b c

−Kc b
)
.

This inequality leads to an application of the Riesz Representation Theorem by
arguments which are roughly analogous to those used to prove Theorem 3.1. �

Despite the technical nature of the hypotheses in Theorem 3.2, simple domains
which satisfy them are very easy to construct — e.g., a box in the first quadrant
having a vertex at the origin of coordinates, or a narrow lens about the sonic curve
in the first quadrant. Note that by taking G to be the empty set, we obtain a
solution to the closed conormal problem (c.f. Ref. 32). But in order for Theorem
3.2 to guarantee a solution to the closed Dirichlet problem, we would need to find a
domain on which G could be taken to be the entire boundary; it is not obvious how
to construct such a domain. And, as was also the case in Theorem 3.1, the proof of
Theorem 3.2 does not establish the uniqueness of solutions.

In addition to its intrinsic mathematical and physical interest, the formulation of
boundary value problems illuminates other topics in the analysis of the cold plasma
model. For example, it is shown in Sec. 2.4.3, by a tedious analytic argument,
that away from the origin the governing equation for the model is of Tricomi type,
whereas in the neighborhood of the origin it is of Keldysh type. This distinction is
also suggested, without reference to such terminology, by other analytic arguments
in Ref. 33 and in Sec. 4 of Ref. 40. If we try to form a standard elliptic-hyperbolic
boundary value problem in which the hyperbolic region is composed of intersecting
characteristics, we might choose both these characteristics to originate at points
on the arc of the resonance curve x = y2 that lies in the first quadrant, or both
of them to lie in the fourth quadrant. We then obtain a standard problem for a
vertical-ice-cream-cone-shaped region (in the former case, the ice-cream cone is held
upside down), similar to those formulated for the Tricomi equation (Eq. (2.44) with
K (ξ, η) = ξ). The domain geometry is exactly analogous to, for example, Fig. 2
of Ref. 25, with the line AB in that figure replaced by an arc of the curve x = y2,

lying either completely above or completely below the x-axis. But the origin will not
be included, as that is a singular point of the characteristic equation (2.74). If we
include the origin, we are led to a hyperbolic region bounded by characteristics in the
second and third quadrants, a horizontal-ice-cream-cone-shaped region similar to
those formulated for the Cinquini-Cibrario equation (Eq. (2.46) with K (ξ, η) = ξ).
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In this case typical domain geometry is analogous to Fig. 2 of Ref. 10, with the line
MN in that figure replaced by an arc of the curve x = y2 which is symmetric about
the x-axis; see also Remark i) following Corollary 11 of Ref. 28. Thus the defining
analytic character of the equation is clearly apparent in the geometry of the natural
boundary value problems.
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A classification of gravitating Yang–Mills systems in all dimensions is presented.
These systems are set up so that they support finite energy solutions. Both
regular and black hole solutions are considered, the former being the limit of the
latter for vanishing event horizon radius. Special attention is paid to systems
necessarily involving higher order Yang–Mills curvature terms, along with the
option of incorporating higher order terms in the Riemann curvature. The scope
here is restricted to Einstein systems, with or without cosmological constant, and
the Yang–Mills(–Higgs) systems.

1. Introduction

By gravitating Yang–Mills (YM) fields we understand YM fields on curved back-
grounds whose dynamics includes the backreaction of the gravitational field on
it. These are the particle-like and black hole solutions to the Einstein-Yang–Mills
(EYM) systems.

Initially, EYM solutions1,2 in 3 + 1 dimensional space with Minkowskian sig-
nature were primarily of interest because they presented configurations with non-
Abelian haira. More recently however, gravitating non-Abelian solutions have found
extensive application in string inspired theories, e.g., in various supergravity and
D−brane models. These results point to the physical relevance of classical gravi-
tating non-Abelian solutions. Moreover in this context, it is mainly such classical
solutions in dimensions higher that 3+1 that find applications. It is our aim here to
review gravitating non-Abelian YM solutions in higher dimensionsb, together with
their four dimensional counterparts.
aThese were preceded historically by gravitating Skyrmions3 which exhibited Skyrmion hair, but
the latter have not been studied as intensively since.
bIt is conceivable that gravitating Skyrmions may also be of relevance to field theories in higher

dimensions, but to date there has been no work on them reported in the literature.
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Soon after the original particle-like (regular) solutions of1 were constructed, the
corresponding black hole solutions were found.4–6 Not long after the discovery of
the EYM solutions, both regular and black hole gravitating monopole solutions
of the EYM–Higgs (EYMH) systems were constructed in.7–9 EYM solutions in
the presence of a cosmological constant Λ were constructed later, with negative Λ
in,10–12 and for Λ > 0 in.13 These results indicate that the solutions of the Einstein
equations coupled to non-Abelian matter fields possess a much richer structure than
in the better known U(1) case. They also show that our intuition based on solutions
with linear field sources may fail in more general situations.

In this review, our description of gravitating YM systems will in addition to
the EYM fields also include the Higgs fields. The study of EYM-Higgs (EYMH)
systems enables a more extensive description of physical phenomena as a result of
the symmetry breaking mechanism which (gauged) Higgs models describe. This is a
result of the special nature of Higgs fields here as dimensional descendents of gauge
fields, as will be explained below. Therefore we shall restrict our considerations to
such Higgs multiplets that afford topological stability to the solutions.

EYM solutions in (higher) d > 4 dimensions were considered relatively recently.
Here two main possibilities have been included so far in the literature, which are dis-
tinguished by the different asymptotic structure of the spacetime. In the first case,
of main interest here, the metric is asymptotically Minkowski (or (anti-)de Sitter, if
a cosmological constant is considered in the action). Such solutions provide the nat-
ural counterparts of the d = 3 + 1 non-Abelian configurations mentioned above. In
the second case, a number of p codimensions are included. Such configurations are
important if one posits the existence of extra-dimensions in the universe, which are
likely to be compact and described by a Kaluza-Klein (KK) theory. All known KK
non-Abelian solutions have no dependence on the extra-dimensions, i.e. these are
frozen, as in the case of the z−coordinate of the Abrikosov-Nielsen-Olesen vortex.

A number of results in the literature show that, in the absence of codimensions,
the mass of gravitating non-Abelian solutions which asymptote to a Minkowski
spacetime, is infinite14 (the same results holds for asymptotically (anti-)de Sitter
solutions15). This is not surprising because the usual EYM system in d ≥ 5 dimen-
sions does not have the requisite scaling properties for there to exist finite energy
solutions.

However, the scaling properties of the usual EYM system can be altered by the
addition of higher order terms of the Yang–Mills curvatures. Such terms can occur
in the low energy effective action of string theory.16,17 The hierarchies of both YM
and of gravitational (i.e., Einstein) systems will be defined below. Employing suit-
ably defined EYM systems featuring higher order YM curvature c terms such that
the equations of motion remain second order, finite mass/energy static spherically

cHigher order Riemann curvature terms cannot be employed for this purpose for when they
are of sufficiently higher order to satisfy the scaling requirement, they invariably vanish or are
total divergence terms.
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symmetric non-Abelian solutions in d > 4 dimensions were constructed. The exis-
tence of this type of configurations is a nonperturbative effect, since they cannot
be predicted in a perturbative approach around the solutions of the usual EYM
system.

With zero cosmological constant, d > 4 regular solutions of the extended EYM
system were found and analysed in,18,19 and black hole solutions in,20.21 Both regu-
lar and black hole with negative cosmological constant Λ were presented in.21 With
positive Λ likewise, such EYM solutions were given in.22 Thus there is a comprehen-
sive sample of finite mass, static, spherically symmetric EYM field configurations in
d = D + 1 dimensional spacetimes. These are the higher dimensional counterparts
of the EYM solutions in four dimensions, and in general their non-Abelian matter
content is composed of several YM terms with various (appropriate) scaling prop-
erties. Such models proliferate with increasing dimension and exhibit additional
features, absent in the usual 3 + 1 dimensional EYM cased.

Concerning EYMH solutions describing gravitating monopoles in higher dimen-
sions, recently a very particular hierarchy of YMH models in d = 4p dimensions has
been studied where regular and black hole solutions are constructed.24 The reason
for restricting to a particular family of models is the ubiquity of Higgs models in
dimensions higher than 3 + 1, as will be described below.

All the above noted EYM and EYMH solutions are static and spherically sym-
metric. But in 3+1 dimensions there are axially symmetric solutions25–27 with very
interesting properties, so it is natural to seek their higher dimensional counterparts.
To the best of our knowledge, the only result in this direction is that in,28 for the
simplest EYM system in d = 4+1 dimensions. The symmetry imposed in that case
was bi-azimuthal symmetry in the 4 spacelike dimensions.

Concerning the case of non-Abelian solutions with codimensions, the situation
is less explored, the case d = 5 being the only one discussed in a systematic way in
the literature. Both non-Abelian vortices and black strings with non-Abelian hair
have been studied in the literature, starting with the pioneering work of.14

Finally, we note that all the work referred to above pertains to gravitating YM
in D + 1 dimensional spacetime with Minkowskian signature. This is because to
date all of the work on Euclidean EYM in all dimensions is effectively restricted
to the study of YM fields on fixed (gravitational) backgrounds. This, even though
the earliest EYM solutions were constructed in 4 Euclidean dimensions (see29,30

and31,32). As such, these results are not central to the present review which is
mainly concerned with fully backreacting matter-gravity solutions.

The outline of this paper is as follows. In the next section, 2, we introduce the
hierarchies of gravitational and Yang–Mills (and Higgs) systems, in all dimensions.
Then in the following section, 3, we review known results in gravitating YM and

dThe exception is a very particular hierarchy of gravitating YM models in d = 4p dimensions,
consisting of a single higher order YM curvature term which scales appropriately. In this case23

all the qualitative features of the EYM solutions in d = 4 are preserved.
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YMH solutions in higher dimensions, including a brief description of EYM solutions
in Euclidean space. There we pay special attention to the existence and the generic
properties of the non-Abelian solutions and not to their physical applications. In
section 4 we give a summary and outlook.

2. Layout

The gravitating Yang–Mills solutions covered in this review are both in spaces
with Minkowskian and with Euclidean signature. In the Minkowskian case, which
is that of greater interest, these are static spherically symmetric solutions, both
regular and black hole. In the Euclidean case, these are black hole solutions with
periodic dependence on the Euclidean time which are spherically symmetric in the
space dimensions, and also black hole solutions that are spherically symmetric in
the whole of the space time. They would describe spherically symmetric black hole
solutions of horizon radius rH , which include the regular particle like configuration
in the limit of rH = 0. As noted in section 1, the non-Abelian matter sector will
consist both of YM, and YM-Higgs (YMH) fields. These systems are defined on
Euclidean spaces since in the Minkowskian case the solutions in question are static
so that the fields depend on the spacelike coordinates only.

Even before gravitating the YMH field, the existence of finite energy/action
solutions is contingent on the requisite scaling requirement being satisfied. In the
case of flat (Euclidean) space, this amounts to satisfying the familiar virial relation,
as long as the (static) Hamiltonian/Lagrangian is positive definite. In the case of a
gravitating system the property of positive definiteness is absent, since all Einstein
systems are defined such that they are not bounded from below. One can proceed
nonetheless heuristically seeking to satisfy the virial relation. A systematic analysis
of this for higher dimensional EYM systems was presented in,21 and we will return to
this question in section 3 when the static systems are gravitated and will elaborate
on the scaling arguments. For now, we restrict our attention to the YMH systems
on a flat background. It is the virial constraint that necessitates the introduction
of higher order curvature terms in the (static) Hamiltonian/Lagrangian. These are
the members of the Einstein and YM hierarchies to be defined below.

There is a marked difference in the status of the Einstein hierarchy and the
YM hierarchy in the present context. The higher order YM terms are necessary for
rendering the scaling properties of the EYM system in question appropriate for sup-
porting finite energy solutions, while the corresponding terms in the gravitational
hierarchy do not play this role. All the higher order gravitational terms (e.g., Gauss–
Bonnet) with the required scaling property either vanish or are total divergence.

Anticipating the definition of the Einstein hierarchy in the next subsection, we
note that the p−Einstein system eR(p) as defined by the relations (2.1), or (2.3)
bellow, scales as L−2p. (Note that the usual Einstein-Hilbert term, (or 1−Einstein
system in the terminology of this work), scales as L−2 and the usual YM, or 1−YM
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system, scales as L−4.) According to the heuristic scaling argument, adding the
p−Einstein term to the usual EYM system would result in the correct scaling if
d < 2p+1. In the limiting case when d = 2p, eR(p) is a total divergence and beyond
that it vanishes, as will be seen from the definitions below.

On the other, hand higher order members of the gravitational hierarchy play
a quantitatively interesting role in highlighting certain qualitative features of the
solutions, that repeat in dimensions modulo 4p. They are also of intrinsic interest
in some considerations for the case of Euclidean signature. For those reasons, they
are included in this review.

In the next subsection, 2.1, we present the definition of gravitational systems
in all dimensions, which in this review we refer to as the hierarchy of Einstein
systems. In general, higher dimensional gravitational systems are composed of the
superposition of individual members of the Einstein hierarchy. In subsection 2.2
we define the Yang–Mills (YM) systems in all even (spacelike) dimensions, referred
to as the hierarchy of YM systems here. YM systems in all dimensions, both odd
and even, can then be constructed from the superposition of individual members of
the YM hierarchy. Then in subsection 2.3 we introduce that subclass of (gauged)
Higgs models that are relevant to the presentation here, namely those YM–Higgs
(YMH) models that have been gravitated to date, along with an example of the
next most natural candidate. Finally in subsection 2.4 we state the expressions
for the reduced Lagrangians of the systems introduced, subject to the appropriate
symmetries. This will be mainly the case of most interest involving the static fields
which are spherically symmetric in the spacelike dimensions.

2.1. Gravitational systems in all dimensions: Einstein hierarchy

The gravitational systems which we shall refer to as the Einstein hierarchy in d =
2p + k spacetime dimensions are defined as the product of the determinant of the
Vielbeine enν , e = det emµ , with Ricci scalars R(p), defined by

Lp−E = eR(p) = εµ1µ2...µ2pν1ν2...νken1
ν1 e

n2q
ν2 . . . enk

νk
εm1m2...m2pn1n2...nk

Rm1m2...m2p
µ1µ2...µ2p

,

(2.1)

R
m1m2...m2p
µ1µ2...µ2p = R(2p) being the p-fold totally antisymmetrised product of the Rie-

mann curvature, in component notation

R(2) = Rm1m2
µ1µ2

= ∂[µ1 ω
m1m2
µ2]

+ ωm1n
[µ1

ωnm2
µ2]

,

ωmnµ being the Levi-Civita spin connection. It is clear from the definition (2.1) that
the spacetime dimensionality d = 2p + k sets an upper limit on the highest order
nontrivial member of this hierarchy, the term R(p)(k=0) being the (total divergence)
Euler-Hirzebruch density. We shall refer to eR(p) in (2.1) as p−Einstein systems
(i.e. p = 1 is the usual Einstein-Hilbert Lagrangian, p = 2 is the Gauss-Bonnet
term etc.).
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Subjecting (2.1) to the variational principle with respect to the arbitrary varia-
tion of the Vielbeine one arrives at what we refer to as the p-Einstein equation

G(p)
m
µ = R(p)

m
µ − 1

2p
R(p) e

m
µ , (2.2)

in terms of the p-Einstein tensor G(p)
m
µ , with R(p) and R(p)

m
µ being the p-th order

Ricci scalar and the p-th order Ricci tensor defined respectively by

R(p) = Rm1m2...m2p
µ1 µ2...µ2p

eµ1
m1

eµ1
m2

. . . eµ2p
m2p

(2.3)

R(p)
m
µ = Rmm2m3...m2p

µµ2µ3...µ2p
eµ2
m2

eµ3
m3

. . . eµ2p
m2p

. (2.4)

The p−Einstein hierarchy of gravitational systems is defined by e times the
p−Ricci scalar (2.3), and the most general Einstein system is given by the maximal
number of nonvanishing superpositions of all p−Ricci scalars.

An interesting property of the p−Riemann and q−Riemann curvatures in even
dimensions is the double-selfduality constraint

Rm1m2..m2p
µ1µ2....µ2p

= ± κ2(p−q) e

[(2q)!]2
εµ1µ2...µ2pν1ν2...ν2qR

ν1ν2....ν2q
n1n2..n2q

εm1m2...m2pn1n2...n2q ,

(2.5)
where the Hodge dual of the 2q−form curvature is equated to the 2p−form cur-
vature, with the dimensionful constant κ compensating for the difference in the
respective dimensions. (2.5) can be stated for both Euclidean and Minkowskian
signatures, with the ± sign respectively.For Euclidean signature, contracting the
constraint (2.5) with the appropriate number of vielbeine one arrives at the vacuum
Einstein equations for the (p, q)−Einstein system

L(p,q)−E = e (R(p) + κ2(p−q)R(q) + Λ) , (2.6)

where R(p) and R(q) in (2.6) are defined by (2.3) and Λ is a cosmological constant
whose value is related to the constant κ, as shown in.33 This is not valid in the case
of Minkowskian signature (see Appendix of34 for details).

2.2. The Yang–Mills hierarchy

Since we seek finite energy/action solutions of the gravitating YM systems, the
relevant members of the YM hierarchy to be defined, are those which support finite
action solutions in the spacelike (Euclidean) subspace D of the spacetime d =
D+1. The flat space solutions in question will have topological stability when D is
even. To avail of topological stability for these finite energy/action solutions in odd
dimensions D, one has to consider the Higgs models derived from the dimensional
descent of the YM systems in even D+N with compact odd codimension N . The
YM hierarchy is presented in the section 2.2.1 and the ensuing YMH models in
section 2.2.2, below.

Using the notation F (2) = Fµν for the 2-form Yang–Mills (YM) curvature, the
2p-form YM tensor

F (2p) = F (2) ∧ F (2) ∧ ... ∧ F (2), p-times (2.7)
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is a p fold totally antisymmetrised product of the 2-form curvature.
The p−YM system of the YM hierarchy is defined, on IR4p, by the Lagrangian

density

Lp−YM = TrF (2p)2 . (2.8)

In 2n dimensions, partitioning n as n = p + q, the Hodge dual of the 2q-form
field F (2q), namely (�F (2q))(2p), is a 2p-form.

Starting from the inequality

Tr[F (2p) − κ �F (2q)]2 ≥ 0 , (2.9)

it follows that

Tr[F (2p)2 + κ2 F (2q)2] ≥ 2κ Cn , (2.10)

where Cn is the n-th Chern-Pontryagin density. In (2.9) and (2.10), the constant κ
has the dimension of length to the power of (p− q).

The element of the YM systems labeled by (p, q) in (even) 2(p+ q) dimensions
are defined by Lagrangians defined by the densities on the left hand side of (2.10).
When in particular p = q, then these systems are conformally invariant and we refer
to them as the p−YM members of the YM hierarchy.

The inequality (2.10) presents a topological lower bound which guarantees that
finite action solutions to the Euler–Lagrange equations exist. Of particular interest
are solutions to first order self-duality equations which solve the second order Euler–
Lagrange equations, when (2.10) can be saturated.

For M2n = IR2n, the self–duality equations support nontrivial solutions only if
q = p,

F (2p) = �F (2p) . (2.11)

For p = 1, i.e. in four Euclidean dimensions, (2.11) is the usual YM selfduality equa-
tion supporting instanton solutions. Of these, the spherically symmetric35,36 and ax-
ially symmetric37–39 instantons on IR4p are the known. For p ≥ 2, i.e. in dimensions
eight and higher, only spherically symmetric36 and axially symmetric38,39 solutions
can be constructed, because in these dimensions (2.11) are over-determined.40

In the r � 1 region, all these ‘instanton’ fields on R2n, whether self–dual or not,
asymptotically behave as pure–gauge

A→ gdg−1

For M2n = G/H , namely on compact coset spaces, the self–duality equations sup-
port nontrivial solutions for all p and q,

F (2p) = κ �F (2q) (2.12)

where the constant κ is some power of the ‘radius’ of the (compact) space. The
simplest examples are M2n = S2n, the 2n-spheres,41 and M2n = CPn, the complex
projective spaces.42
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The above definitions of the YM systems can be formally extended to all di-
mensions, including all odd dimensions. The only difference this makes is that all
topological lower bounds enabling the construction of instantons are then lost, but
this is immaterial from the viewpoint in the present review.

2.3. Higgs models on RD

Higgs fields have the same dimensions as gauge connections and appear as the extra
components of the latter under dimensional reduction, when the extra dimension is
a compact symmetric space. Dimensional reduction of gauge fields over a compact
codimension is implemented by the imposition of the symmetry of the compact
coset space on the coordinates of the codimensions. In this respect, the calculus
of dimensional reduction does not differ from that of imposition of symmetries
generally, which is the relevant formalism used in this, 2.3, and the next subsection
2.3.

The calculus of imposition of symmetry on gauge fields that has been used in
the works being reviewed here is that of Schwarz.43–45 This formalism was adapted
to the dimensional reduction over arbitrary codimensions in.33,46,47

In general one can employ a linear combination of inequalities (2.10), for all
p ≤ D/4 and q ≤ D/4. Restricting, for simplicity to the 4p dimensional conformal
invariant systems in (2.10), i.e. to p = q = D/4, the descent over the compact space
K4p−d is described by∫

IRD×K4p−D

F(2p)2 ≥
∫

IRD×K4p−D

C2p , (2.13)

where F(2p) is the 2p−form curvature of the 1−form connection A on the higher
dimensional space RD × K4p−D. Imposing the symmetry appropriate to K4p−D

on the gauge fields results in the breaking of the original gauge group to, say, the
residual gauge group g for the fields on RD. Performing then the integration over
the compact space K4p−D leads to the Lagrangian L[A, φ], of the residual Higgs
model on RD. A here is the connection taking values in the algebra of g and φ

is the Higgs multiplet whose structure under g depends on the detailed choice of
K4p−D, implying the following gauge transformations

A→ gAg−1 + gd g−1

and depending on the choice of K4p−D,

φ→ gφ g−1, or, φ→ gφ, etc.

The inequality (2.10) leads, after this dimensional descent, to∫
IRD

L[A, φ] ≥
∫

IRD

∇ ·Ω[A, φ] =
∫
ΣD−1

Ω[A, φ] , (2.14)

where L[A, φ] = L[F,Dφ, |φ|2 , η2] is the residual Lagrangian in terms of the residual
gauge connection A and its curvature F , the Higgs fields φ and its covariant deriva-
tive Dφ and the inverse of the compactification ‘radius’ η. The latter is simply the
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VEV of the Higgs field, seen clearly from the typical form of the components of the
curvature F on the extra (compact) space K4p−D

F |K4p−D ∼ (η2 − |φ|2) ⊗ Σ ⇒ lim
r→∞ |φ|2 = η2 (2.15)

where Σ are, symbolically, spin-matrices/Clebsch-Gordan coefficients.
It should be noted at this stage that subjecting the selfduality equations (2.11)

to this dimensional descent results in Bogomol’nyi equations on IRD, which for p ≥ 2
in IRD ×K4p−D (cf. (2.13)) turn out to be over-determined40 with few exceptions.

There arise a plethora of Higgs models, depending on the mode of dimensional
descent, namely on the particular choice of the compact codimensionK4p−d. We will
not dwell on various modes of descent and the detailed properties of the descended
YMH models here, and will limit our attention to those models that have been
gravitated to date.

Perhaps the most interesting, or useful, family of YMH models on IRD arrived at
via this descent mechanism are those in which the residual gauge group is SO(D),
and the Higgs field multiplet is an isovector of SO(D)e. It turns out that only
when D = 2 and when D = 4p− 1 in the descent over IRD ×K4p−D, the resulting
Bogomol’nyi equations are not over-determined.40 The D = 2 case is uninteresting
from our present perspective since the Abelian Higgs systems in that case live in
2 + 1 spacetime dimensions and gravitating them is unproductive. This leaves the
family of SO(D) Higgs models that live in D = 4p− 1 space, or d = 4p spacetime
dimensions, for which the flat space Bogomol’nyi equations can be saturated. These
are the only Higgs models to date, that are gravitated.24 (The flat space solutions
of this system was studied in,48 which are direct generalisations of the usual BPS
monopoles with p = 1.)

The YM field in the YMH models on RD discussed thus far, is purely magnetic
supporting a ‘magnetic’ monopole. But when it comes to YMH models, as stated
earlier, the presence of the Higgs field enables the support of a dyon in d = D + 1
dimensional spacetime. In the usual49 sense as the dyon in 3 + 1 dimensions, the
Higgs field partners the newly introduced ‘electric’ YM potential A0. Thus we can
describe SO(d) dyonsf in d−dimensional spacetime.

When the dimension of the spacetime d is even, then the chiral representations
of the algebra of SO(d) can be employed, namely replacing the Dirac representation
matrices Γµν = (Γij ,Γi,d) with Σ(±)

µν = (Σ(±)
ij ,Σ(±)

i,d ), the precise definition of these
matrices to be given explicitly in the next subsection.
eEmploying Dirac matrix representations for the algebra of SO(D) in terms of Γij , i, j = 1, 2, . . . ,,
the Higgs field takes its values in the matrix basis Γi,D+1. with (Γij , Γi,D+1) representing the
algebra of SO(d) = SO(D + 1)
fWhile both the Higgs field and A0 take their values in the Dirac matrix basis Γi,D+1, in the in the
3 + 1 dimensional case the ‘enlarged’ algebra SO(4) splits in the two SU(2) subalgebras, whence
the dyon and the monopole are both described by SU(2) matrices. In all higher dimensions, this is
not the case and the full algebra employed is that is SO(D +1), where d = D +1 is the dimension
of the spacetime.
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When by contrast the dimension of the spacetime d is odd, then the Dirac
represenation matrices are the appropriate ones to be used, e.g., in d = 4 + 1
spacetime50 when D = 4. (No such higher dimensional monopoles are gravitated
to date.)

The family of YMH in d = 4p dimensional spacetime that are gravitated result
from the simplest mode of descent over IRD ×K1, with D = 4p− 1, i.e., over one
codimension. The Lagrangian densities can be expressed for arbitrary p in flat space
as48

Lp−YMH = Tr
[
F (2p)2 + 2p (F (2p− 2) ∧DΦ)2

]
= Tr

[
(Fm1m2...m2p)2 + 2p

(
F[m1m2...m2p−2 Di2p−1]Φ

)2]
, (2.16)

in an obvious notation.

2.4. Static spherically symmetric fields

Since almost all the work reviewed in this article involves static spherically sym-
metric only, we will subject the above introduced systems to this symmetry only.

The usual metric Ansatz with spherical symmetry in d−1 dimensional subspace
is

ds2 = ∓N(r)σ2(r)dτ2 + N(r)−1dr2 + r2dΩ2
(d−2) , (2.17)

the ∓ sign pertaining to Lorentzian and Euclidean signatures, and with dΩ2
(d−2)

being the metric on Sd−2.
Subject to the Ansatz (2.17), the reduced one dimensional Lagrangian of the

p−Einstein system (2.1) (or (2.3)), in d−dimensional spacetime is calculated. After
neglecting the appropriate surface terms, this can be expressed compactly as

L
(p,d)
(grav) =

κp
22p−1

(d− 2)!
(d− 2p− 1)!

σ
d

dr

[
rd−2p−1(1 −N)p

]
. (2.18)

We next state the static spherically symmetric Ansatz for the p−YM system (2.8)
and the p−YMH system,

Φ = η h(r) x̂j Γj,d , A0 = u(r) x̂j Γj,d , Ai =
(

1 − w(r)
r

)
Γij x̂j . (2.19)

for odd dimensional spacetime d, and, for even d

Φ = η h(r) x̂j Σ(±)
j,d , A0 = u(r) x̂j Σ(±)

j,d , Ai =
(

1 − w(r)
r

)
Σ(±)
ij x̂j , (2.20)

where

Σ(±)
ij = −1

4

(
1 ± Γd+1

2

)
[Γi,Γj] ,

are the chiral representations of SO(d). The dimensionful constant η in (2.19)-(2.20)
is the Higgs VEV.
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It should be stated here that the choice of gauge group here is made with the
purpose of enabling the construction of nontrivial finite energy solutions, and that
this is the minimal size of gauge group in each case. Larger gauge groups, with the
appropriate representations containing these, can be employed in case of necessity,
e.g., when a Chern–Simons term is to be introduced in the Lagrangian.

Imposing this symmetry, i.e., substituting (2.19) or (2.20) into the appropriate
Lagrange density, results in exactly the same one dimensional reduced Lagrangians
in both cases (except for an overall factor of 2). This is because the algebraic ma-
nipulations involved in both cases are identical. The situation changes if Fermions
are introduced, but we do not do that here.

The resulting reduced one dimensional Lagrangian of the p−YM system (2.8),
augmented by the Higgs kinetic term in (2.16), in d−spacetime dimensions is

L
(p,d)
YMH =

τp r
d−2

2 · (2p)!

{
(d− 2)!

(d− [2p+ 1])!
σ

(
1 − w2

r2

)2(p−1)

×
[
(2p)N

(
w′

r

)2

+ (d− [2p+ 1])
(

1 − w2

r2

)2
]

∓ (d− 2)!
(d− 2p)!

(2p− 1)
σ

[
([(1 − w2)p−1u]′)2

+(d− 2p)
(2p− 1)
N

[(1 − w2)p−1u]2
(w
r

)2
]

(2.21)

∓ (d− 2)!
(d− 2p)!

(2p− 1)
σ

η2

[
([(1 − w2)p−1h]′)2

+(d− 2p)
(2p− 1)
N

[(1 − w2)p−1h]2
(w
r

)2
]}

This is the most general matter part consisting of the YMH system for this particular
family of Higgs models.

Before proceeding to describe the various types of gravitating YM and YMH
solutions in the next section, let us make some remarks concerning the particular
choices of the various models employed.

• To recover the formula used for the p−YM system (2.8), one simply replaces
h = 0 in the third line of (2.21), thus eliminating the Higgs field.

• To recover the matter Lagrangian used for the gravitating monopoles in d =
4p dimensions presented in,24 one replaces u→ 0 in the second line of (2.21),
and, sets d = 4p since the gravitating monopoles there are constructed only
in those spacetime dimensions. Of course, it would be possible also to
gravitate dyons in higher dimensions just as in d = 4 (see for example51

and references therein), but this has not been done to date.
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The choice of model for the monopoles gravitated in24 was made firstly such
that the YM term and the Higgs kinetic term have the same dimensions.
This is precisely with the criterion that there should not be a mismatch
of dimensions giving rise to a conical fixed point singularity, so as not
to cloud an otherwise more complicated system. This family of models is
dimensionally descended from the p−YM system and hence the Bogomol’nyi
equations can be saturated, which is unimportant since the backreaction of
gravity prevents this saturation anyway. Secondly, we opted for gravitating
the p−Higgs models with p−gravity for the more or less aesthetic reasons
of that choice in the EYM case of.23

• In the d ≥ 5 EYM case, various matter systems consisting of the superpo-
sitions of p−YM systems (2.8) are gravitated with the 1−Einstein gravity
(usual Einstein-Hilbert Lagrangian). This immediately introduces a mis-
match between the dimensions of the constituent terms in the Lagrangian.
It is found that one result of this is the absence of the radial excitations
(higher node solutions) observed in the p = 1, d = 4 Bartnik-McKinnon1

case. Another result is that in addition to the Reissner-Nordström fixed
point, there arises a new singularity20 in d = 4 + 1 dimensions. This sin-
gularity was found19 to repeat in d = 4p+ 1 dimensions, modulo 4p. The
fixed point corresponding to it was called a conical fixed point.

• The electric potential necessarily vanishes for asymptotically flat finite en-
ergy solutions of the EYM system, i.e. u(r) = 0 if h(r) = 0. The proof here
is similar to that found in,5253 for d = 3 + 1 dimensions. One starts with
the equation for the electric potential u(r), which, for a generic model with
a number of P terms in the YM hierarchy can be rewritten as

P∑
p=1

τp
1
2

(
rd−2

σ
(W 2u2)′

)′

=
P∑
p=1

τp
rd−2

σ

(
((Wu)′)2 +

2(d− 2p)(2p− 1)
N

W 2u
2w2

r2

)
, (2.22)

(here, to simplify the relations, we denote W = (1 − w2)p−1). One can
easily see that the r.h.s. of (2.22) is a strictly positive quantity. Thus the
integral of the l.h.s. should also be positive,

P∑
p=1

τp
1
2

(
rd−2

σ
(W 2u2)′

) ∣∣∣∣∞
r0

> 0 , (2.23)

(where r0 = 0, rH for particle-like and black hole solutions, respectively).
However, the regularity of the solutions together with finite energy require-
ments impose that, in the above relation, both the contributions at r = r0
and at infinity vanish. As a result, u(r) should vanish for any reasonable
solution. The same proof generalises for anti-de Sitter solutions, the only
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exception being the systems featuring exclusively the p-th terms of the hi-
erarchy, in d = 4p dimensions.

• Departing from these generic models, there is a family of models for which
the mismatch of the dimensionality of the constituent terms is removed.
Like in the usual EYM system consisting of the 1−Einstein and 1−YM
systems in d = 3 + 1, this family of models23 consists exclusively of the
p−Einstein and p−YM systems in d = 4p. The result is that all qualitative
features of the EYM solutions of1 are preserved. Indeed, if p−Einstein is
replaced by q−Einstein, q �= p, the salient features persist but are quanti-
tatively somewhat deformed.

3. Non-Abelian solutions in d−dimensions

3.1. Solutions with Lorentzian signature

3.1.1. Einstein–Yang-Mills solutions in four dimensions

The closed form solutions in Chakrabarti et al,3132 are probably the first examples
of black holes with non-Abelian hair, albeit with no backreaction between gravity
and the non-Abelian matter. Fully selfgravitating EYM solutions were constructed
somewhat after those on fixed backgrounds, by Bartnik and McKinnon.1 These were
regular particle-like solutions, and were soon followed by their black hole counter-
parts in.4–6

Subsequently, a large literature has developed on this subject, extending to sys-
tems with a cosmological constant, and separately, to systems whose Lagrangian
contains also a Higgs field, supporting gravitating monopoles. Extensions of the
EYM system to include other fields which enter various stringy models have been
considered as well, in particular for a Gauss-Bonnet quadratic curvature term cou-
pled with a dilaton.54 However, these solutions are beyond the scope of the present
review. (A detailed review of the various d = 4 gravitating solutions with non-
Abelian fields was presented a decade ago in.2 The case of d = 4 asymptotically
anti-de Sitter (AdS) solutions which was not covered in,2 was the subject of the
recent review.55)

These were all static spherically symmetric solutions, some of whose salient
properties will be contrasted in their higher dimensional counterparts to be reported
in the next subsection. Restricting to solutions with a gauge group SU(2), their
basic properties are:

In the EYM case, the asymptotically flat solutions

• were sphalerons, �i.e. that they were unstable,5657 since there was no topo-
logical charge to supply the energy with a lower bound, and,

• they present radial excitations characterised by a number k of nodes of the
function magnetic gauge w(r) in (2.20);
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• the non-Abelian electric potential necessarily vanishes for both globally reg-
ular and black hole solutions with finite energy.52,53

When a negative cosmological constant is added to the EYM Lagrangian,10,11 the
asymptotically AdS solutions exhibit new and interesting features, namely that now

• the asymptotic value of the function w(r) in (2.20) is not fixed a priori,
which leads to finite mass solutions with a nonvanishing non-Abelian mag-
netic charge, even without a Higgs field;

• stable solutions have been shown to exist10,58 (this corresponds basically to
the case where the profile of the function w(r) presents no nodes);

• black holes with non-Abelian hair and a nonspherical topology of the event
horizon have been found for Λ < 0 in;59,60

• most importantly in this case, it becomes possible to construct finite energy
solutions with a nonvanishing A0,11 i.e. non-Abelian dyons;

• moreover, finite mass solutions with AdS asymptotics exist for any Λ < 0.

In the case of a positive cosmological constant,13,61–63 by contrast,

• the EYM solutions with de Sitter (dS) asymptotics exist for sufficiently
small values of Λ only;

• all solutions have been shown to be unstable, since w(r) necessarily presents
nodes (although the asymptotic value of the magnetic gauge potential is not
fixed a priori);

• the electric potential A0 necessarily vanishes for all dS solutions.

In the EYMH (gravitating monopole) case, which differs from the EYM in that
a dimensionful constant (the Higgs vacuum expectation value) appears in the La-
grangian, the solutions with Λ ≤ 0

• are topologically stable in the YMH sector, stabilised by the monopole
charge;

• they present radial excitations characterised by multinode profiles in the
function w(r) in (2.20) as in the YMH case, and in addition,

• due to the presence of the dimensionful constant in the Lagrangian, they
exhibit a Reissner-Nordström fixed point, which results in the absence of
solutions for a range of the gravitational coupling constant.

The picture is more complicated for asymptotically dS gravitating monopole
solutions. Refs.62,64 presented arguments that

• although the total mass within the cosmological horizon of the monopoles
is finite, their mass evaluated at timelike infinity generically diverges;

• no solutions exist in the absence of a Higgs potential.
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The d = 4 asymptotically Minkowski (or AdS) EYM solutions discussed above
have axially symmetric generalisations. The first work in this direction was,25 which
presented a generalization of the Bartnik-McKinnon solutions characterized by a
pair of integers (k, n), where n is an integer – the winding number and k is the node
number of the amplitude w(r). The black hole counterparts of these configurations
were discussed in,26 which shows that Israel’s theorem65 does not generalise to the
non-Abelian case (i.e. a static black hole is not necessarily spherically symmetric).
These asymptotically flat solutions were extended afterwards in various directions,
see e.g.66–69 They present also generalizations with a negative cosmological constant,
which were discussed in.70–72 The case of axially symmetric non-Abelian solutions
with dS asymptotics was not considered yet in the literature.

Interestingly, although non-Abelian generalizations of the Kerr-Newmann black
hole were shown to exist,73,74 it turns out that the Bartnik-McKinnon globally
regular solutions admit no asymptotically flat rotating generalizations73,75 (how-
ever, note that they were predicted in a perturbative approach76). Not completely
unexpected, spinning EYM solitons were found to exist for AdS asymptotics.72,77

Finally, let us remark that both the EYM and EYMH systems present nontriv-
ial solutions with a NUT charge.78,79 These solutions approach asymptotically the
Taub-NUT spacetime80 and provide the non-Abelian counterparts of the U(1) Brill
solution.81 The nonexistence results in52,53 are circumvented by these asymptoti-
cally locally flat solutions, which necessarily present a nonzero electric part A0 of
the non-Abelian potential.
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Fig. 10.1. Typical particle-like higher dimensional EYM-F (2)2 solutions in asymptotically
flat and anti-de Sitter spacetimes (left) and de Sitter spacetime (right). The function m(r)
corresponds to the local mass-energy density.

3.1.2. Einstein–Yang-Mills solutions in higher dimensions

Gravitating non-Abelian fields in higher dimensions have been considered for the
first time in14 for d = 5 and a YM model containing the usual F (2)2 term only. For
spherically symmetric regular solutions asymptotic to the Minkowski background,
it was found that their energy is infinite. Then in Ref.15 it was proven that the
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energy of the black hole is also infinite. Moreover,15 extended these results to
asymptotically AdS solutions. When employing the Einstein-Hilbert gravity only,
one usually defines

N(r) = 1 − m(r)
rd−3

− 2Λr2

(d− 2)(d− 1)
, (3.1)

the function m(r) being related to the local mass-energy density up to some
d−dependent factor. The results in14,15 prove that, in five dimensions,m(r) → log r,
as r →∞.

As discussed in,21 this is a generic feature of all higher dimensional EYM solu-
tions with a F 2 term only (i.e. LYM = τ1F

a
µνF

aµν). Although these configurations
are still asymptotically Minkowski, their mass function generically diverges as rd−5

(or as log r for d = 5). A similar conclusion is reached when considering21 solutions
of a EYM-Λ model containing the usual F 2 term only and approaching asymptoti-
cally an AdS (or dS) backgroundg. This can most easily be seen by considering the
simplest w(r) = 0 solution of the EYM equations. This corresponds to the gravi-
tating Dirac–Yang monopoles,86,87 which are non-Abelian configurations (except in
d = 4 where one has the Abelian Dirac monopole). These fields are singular at the
origin and hence an event horizon should be present.

The result is a black hole solution, which for d > 5 has a line element

ds2 =
dr2

1 − µ2

r2 − M0
rd−3 − 2Λr2

(d−2)(d−1)

+r2dΩ2
(d−2) −

(
1 − µ2

r2
− M0

rd−3
− 2Λr2

(d− 2)(d− 1)

)
dt2, (3.2)

where µ is a constant fixed by the YM coupling parameter,21 M0 > 0 is an arbitrary
constant and Λ the cosmological constant. This infinite mass configuration gener-
alises to higher dimensions the d = 4 magnetic Reissner-Nordström black hole and
has a number of interesting properties which are discussed in.88 The generic solu-
tions of the F 2 EYM model have a more complicated pattern (including particle-like
configuration with a regular origin), but always approach asymptotically the line
element (3.2) (see Figure 10.1).

The nonexistence result on finite mass solutions is circumvented by adding the
appropriate p−YM term(s) to the matter Lagrangian. As a result, the EYM sys-
tem presents (at least) one more coupling constant α2 =

√
τ3
1 /κ

2
1τ2, which usually

implies a rich structure of the solutions. Various examples were studied:

• in18 the particle-like solutions of the system consisting of 1− and
2−Einstein-terms (i.e., the Einstein-Gauss-Bonnet system), 1−YM and

gAsymptotically AdS solutions with diverging mass have been considered by some authors, mainly
for a scalar field in the bulk (see e.g.82). In this case it might be possible to relax the standard
asymptotic conditions without loosing the original symmetries, but modifying the charges in order
to take into account the presence of matter fields. A similar approach has been used in ref.21 to
assign a finite mass to d > 4 EYM solutions in a F 2 theory with a negative cosmological constant.
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2−YM terms in spacetime dimensions d = 6, 7, 8, thus exhibiting a di-
mensionful constant. Although a pure gauge configuration is approached
in the far field, these solutions however are not quite direct analogues of
the Bartnik-McKinnon solutions because of the presence of the dimension-
ful τ2 constant in the Lagrangian. This is analogous with the gravitating
monopole,7 where a dimensionful constant is also involved. Unlike the lat-
ter, however, there were no radial excitations in this case. Moreover, the
Gauss-Bonnet in the gravity action does not lead to any new qualitative
features of the solutions,

• in20 for particle like solutions of the system consisting of 1−Einstein, 1−YM
and 2−YM subsystems as above, but in spacetime dimensions d = 5. In
addition, in,20 asymptotically flat black hole solutions are constructed. The
fixed point properties in d = 5 solutions however differ substantially from
those of the d = 6, 7, 8 solutions for the same model (see Figure 10.3).

• The fixed point analysis for this model is carried out in,19 where it is found
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that in addition to the Reissner-Nordström fixed point, a new type of fixed
point appears. While the Reissner-Nordström fixed point is typified by the
value of the function w(r) = 0, the new type of fixed point is typified by
the value of the function w(r) = 1 and is referred to as a conical fixed point
in.19 It is further shown in,19 by extending the model judiciously for higher
values of d (always keeping only the 1−Einstein terms) by higher p YM
terms, that this conical singularity appears modulo every 4p dimensions.

• EYM systems with negative cosmological constant in higher dimensions are
also studied in.21 The finite energy solutions in these models exhibit all the
properties seen in18–20 for Λ = 0. Different from the d = 4 case, the higher
dimensional AdS solutions necessarily have w(r) → −1 as r → ∞, i.e. a
pure gauge configuration is approached in the far field (see Figure 10.2).
As a consequence, asymptotically AdS solutions with negative cosmological
constant cannot support nonvanishing A0 solutions, a per the argument
given in the last but one item in section 2.4.

• Higher dimensional EYM systems with positive cosmological constant are
studied in.22 The presence of a cosmological horizon leads to a more com-
plicated pattern, where again a conical fixed point appears for d = 5.
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Fig. 10.4. The profiles of the metric functions N(r), σ(r) and gauge function w(r) are
presented for k−node globally regular solutions of the p = 2 gravity-Yang-Mills model in
d = 8 dimensions.

All the above listed EYM solutions pertain to models motivated entirely by the
criterion of satisfying the scaling requirement for finite energy. In a further work23

in d = 4p, the models were chosen according to the criterion that only p−Einstein
and p−YM terms appear in the Lagrangianh. In these cases no dimensionful con-
stant appears in the Lagrangian and the properties of the solutions are entirely
similar to those of the Bartnik-McKinnon solution (in particular the existence of
radial excitations), except that qualitative features are appreciably magnified with
increasing p (see Figure 10.4).
hThe ref.23 presents also an exact solution for the p-th Einstein-Yang-Mills system in d = 2p + 1
dimensions.



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Gravitating Yang–Mills Fields in All Dimensions 229

There is also the question of non–spherically symmetric EYM solutions in
higher dimensions. Since all EYM solutions are constructed numerically, the
problem here is to relax this symmetry such that the numerical process remains
tractable. The most straightforward step would be the imposition of axial sym-
metry in the D−spacelike dimensions, i.e., by imposing spherical symmetry in the
(D−1)−dimensional subspace, thus reducing the problem to a 2−dimensional PDE.
This can be done readily for arbitrary d = D+ 1, but unfortunately the implemen-
tation of the numerical integration becomes problematic when removing the gauge
arbitrariness. Instead, for d = 5, a system of 2−dimensional PDE’s can be ob-
tained when an azimuthal symmetry is imposed in each of the two planes of the
4−dimensional t = const. spacelike subspace. In principle, this can be generalized
for any odd, d = 2n+ 1, dimensional spacetime, and then the reduced problem will
be that of a n−dimensional PDE’s. This limits one to the bi-azimuthal regime in
d = 4 + 1, for practical reasons.

Other than this static result, there are two other indirect d > 4 results in the
literature which are not spherically symmetric. One is the case where there is a
rotation in the two spacelike sub-planes in the 4+1 dimensional case, and the other
concerns a rather different topology of the spacetime.

• Ref.28 discussed static solutions in d = 4 + 1 dimensions of a EYM system
with bi-azimuthal symmetry in four spacelike dimensions. They generalise
the configurations in,18,20 both particle-like and black hole solutions being
found to exist. It is interesting that the fixed point structures discovered
in the spherically symmetric cases in18–22 in d = 5, manifest themselves for
these bi-azimuthally symmetric solutions, although a rigorous fixed point
analysis like in19 is not analytically accessible in this case.

• d = 5 rotating EYM black hole solutions in the usual EYM model (i.e.,
with a F 2 term only) with negative cosmological constant were constructed
in.84 The rotation in question was that of two equal angular momenta in
the two spacelike 2-planes, which is known to reduce the 2−dimensional
PDE problem to a 1−dimensional ODE one (i.e. the angular dependence
is factorised in the ansatz). In this respect, it is a system defined by a
single radial variable, but does not not describe a spherically symmetric field
configuration. Different from the static case, no spinning regular solution
is found for a vanishing event horizon radius. As expected, the mass of
these solutions as defined in the usual way, diverges. However, a finite mass
can be assigned by using a suitable version of the boundary counterterm
regularization method.85 (We would of course expect finite energy solutions
in this case too, had the F 4 YM term been included.)

• In AdS spacetime the topology of the horizon of a black hole solution is
no longer restricted to be spherical. It can be planar, or, hyperbolic in-
stead. A surprising result reported in83 is that, for Λ < 0, there are d > 4
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asymptotically AdS, finite mass black hole solutions with a planar topol-
ogy of the event horizon, even in a theory without higher derivative terms
in the YM curvature. This contrasts with the corresponding black holes
with a spherical topology of the event horizon, which have infinite mass.21

The case of a hyperbolic topology of the horizon has not been considered
yet in the literature for d > 4. As in the previous example, the (consis-
tent) Ansatz used for the YM field does reduce the PDE’s to a system of
one dimensional ODE’s in terms of a radial variable, but likewise does not
describe a spherically symmetric field configuration.

Fig. 10.5. Fundamental solutions corresponding to several values of the coupling constant
α = η(τp/κp)1/2p are shown for p = 4 higher dimensional gravitating YMH monopoles
in;24 the dotted curves are for the monopole in flat space.

In addition to the higher dimensional gravitating YM fields described above,
there has been some work also studying gravitating monopoles in higher dimensions.
Recently a very particular hierarchy of selfgravitating YMH models in 4p dimensions
was studied in detail in.24 This family of models, whose flat space monopoles were
constructed in,48 is the most direct generalisation of the d = 3 + 1 Georgi-Glashow
model (in the BPS limit), and the only one for which the Bogomol’nyi inequalities
can be saturated. Both regular and black hole solutions have been constructed
in,24 which exhibit all the generic properties of the well known d = 4 gravitating
monopoles (the profiles of typical solutions are exhibited in Figure 10.5). In higher
dimensions, there are many other types of monopoles, e.g., that in d = 4 + 1 in,50

and that in d = 3 + 1 in.89 The selfgravitating versions of these are not studied to
date.

Finally, let us mention the case of d > 4 non-Abelian solutions with codimen-
sionsi. As mentioned already, the situation of d = 5 with one codimension is the
only case discussed in a systematic way in the literature, mainly for a metric ansatz
iA detailed review of these solutions is presented in.90,91
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which is spherically symmetric in a four dimensional perspective

ds2 = e−2φ(r)/
√

3

(
dr2

N(r)
+ r2dΩ2

(2) −N(r)σ2(r)dt2
)

+ e4φ(r)/
√

3(dx5)2, (3.3)

x5 being the extra-direction and φ(r) corresponding to a dilaton field.

• The KK theory possesses in this case a variety of interesting non-Abelian
configurations, including axially symmetric generalizations.14,15,92,93 After
performing a KK reduction, they correspond to d = 4 particle like and black
hole solutions in a Einstein-Yang-Mills-Higgs-U(1)-dilaton theory.94

• EYM black strings and vortices with a cosmological constant were discussed
in ref.95

• The inclusion of higher order terms of the YM curvature is optional for d = 5
black strings and vortices, since they possess a finite mass per unit length
of the extra dimension already in the usual F 2 theory. In this case, the
higher derivative terms do not affect the basic properties of the solutions.

3.2. EYM solutions with Euclidean signature

While this review concerns primarily fully gravitating EYM and EYMH solutions
in Lorentzian signature, it is reasonable to allude to EYM solutions in Euclidean
signature, especially since these were the first such solutions that appeared in the
literature. Such solutions, including those on (Euclidean) Schwarzschild and de
Sitter29–31 and Taub-NUT96 backgrounds have been studied long ago. More recently
there have been further investigations97–99 of YM fields on fixed backgrounds.

All of the known EYM fields with A0 �= 0 and Euclidean signature in the litera-
ture are given on fixed gravitational backgrounds. None with gravity backreacting
on the YM fields is known, which puts these solutions on a different footing to those
with Lorenzian signature discussed above.

Starting with backgrounds which are analytic continuations of relevant solutions
with Lorenzian signatures, we note that

• The exact solutions of Charap and Duff,29,30 as also their higher dimensional
counterparts,34 are by construction given on gravitational backgrounds for
which the 2p−form Riemann curvature is double–self-dual. Such metrics
satisfy the hierarchy of vacuum Einstein equations (with or without cos-
mological constant) so that by construction, these are EYM solutions on
backgrounds of fixed curvature.

• In an effort to go away from fixed backgrounds, a direct numerical method
was employed in,100 using a (Euclidean) Schwarzschild metric and static
YM fields in d = 4. But being a static field configuration, the ‘electric’ YM
potential A0 assumed the role of a Higgs field and the resulting solutions
turned out to be self-dual ‘deformed Prasad-Sommerfield monopoles’, again
on a fixed background. These solutions are different from those in,29,30
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as shown e.g. by a computation of their action. The higher dimensional
analogues of this type of solutions in d = 4p were constructed in.34

• In a further development beyond,100 a number of other static spherically
symmetric d = 4 metric backgrounds were employed in101 to construct Eu-
clidean non-Abelian solutions. All these resulted in selfdual YM solutions,
on the basis of which it was conjectured that for any d = 4 (Euclidean)
static spherically symmetric metric, the solutions satisfy the d = 4 Yang-
Mills self-duality equations. An analytic proof of this conjecture has been
given in,34 where the 4p−dimensional analogues of these were also con-
structed, satisfying the self-duality equations (2.11).
The solutions described in the above three items generalise both the Charap-
Duff29,30 and the solutions in101 in d = 4, to d = 4p, the properties of the
four dimensional case being generic.

• Another property of the known gravitating instantons which is related to the
fact they are given on fixed backgrounds is, that they are always (Euclidean)
time independent. Even when an explicit time dependence is built into the
YM Ansatz, it turns out that the solutions are either time independent,102

or in the presence of a cosmological constant, that the Pontryagin charge
of the instanton is noninteger.103 We believe that this is a result of having
used a static metric. Relaxing this last property may be interesting but
promises to lead to a nontrivial numerical problem.

The metric Ansatz (2.17) in all above described Euclidean EYM fields, makes
a distinction between the (Euclidean) time and the space coordinates. A different
type of solutions were found in another setting, the metric Ansatz being spherically
symmetric in d dimensions34,104

ds2 = dρ2 + f2(ρ)dΩ2
(d−1), (3.4)

where f(ρ) is a function fixed by the gravity-matter field equations, ρ being the
radial coordinate, ρ =

√|xµ|2 and x̂µ = xµ/ρ is the unit radius vector. The YM
ansatz compatible with the symmetries of the above line element is

Aµ =
(

1 − w(ρ)
ρ

)
Σ(±)
µν x̂ν , (3.5)

where the spin matrices are precisely those used in (2.19), (2.20).
The resulting reduced one dimensional YM Lagrangian for the p-th term in the

YM hierarchy read

L
(p,d)
YM =

τp
2 · (2p)!

(d− 1)!
(d− 2p)!

fd−4p+1(w2 − 1)2p−2

(
w′2 +

d− 2p
2p

(w2 − 1)2

f2

)
.(3.6)

For any choice of the metric function f(ρ), the solution of the YM self-duality
equation (2.11) in d = 4p dimensions reads

w(ρ) =
1 − c0e

∓2
∫ dρ

f(ρ)

1 + c0e
∓2

∫ dρ
f(ρ)

, (3.7)
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where c0 is an arbitrary positive constant. As discussed in,34 the action of these non-
Abelian solutions is finite for any value of p. For f(ρ) = ρ one recovers the d = 4p
generalisation of the BPST instanton first found in,36 with w = (ρ2−c)/(ρ2+c). An
AdS background f(ρ) = ρ0 sinh ρ/ρ0 leads to a d = 4p generalisation of the d = 4
AdS selfdual instantons in,104 with w = (tanh2(ρ/2ρ0)−c)/(tanh2(ρ/2ρ0)+c). The
d = 4p selfdual instantons on a sphere (Euclideanised dS space) are found by taking
ρ0 → iρ0 in the corresponding AdS relations.

As selfdual solutions, these are also fixed background YM fields. Moreover, on
curved backgrounds the selfduality equation saturating the inequality (2.9) can be
solved. Thus in Ref.34 systems consisting of the superposition of two members of
the YM hierarchy, say those labeled by p and q, with d = 2(p+ q) were considered
as well. Solutions of such selfduality equations were also discussed in.105,106

4. Summary and outlook

We have reviewed a number of results on Einstein–Yang-Mills (EYM) solutions,
with special emphasis on the new features that arise for spacetime dimensions d > 4,
mainly in Lorentzian signature. The EYM solutions that we have considered are
those for fully backreacting gravity with matter. It turns out that these solutions
are all constructed numerically and no relevant closed form solutions are known.
As such, the question of imposition of symmetries with the aim of reducing the
dimensionality of the Euler–Lagrange equations becomes a very important feature
of these investigations, at least as important as in the case of solutions that can be
expressed in closed form.

Higher dimensional EYM fields with Euclidean signature are also mentioned,
but only in passing since they are not on the same footing as their Minkowskian
counterparts. They are exclusively YM fields on fixed backgrounds, in all dimen-
sions.

A salient feature of higher dimensional non-Abelian solutions is that in all d =
D+1 dimensions, for D ≥ 4 the usual EYM system cannot support asymptotically
flat, finite energy solutions. This is because of the inappropriate scaling properties
of that system and is remedied by the addition of higher order curvature terms. The
higher order terms in question are exclusively ones that are constructed with higher
order YM curvature forms, which in our nomenclature are the p−YM members
of the YM hierarchy, the 1−YM being the usual YM system. The resulting YM
equations contain no higher derivatives of the gauge potential than second. The
higher order gravitational curvature systems (e.g., Gauss-Bonnet and higher) are
not possible to exploit for this purpose. Higher order gravities have nonetheless been
employed in some contexts, not out of necessity, but for emphasising qualitative
features of certain EYM and EYM-Higgs (EYMH) solutions, which get magnified if
dimensions of the constituent terms in the system are suitably matched (see e.g.23).

The necessity of employing higher curvature members of the YM hierarchy to
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enable finite energy holds both for asymptotically flat EYM, as well as in the pres-
ence of a cosmological constant. There is however an exception to this rule, namely
in the case of asymptotically AdS EYM black hole solutions with a Ricci flat horizon
geometry. In that case, which is of particular interest for applications to AdS/CFT,
it turns out that the usual EYM system can support finite energy solutions in all di-
mensions.83 There, the nonexistence proof for solutions with nonvanishing ‘electric’
YM potential does not hold.

Concerning the physical justification of employing higher order YM and Rie-
mann curvature terms, one notes that these occur in the low energy effective action
of string theory.16,17 Indeed there is some controversy on the precise structure of
such terms, especially in the YM case,107–109 but we do not take account of these
considerations here. From the point of view of applications for higher dimensional
EYM, these can be used to extend the results of110–112 to higher dimensions. Some
of these authors, and,113,114 employ only solutions in closed form, but further devel-
opments would necessitate the fully gravitating solutions which are evaluated only
numerically. In any case, our focus here was exclusively on the existence and the
generic properties of EYM solutions in higher dimensions, rather than their physical
applications.

Nearly all gravitating non-Abelian solutions in d = D + 1 dimensions with
D ≥ 4 reviewed in this work are static and spherically symmetric. This contrasts
with the situation in 3 + 1 spacetime dimensions where axial symmetry in 3 space
dimensions is really azimuthal symmetry and the non-Abelian field configurations
are encoded with a vortex (winding) number. The latter turns out to be an essential
tool in the numerical constructions.25,26 In higher than four spacetime dimensions
however, axial symmetry implies spherical symmetry in one dimension lower than
D and there is no winding number associated with the axially symmetric fields.
However, the removal of the gauge arbitrariness turns out to be a much harder
problem in this case, presenting a technical obstacle. Thus, the only non-spherically
symmetric EYM solutions studied to date are ones in 4 + 1 spacetime with bi-
azimuthal symmetry, when there are two vortex numbers encoding the symmetries
of the field configurations.28

Looking further ahead we should note that in recent years it has become clear
that as the dimension d increases, the phase structure of the (non-spherically sym-
metric) solutions of the Einstein equations becomes increasingly intricate and di-
verse, already in the vacuum case (see e.g. the recent work115). It is very likely that,
given the interplay in this case between internal group symmetries and the space-
time symmetries, the extension of known such vacuum solutions to a non-Abelian
matter content would lead to a variety of new unexpected configurations. This is a
promising but technically difficult direction for the future.

Finally, we mention the higher dimensional Euclidean EYM fields, which is of
marginal interest here since none of the known such solutions are genuinely selfgravi-
tating, but rather YM fields on fixed backgrounds. In all dimensions, including four,
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these turn out to be selfdual YM fields, and as such are restricted to even dimen-
sions only. Another aspect of this restriction turns out to be that these YM fields
appear to be (Euclidean-) time independent and are not YM instantons at all. It
would be interesting to construct non-selfdual Euclidean EYM fields and inquire
whether these, if they exist, describe genuine time dependent instantons.
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The actions of the Hamiltonian constraint onto the members of the extended
knot families {ψi}2

2, {ψi}4
3 and {ψi}6

4, and the check of their invariances under
the Mandelstam identities are given in the extended loop representation of loop
quantum gravity.

We know that, different from general relativistic quantum field,1 extended loops
offer a new avenue in the investigation of Ashtekar’s new variable reformulation
of general relativity.2 The extended loop representation can be viewed as an al-
ternative approach to develop the calculation of canonical quantization of general
relativity with the extended knot invariants.3,4 In recent research on quantum gen-
eral relativity, a systematic method to obtain the extended knot families as the
solutions of diffeomorphism constraints has been developed.5 This method has par-
ticular significance for the search for gravitational quantum states. The situation
of the extended knot families in view of satisfying the Hamiltonian constraint and
the Mandelstam identities are important for considering suitable candidates of the
quantum states. In this paper the calculation concerning the actions of the Hamil-
tonian constraint and the Mandelstam identities over the members of the extended
knot families {ψi}2

2, {ψi}4
3 and {ψi}6

4 is given.

1. Extended knot families

Extended loops are generalization of ordinary loops to allow various new insights.6

The elements of the extended loop group are given by infinite strings of multivector
density fields of the formX = (X,Xµ1 , · · · , Xµ1···µR , · · · ), whereX is a real number,
and a Greek index represents a paired vector index ai and space point xi, µi ≡
aixi. The number of paired indices defines the rank of the multivector field. The
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combination

Rµ1···µr :=
1
2
[Xµ1···µr + (−1)rXµr···µ1 ]

satisfies the following symmetry property under the inversion of the indices:

Rµ1···µr = (−1)rRµr···µ1 . (1.1)

The one-point R and the two-point R are given as follows

[R(ax)]µ1···µr ≡ R(ax)µ1···µr := R(axµ1···µr)c ,

[R(ax,bx)]µ1···µr ≡ R(ax,bx)µ1···µr :=
n∑
r=0

(−1)r−kR(axµ1···µkbxµn···µk+1)c .

The extended loop wavefunctions are linear in the multivector fields and they are
written in general as

ψ(X) ≡ ψ(R) = ψiµR
µ =

∞∑
r=0

ψµ1···µrR
µ1···µr , (1.2)

where the propagators ψµ1···µr should satisfy a set of symmetry properties, that is,
the Mandelstam identities.

The extended knot families are given by sets {ψi}Nn of linear extended loop
wavefunctions with the same maximum rank N and minimum rank n. We shall
evaluate the operations of the Hamiltonian constraint and the Mandelstam identities
over the families {ψi}2

2 = {ϕG}, {ψi}4
3 = {J2, ψ0}, and {ψi}6

4 = {ψ1, ψ2, ψ3, ψ4};
where

ψ0 =
1
2
(∗ϕG)2 − J2, ψ1 = J3 − J2 ∗ ϕG +

1
3!

(∗ϕG)3,

ψ2 = ϕG ∗ J2 − J3, ψ3 = J3, ψ4 =
1
3!

(∗ϕG)3 − J3,

and ϕG is the extended Gauss invariant, J2 and J3 coincide with the second and
the third coefficients of a certain expansion of the Jones polynomial, the “product
*” is the *-product of diffeomorphism invariants.

With definitions and some basic calculation the analytic expressions of ϕG, J2

and ψ0 are given as follows:

ϕG = gµ1µ2R
µ1µ2 , (1.3)

J2 = gµ1µ3gµ2µ4R
µ1···µ4 + hµ1µ2µ3R

µ1µ2µ3 ,

ψ0 = Cµ1···µ4R
µ1···µ4 − hµ1µ2µ3R

µ1µ2µ3 , C1
µ1···µ4

= gµ1µ2gµ3µ4 + gµ1µ4gµ2µ3 ,

where g.. and h... are respectively two and three point propagators of the Chern-
Simons theory, that is,

gµ1µ2 := εa1a2cφ
cx1
x2
,
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hµ1µ2µ3 = εα1α2α3gµ1α1gµ2α2gµ3α3 , (1.4)

with

φcx1
x2

= − 1
4π

(x1 − x2)c

|x1 − x2|3 = − ∂c

∇2
δ(x1 − x2),

εα1α2α3 = εc1c2c3δ(x1 − x2)δ(x1 − x3).

For the diffeomorphism invariants ψ1, · · · , ψ4, one has following analytic expres-
sions:5

ψ1 = (C2
µ1···µ6

+ C3
µ1···µ6

)Rµ1···µ6 − C1
µ1···µ5

Rµ1···µ5 + C2
µ1···µ4

Rµ1···µ4 , (1.5)

ψ2 = (C1
µ1···µ6

+C4
µ1···µ6

+C5
µ1···µ6

)Rµ1···µ6 +C1
µ1···µ5

Rµ1···µ5−C2
µ1···µ4

Rµ1···µ4 , (1.6)

ψ3 = J3 = (2C1
µ1···µ6

+ C4
µ1···µ6

)Rµ1···µ6 + C2
µ1···µ5

Rµ1···µ5 + C2
µ1···µ4

Rµ1···µ4 , (1.7)

ψ4 = (−C1
µ1···µ6

+ C2
µ1···µ6

+ C3
µ1···µ6

+ C5
µ1···µ6

)Rµ1···µ6

−C2
µ1···µ5

Rµ1···µ5 − C2
µ1···µ4

Rµ1···µ4 , (1.8)

here

C2
µ1···µ4

= hµ1µ2αg
αβhβµ3µ4 − hµ1µ4αg

αβhβµ2µ3 , (1.9)

C1
µ1···µ5

= g(µ1µ2hµ3µ4µ5)c
, (1.10)

C2
µ1···µ5

= g(µ1µ3hµ2µ4µ5)c
,

C1
µ1···µ6

= gµ1µ4gµ2µ5gµ3µ6 ,

C2
µ1···µ6

= gµ1µ2gµ3µ4gµ5µ6 + gµ1µ6gµ2µ3gµ4µ5 ,

C3
µ1···µ6

= gµ1µ2gµ3µ6gµ4µ5 + gµ1µ4gµ2µ3gµ5µ6 + gµ1µ6gµ2µ5gµ3µ4 ,

C4
µ1···µ6

= gµ1µ3gµ2µ5gµ4µ6 + gµ1µ4gµ2µ6gµ3µ5 + gµ1µ5gµ2µ4gµ3µ6 ,

C5
µ1···µ6

= gµ1µ2gµ3µ5gµ3µ6 + gµ1µ3(gµ2µ6gµ4µ5 + gµ2µ4gµ5µ6)

+gµ1µ6gµ2µ4gµ3µ5 + gµ1µ5(gµ2µ3gµ4µ6 + gµ2µ6gµ3µ4).
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2. Actions of Hamiltonian H 0 over families {ψi}2
2 and {ψi}4

3

The action of the vacuum Hamiltonian constraint H0 onto extended loop wavefunc-
tions ψ(R)is given by the following expression:

1
2
H0(x)ψ(R) =

∞∑
r=0

ψµ1···µr [Fµ1
ab (x)R(ax,bx)µ2···µr + Fµ1µ2

ab (x)R(ax,bx)µ3···µr ], (2.1)

where

Fµ1
ab (x) = δa1d

ab ∂d(x1 − x),

Fµ1µ2
ab (x) = δa1a2

ab δ(x1 − x)δ(x2 − x).

The following expressions are useful to the evaluation of the Hamiltonian constraint:

Fµ1
ab (x)gµ1µ2 = −εabcδcxTµ2

= −εabc[δca2
δ(x− x2) − φcxx2,a2

], (2.2)

Fµ1
ab (x)hµ1µ2µ3 = −εabcδcxTdk

∈αkαlαm gµ2αl
gµ3αm

= −gµ2[axgbx]µ3 + εabcφ
cx
z δ

dz
T [µ2

gµ3]dz, (2.3)

Fµ1µ2
ab (x)gµ1µ2 = 0,

Fµ1µ2
ab (x)hµ1µ2µ3 = 2haxbxµ3

Fµ1µ2
ab (x)gµ1µ3gµ2µ4 = gµ3[axgbx]µ4 .

We shall calculate the actions of the vacuum Hamiltonian H0 over the extended
knot families {ψi}2

2 and {ψi}4
3 respectively.

2.1. Family {ψi}2
2

Introducing the expression (1.3) into expression (2.1), we get that the action of the
vacuum Hamiltonian H0 onto the extended Gauss invariant ϕG is given as follows:

1
2
H0ϕG = gµ1µ2 [F

µ1
ab (x)R(ax,bx)µ2 + Fµ1µ2

ab (x)R(ax,bx)].

Because the second term in the above expression vanishes, so one has
1
2
H0ϕG = Fµ1

ab (x)gµ1µ2R
(ax,bx)µ2 , (2.4)

putting the expression of the “rank-one part” of curvature Fµ1
ab (x)into expression

(2.4), one has
1
2
H0ϕG = εabc(−R(ax,bx)cx + φcxx2,a2

R(ax,bx)µ2)

= −εabc(R(ax,bx)cx + φcxx2
∂µ2R

(ax,bx)µ2) = −εabcR(ax,bx)cx.

This result means that the extended Gauss invariant ϕG is not a Hamiltonian in-
variant, that is, the family {ψi}2

2 = {ϕG} shall not vanish under the action of the
vacuum Hamiltonian constraint.
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2.2. Family {ψi}4
3

The family {ψi}4
3 has two members J2 and ψ0, so we shall compute them respec-

tively. J2 is a Hamiltonian invariant state, The action of Hamiltonian H0 onto J2

is given by4

1
2
H0J2 = hµ1µ2µ3 [F

µ1
ab (x)R(ax,bx)µ2µ3 + Fµ1µ2

ab (x)R(ax,bx)µ3 ] + gµ1µ3gµ2µ4

[Fµ1
ab (x)R(ax,bx)µ2µ3µ4 + Fµ1µ2

ab (x)R(ax,bx)µ3µ4 ].

One can in above expression compute the actions of Fµ1
ab (x) and Fµ1µ2

ab (x) over the
propagators g.. and h..., then obtain

1
2
H0J2 = −εabcgµ1µ2R

(ax,bx)µ1cxµ2 + (2haxbxµ1 − εdefgaxbxgµ1dzgexfz)R
(ax,bx)µ1 .

In the above expression, the quantity in brackets vanishes identically. The first
term is also zero, because the contribution of the rank five term vanishes due to
symmetry consideration. Thus one has

1
2
H0J2 = 0.

For the diffeomorphism invariant ψ0, we have the action of H0 on it as

1
2
H0ψ0 = C1

µ1···µ4
[Fµ1
ab (x)R(ax,bx)µ2µ3µ4 + Fµ1µ2

ab (x)R(ax,bx)µ3µ4 ]

−hµ1µ2µ3 [F
µ1
ab (x)R(ax,bx)µ2µ3 + Fµ1µ2

ab (x)R(ax,bx)µ3 ]. (2.5)

The computation of the first tern in the expression (2.5) is as follows:

Fµ1
ab (x)(gµ1µ2gµ3µ4 + gµ1µ4gµ2µ3)R

(ax,bx)µ2µ3µ4

= −εabc[gµ3µ4(X
(ax,bx)cxµ3µ4 + φcxx2

∂µ2R
(ax,bx)µ2µ3µ4)

+gµ2µ3(R
(ax,bx)µ2µ3cx + φcxx3

∂µ4R
(ax,bx)µ2µ3µ4)] = −2εabcgµ1µ2R

(ax,bx)cxµ1µ2 . (2.6)

The second term in the expression (2.5) becomes

Fµ1µ2
ab (x)(gµ1µ2gµ3µ4 + gµ1µ4gµ2µ3)R

(ax,bx)µ3µ4

= Fµ1µ2
ab (x)gµ1µ4gµ2µ3R

(ax,bx)µ3µ4 = gµ4[axgbx]µ3R
(ax,bx)µ3µ4 . (2.7)

The third term has the following form:

Fµ1
ab (x)hµ1µ2µ3R

(ax,bx)µ2µ3 = gµ2[axgbx]µ3R
(ax,bx)µ2µ3 − εabcφ

cx
z {g[µ3dz]R

(ax,bx)dzµ3

+[φdzx2
gµ3dz(δ(x2 − x) − δ(x2 − x3)R(ax,bx)µ3 + 3 ↔ 2]}

= gµ2[axgbx]µ3R
(ax,bx)µ2µ3 − εabcgµ1dzφ

cx
z φ

dz
x R

(ax,bx)µ1 . (2.8)
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The fourth one in (2.5) becomes the following form:

Fµ1
ab (x)hµ1µ2µ3R

(ax,bx)µ2µ3 = −haxbxµ3R
(ax,bx)µ1 . (2.9)

Taking summation of the expressions (2.6)-(2.9), one has

1
2
H0ψ0 = −2εabcgµ1µ2R

(ax,bx)cxµ1µ2 . (2.10)

Using the expression

R(ax,bx)cxµ1µ2 = 3R(axcxbxµ2µ1)c −R(axcxµ1bxµ2)c ,

the expression (2.10) becomes

1
2
H0ψ0 = −2εabcgµ1µ2(3R

(axcxbxµ2µ1)c −R(axcxµ1bxµ2)c). (2.11)

Thus we conclude that the member J2 of the family {ψi}4
3 is annihilated by the

vacuum Hamiltonian constraint, however the member ψ0 is not. The result (2.11)
is same as that obtained by computing 1

2H0{∗ϕG}2 and −H0J2 Separately.

3. Action of Hamiltonian H0 over family {ψi}6
4

The four diffeomorphism invariants ψ1, · · · , ψ4 given by the expressions (1.5)-(1.8)
are the members of the family {ψi}6

4, we shall evaluate the actions of the Hamilto-
nian constraint H0 over them through the calculations of different rank contribu-
tions.

3.1. Contribution of the rank four term C2
µ1···µ4

R(ax,bx)µ1···µ4

Using the expression (2.1) and the analytic expression (1.9), the action of the Hamil-
tonian H0 on the term of rank four of ψ1 is7

1
2
H0(C2

µ1···µ4
R(ax,bx)µ1···µ4) = 2[gµ1[bxhax]µ2µ3 + εabcφ

cx
x1
hµ1µ2µ3 + εabcφ

cx
z

(φdzx2
− φdzx3

)gµ1dzgµ2µ3 ]R
(ax,bx)µ1µ2µ3 . (3.1)

3.2. Contribution of the rank five term C1
µ1···µ5

Rµ1···µ5

Introducing (1.10) into the expression (2.1), we have

1
2
H0(C1

µ1···µ4
Rµ1···µ4) = C1

µ1···µ5
[Fµ1
ab (x)R(ax,bx)µ2···µ5 + Fµ1µ2

ab (x)R(ax,bx)µ3µ4µ5 ].

(3.2)
Using the symmetry property (1.1) of the two-point R, and the expressions (2.2)
and (2.3), the first term in expression (3.2) becomes

C1
µ1···µ5

Fµ1
ab (x)R(ax,bx)µ2···µ5 = Fµ1

ab (x)(g(µ1µ2hµ3µ4µ5)c
)R(ax,bx)µ2···µ5

= Fµ1
ab (x)(2gµ1µ2hµ3µ4µ5 + 2gµ2µ3hµ1µ4µ5 + gµ3µ4hµ1µ2µ5)R

(ax,bx)µ2···µ5
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= (−2εabcδcxTµ2
hµ3µ4µ5 − 2gµ2µ3gµ4[axgbx]µ5 + 2gµ2µ3εabc

φcxz δ
dz
T [µ4

gµ5]dz − gµ3µ4gµ2[axgbx]µ5 + εabcφ
cx
z gµ3µ4δ

dz
T [µ2

gµ5]dz)R
(ax,bx)µ2···µ5 .

Expending operator δT and integrating by parts, above result becomes

2εabc[φcxx1
hµ1µ2µ3 + φcxz (φdzx2

− φdzx3
)gµ2µ3gµ1dz + 2φcxz φ

dz
x gµ2µ3gµ1dz]

R(ax,bx)µ1µ2µ3 + 2[gµ1µ2gµ4[axgbx]µ3 + εabc(φcxx1
− φcxx2

)gµ1µ2gµ3µ4

+gµ2µ3gµ4[axgbx]µ1 + εabcφ
cx
x1
gµ2µ3gµ1µ4 ]R

(ax,bx)µ1···µ4

−2εabchµ1µ2µ3R
(ax,bx)cxµ1µ2µ3 . (3.3)

For the second term in the expression (3.2), using (1.4) one has

C1
µ1···µ5

Fµ1µ2
ab (x)R(ax,bx)µ3µ4µ5

= Fµ1µ2
ab (x)(gµ1µ2hµ3µ4µ5 + gµ2µ3hµ1µ4µ5 + gµ3µ4hµ1µ2µ5hµ5µ1hµ2µ3µ4)R

(ax,bx)µ3µ4µ5

= 2(−gµ1[axhbx]µ2µ3 + 2gµ2µ3haxbxµ1)R
(ax,bx)µ1µ2µ3 . (3.4)

Taking summation of the expressions (3.3) and (3.4), and using the equality

εabcφ
cx
z φ

dz
x gµ1dz + haxbxµ1 = 0,

the contribution of the term C1
µ1···µ5

Rµ1···µ5 is

1
2
H0(C1

µ1···µ5
Rµ1···µ5)

= 2[εabcφcxx1
hµ1µ2µ3 − gµ1[axgbx]µ2µ3 + εabcφ

cx
z (φdzx2

− φdzx3
)gµ2µ3gµ1dz]

R(ax,bx)µ1µ2µ3 + 2[gµ1µ2gµ4[axgbx]µ3 +
1
2
gµ2µ3gµ4[axgbx]µ1

+εabc(φcxxx1
− φcxx2

)gµ1µ2gµ3µ4 + εabcφ
cx
x1
gµ1µ4gµ2µ3 ]

R(ax,bx)µ1···µ4 − 2εabchµ1µ2µ3R
(ax,bx)cxµ1µ2µ3 . (3.5)
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3.3. Contribution of the rank six term (C2
µ1···µ6

+ C3
µ1···µ6

)Rµ1···µ6

Putting the term (C2
µ1···µ6

+ C3
µ1···µ6

)Rµ1···µ6 into (2.1), one has

1
2
H0(C2

µ1···µ6
+ C3

µ1···µ6
)Rµ1···µ6

= (C2
µ1···µ6

+ C3
µ1···µ6

)(Fµ1
ab (x)R(ax,bx)µ2···µ6 + Fµ1µ2

ab (x)R(ax,bx)µ3···µ6). (3.6)

In above expression, owing to the symmetry property of the two-point R and inte-
grating by parts, the action of the rank-one part of curvature Fµ1

ab (x) becomes

(C2
µ1···µ6

+ C3
µ1···µ6

)Fµ1
ab (x)R(ax,bx)µ2···µ6

= Fµ1
ab (x)(2gµ1µ2gµ3µ4gµ5µ6 + 2gµ1µ2gµ3µ6gµ4µ5 + gµ1µ4gµ2µ3gµ5µ6)R

(ax,bx)µ2···µ6

= −εabc[2δT µ2
cx(gµ3µ4gµ5µ6 + gµ3µ6gµ4µ5) + δT

cx
µ4
gµ2µ3gµ5µ6 ]R

(ax,bx)µ2···µ6

= 2εabc[gµ1µ2gµ3µ4(φ
cx
x1

− φcxx2
) + φcxx1

gµ1µ4gµ2µ3 ]R
(ax,bx)µ1···µ4

−εabcgµ1µ2gµ3µ4R
(ax,bx)µ1µ2cxµ3µ4 − 2εabc(gµ1µ2gµ3µ4

+gµ1µ4gµ2µ3)R
(ax,bx)cxµ1···µ4 . (3.7)

In the expression (3.6), the action of the rank-two part of curvature Fµ1µ2
ab (x) is

(C2
µ1···µ6

+ C3
µ1···µ6

)Fµ1µ2
ab (x)R(ax,bx)µ3···µ6

= Fµ1µ2
ab (x)(gµ1µ6gµ2µ3gµ4µ5 + gµ1µ4gµ2µ3gµ5µ6

+gµ1µ6gµ2µ5gµ3µ46)R
(ax,bx)µ3···µ6

= (gµ2µ3gµ4[axgbx]µ1 + 2gµ1µ2gµ4[axgbx]µ3)R
(ax,bx)µ1···µ4 . (3.8)

Combining the results of the expressions (3.7) and (3.8), we get the following con-
tribution:

1
2
H0(C2

µ1···µ6
+ C3

µ1···µ6
)Rµ1···µ6

= [2gµ1µ2gµ4[axgbx]µ3 + gµ2µ3gµ4[axgbx]µ1 + 2εabc(φcxx1
− φcxx2

)

gµ1µ2gµ3µ4 + 2εabcφcxx1
gµ1µ4gµ2µ3 ]R

(ax,bx)µ1···µ4 − 2εabc

(gµ1µ2gµ3µ4 + gµ1µ4gµ2µ3)R
(ax,bx)cxµ1···µ4 − εabc

gµ1µ2gµ3µ4R
(ax,bx)µ1µ2cxµ3µ4 . (3.9)
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3.4. Contribution of the rank six term (C1
µ1···µ6

+ C4
µ1···µ6

+
C5

µ1···µ6
)Rµ1···µ6

Analogously, to this contribution we have

1
2
H0(C1

µ1···µ6
+ C4

µ1···µ6
+ C5

µ1···µ6
)Rµ1···µ6

= (C1
µ1···µ6

+ C4
µ1···µ6

+ C5
µ1···µ6

)(Fµ1
ab (x)R(ax,bx)µ2···µ6Fµ1µ2

ab (x)R(ax,bx)µ3···µ6).

In the above expression, for the action of Fµ1
ab (x), we have

(C1
µ1···µ6

+ C4
µ1···µ6

+ C5
µ1···µ6

)Fµ1
ab (x)R(ax,bx)µ2···µ6

= Fµ1
ab (x)(2gµ1µ3gµ2µ5gµ4µ6 + 2gµ1µ2gµ3µ5gµ4µ6 + 2gµ1µ3gµ2µ6gµ4µ5

+2gµ1µ3gµ2µ4gµ5µ6 + gµ1µ4gµ2µ5gµ3µ6 + gµ1µ4gµ2µ6gµ3µ5)R
(ax,bx)µ2···µ6

= −2εabc[gµ1µ4gµ2µ3φ
cx
x1

+ (φcxx2
− φcxx2

)gµ1µ2gµ3µ4 ]R
(ax,bx)µ1···µ4

−2εabcgµ1µ3gµ2µ4R
(ax,bx)cxµ1···µ4 − 2εabc(gµ1µ2gµ3µ4 + gµ1µ3gµ2µ4

+gµ1µ4gµ2µ3)R
(ax,bx)µ1cxµ2µ3µ4 − εabc(gµ1µ3gµ2µ4

+gµ1µ4gµ2µ3)R
(ax,bx)µ1µ2cxµ3µ4 (3.10)

for the action of Fµ1µ2
ab (x), we have

(C1
µ1···µ6

+ C4
µ1···µ6

+ C5
µ1···µ6

)Fµ1µ2
ab (x)R(ax,bx)µ3···µ6

= (2gµ1µ2gµ3[axgbx]µ4 + gµ2µ3gµ1[axgbx]µ4)R
(ax,bx)µ1···µ4 . (3.11)

From (3.10) and (3.11), we have

1
2
H0(C1

µ1···µ6
+ C4

µ1···µ6
+ C5

µ1···µ6
)Rµ1···µ6

= 2[gµ1µ2gµ3[axgbx]µ4 +
1
2
gµ2µ3gµ1[axgbx]µ4 − εabcgµ1µ4gµ2µ3φ

cx
x1

−εabcgµ1µ2gµ3µ4(φ
cx
x1

− φcxx2
)]R(ax,bx)µ1···µ4 − 2εabcgµ1µ3gµ2µ4R

(ax,bx)cxµ1···µ4

−2εabc(gµ1µ2gµ3µ4 + gµ1µ3gµ2µ4 + gµ1µ4gµ2µ3)R
(ax,bx)µ1cxµ2µ3µ4

−εabc(gµ1µ3gµ2µ4 + gµ1µ4gµ2µ3)R
(ax,bx)µ1µ2cxµ3µ4 . (3.12)
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3.5. Action of H0 over the family {ψi}6
4

Collecting the partial results obtained above, we can evaluate the actions of Hamil-
tonian constraint H0 on the members ψ, ψ2, ψ3 and ψ4 of the family {ψi}6

4.
From the results of (3.1), (3.5) and (3.9), we get

1
2
H0ψ1(R) = 2εabchµ1µ2µ3R

(ax,bx)cxµ1µ2µ3 − 2εabc(gµ1µ2gµ3µ4 + gµ1µ4gµ2µ3)

R(ax,bx)cxµ1···µ4 − εabcgµ1µ2gµ3µ4R
(ax,bx)µ1µ2cxµ3µ4

Combining the results of (3.5) and (3.12) we get

1
2
H0ψ2(R) = −2εabchµ1µ2µ3R

(ax,bx)cxµ1µ2µ3 − 2εabcgµ1µ3gµ2µ4R
(ax,bx)cxµ1···µ4

−2εabc(gµ1µ2gµ3µ4 + gµ1µ3gµ2µ4 + gµ1µ4gµ2µ3)R
(ax,bx)µ1cxµ2µ3µ4

−εabc(gµ1µ3gµ2µ4 + gµ1µ4gµ2µ3)R
(ax,bx)µ1µ2cxµ3µ4 .

For the action of H0 on the third coefficient of the Jones Polynomial J3, we may
use the result:8

1
2
H0J3(R) =

1
2
H0ψ3(R)

= −2εabchµ1µ2µ3R
(ax,bx)µ1cxµ2µ3 − 2εabcgµ1µ3gµ2µ4R

(ax,bx)µ1cxµ2µ3µ4

−εabc(2gµ1µ3gµ2µ4 + gµ1µ4gµ2µ3)R
(ax,bx)µ1µ2cxµ3µ4

Because in the family {ψi}6
4 the diffeomorphism invariants ψ1, · · · , ψ4 have a rela-

tion:

ψ1 + ψ2 = ψ3 + ψ4,

so the action of the Hamiltonian constraint H0 on the member ψ4 can obtain via
the following way:

1
2
H0ψ4(R) =

1
2
H0ψ1(R) +

1
2
H0ψ2(R) − 1

2
H0ψ3(R)

= 2εabchµ1µ2µ3R
(ax,bx)µ1cxµ2µ3

−2εabc(gµ1µ2gµ3µ4 + gµ1µ3gµ2µ4 + gµ1µ4gµ2µ3)R
(ax,bx)cxµ1···µ4

−2εabc(gµ1µ2gµ3µ4 + gµ1µ4gµ2µ3)R
(ax,bx)µ1cxµ2µ3µ4

−εabc(gµ1µ2gµ3µ4 − gµ1µ3gµ2µ4)R
(ax,bx)µ1µ2cxµ3µ4 .
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4. The Mandelstam identities

In the expression (1.2), the coefficients ψµ1···µr contain all the information about
ψ(R) and should satisfy the following Mandelstam identities:

ψµ = ψ(µ)c
, (4.1)

ψµ = ψµ̄, (4.2)

ψαβπ + ψαβπ̄ = ψβαπ + ψβαπ̄. (4.3)

For the members of families {ψi}2
2 and {ψi}4

3, the check of satisfying the symmetry
identities (4.1)-(4.3) can do easily.5 And with respect to the members ψ1, · · · , ψ4 of
family {ψi}6

4, the invariances under the cyclic symmetry and the inversion symmetry
requirements (4.2) and (4.3) are also evident by computing straightforward. So
below we shall give a brief demonstration only concerning the behaviors of the
wavefunctions ψ1, · · · , ψ4 under the property (4.3).

We may see that the propagators constructing the wavefunctions ψ1 and ψ2 shall
satisfy the Mandelstam identity (4.3).

For the propagator C2
µ1···µ4

, if π contains a single index (π = µ4) and α, β are
arbitrary in choosing µ1, µ2 and µ3, we have a identity:

C2
αβµ4

+ C2
αβµ̄4

= C2
βαµ4

+ C2
βαµ̄4

= 0;

if π contains two indices, that is, π = µ3µ4, α = µ1, β = µ2, we also have a
identity:

C2
αβπ + C2

αβπ̄ = C2
βαπ + C2

βαπ̄ = hµ1µ4σg
σρhρµ3µ2 + hµ1µ3σg

σρhρµ4µ2 .

About the propagator C1
µ1···µ5

, we need to consider three cases: π = µ5, π = µ4µ5

and π = µ3µ4µ5. In the three cases we shall get following identities respectively:

C1
αβπ + C1

αβπ̄ = C1
βαπ + C1

βαπ̄ = 0,

C1
αβπ + C1

αβπ̄ = C1
βαπ + C1

βαπ̄ = g(µ1µ2hµ3µ4µ5)c
+ g(µ1µ2hµ3µ4µ5)c

,

and

C1
αβπ + C1

αβπ̄ = C1
βαπ + C1

βαπ̄ = g(µ1µ2hµ3µ4µ5)c
+ g(µ1µ2hµ5µ4µ3)c

,

in above three identities the α, β are arbitrary respectively in the choosing of other
indices of C1

µ1···µ5
.

The propagators ψ1
µ1···µ6

= C2
µ1···µ6

+ C3
µ1···µ6

and ψ2
µ1···µ6

= C1
µ1···µ6

+ C4
µ1···µ6

+
C5
µ1···µ6

are structured of some basic blocks of free g′s, and have six rank, in their
check we need to consider that the boldface index π have to runs µ6, µ5µ6, µ4µ5µ6

and µ3µ4µ5µ6 respectively. The computation is similar to the computations of
propagators C2

µ1···µ4
and C1

µ1···µ5
, and the conclusion is same as them. Thus we

can conclude the check that the wavefunctions ψ1 and ψ2 fulfill the requirement of
identity (4.3).
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Concerning the propagator C3
µ1···µ6

= 2C1
µ1···µ6

+ C4
µ1···µ6

in the wavefunction
ψ3, we shall see that it does not fulfill the Mandelstam identity (4.3). To show this
we may consider a case of α = µ1µ2, β = µ3 and π = µ4µ5µ6 as follows:

ψ3
αβπ + ψ3

αβπ̄ = 2C1
µ1···µ6

+ C4
µ1···µ6

− 2C1
µ1µ2µ3µ6µ5µ4

− C4
µ1µ2µ3µ6µ5µ4

= gµ1µ4(2gµ2µ5gµ3µ6 + gµ2µ6gµ3µ5) + gµ1µ5(gµ2µ4gµ3µ6

−gµ2µ6gµ3µ4) − gµ1µ6(2gµ2µ5gµ3µ4 + gµ2µ4gµ3µ5).

However

ψ3
βαπ + ψ3

βαπ̄ = 2C1
µ3µ1µ2µ4µ5µ6

+ C4
µ3µ1µ2µ4µ5µ6

− 2C1
µ3µ1µ2µ6µ5µ4

− C4
µ3µ1µ2µ6µ5µ4

= gµ3µ4(2gµ1µ5gµ2µ6 + gµ1µ6gµ2µ5) + gµ3µ5(gµ1µ4gµ2µ6 − gµ1µ6gµ2µ4)

−gµ3µ6(2gµ1µ5gµ2µ4 + gµ1µ4gµ2µ5),

so we have

ψ3
αβπ + ψ3

αβπ̄ �= ψ3
βαπ + ψ3

βαπ̄.

The result is that the wavefunction ψ3 is not invariant under the property (4.3).
Because the propagator ψ4

µ1···µ6
= C1

µ1···µ6
+C2

µ1···µ6
+C3

µ1···µ6
+C5

µ1···µ6
exists in

the expression of ψ4, and it being similar to ψ3
µ1···µ6

also does not fulfill the identity
(4.3), so the wavefunction ψ4 also is not invariant under the property (4.3).
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In this paper, the lattice Boltzmann model for diffusion equation with source
term is applied directly to solve nonlinear Schrödinger equation with variable
coefficients (NLSEvc), a very important mathematical-physical equation which
describes different models in the optical fiber systems, by using complex-valued
distribution function and relaxation time. Detailed simulations of NLSEvc are
carried out by using the lattice Boltzmann model. Numerical results agree well
with the analytical solutions, which show that the lattice Boltzmann model is an
effective numerical solver for complex nonlinear systems.

1. Introduction

The lattice Boltzmann method (LBM) is an innovative computational fluid dy-
namics (CFD) approach for simulating fluid flows and modeling complex physics
in fluids.1 Compared with the conventional CFD approach, the LBM is easy for
programming, intrinsically parallel, and it is also easy to incorporate complicated
boundary conditions such as those in porous media. The LBM also shows poten-
tials to simulate the nonlinear systems, including reaction-diffusion equation,2–4

convection-diffusion equation,5,6 Burgers equation7 and wave equation,3,8 etc. Re-
cently, a generic LB model for advection and anisotropic dispersion equation was
proposed.9 However, almost all of the existing LB models are used for real nonlinear
systems. Beginning in the middle of 1990s, based on quantum-computing ideas, sev-
eral types of quantum lattice gases have been studied to model some real/complex
mathematical-physical equations, such as Dirac equation, Schrödinger equation,
Burgers equation and KdV equation.10–17 Recently, Linhao Zhong, Shide Feng,
Ping Dong, et al.18 applied the LBM to solve one-dimensional nonlinear Schrödinger
equation (NLSE) using the idea of quantum lattice-gas model13,14 for treating the
reaction term. Detailed simulation results in Ref.18 have shown that the order of
accuracy of the proposed LB schemes is higher than or equal to two. In Ref.,19 mo-
tivated by the work in Ref.,18 the LBM for n-dimensional (nD) convection-diffusion

253
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equation (CDE) with a source term was directly applied to some nonlinear com-
plex equations, including the NLSE, coupled NLSEs, Klein-Gordon equation and
coupled Klein-Gordon-Schrödinger equations, by adopting a complex-valued distri-
bution function and relaxation time. In Ref.,20 we presented a LB model for a
general class of nD CDEs with nonlinear convection and isotropic-diffusion terms
by selecting equilibrium distribution function properly. The model can be applied
to both real and complex-valued nonlinear evolutionary equations. The studies in
Refs.18–20 show that the LBM may be an effective numerical solver for real and
complex-valued nonlinear systems. Therefore, it is necessary to study the LBM for
nonlinear complex equations further.

In this paper, using the idea of adopting complex-valued distribution function
and relaxation time,20 the LBM for n-dimensional (nD) diffusion equation (DE)
with source term is applied directly to solve nonlinear Schrödinger equation with
variable coefficients (NLSEvc). Detailed simulations of NLSEvc are carried out for
accuracy test. Numerical results agree well with the analytical solutions.

2. Lattice Boltzmann Model

The NLSEvc considered in this paper is as follows

iψt +
1
2
α(t)ψxx + β(t)|ψ|2ψ = iγ(t)ψ, (x, t) ∈ R2. (2.1)

This equation describes different models in the optical fiber systems. Since
Eq.(2.1) can be taken as a diffusion equation (DE) with source term, we now give
the LBM for the following nD DE

∂tϕ = ∇ · (α∇ϕ) + F (x, t), (2.2)

where ∇ is the gradient operator with respect to the spatial coordinate x in n

dimensions. ϕ is a scalar function of time t and position x. α = α(x, t) is the
diffusion coefficient. F(x,t) is the source term, which is a known function of (x, t)
or (ϕ,x, t). Several of DEs with source term form a reaction-diffusion system.

2.1. LB model for DE

The LB model for Eq.(2.2) is based on the DnQb lattice1 with b velocity directions
in nD space.

The evolution equation of the distribution function in the model reads

fj(x + cj∆t, t+ ∆t) − fj(x, t) = − 1
τ (fj(x, t) − feqj (x, t))

+ ∆tFj(x, t) + ∆t2

2 ∂tFj(x, t), j = 0, . . . , b− 1 ,
(2.3)

where {cj , j = 0, . . . , b− 1} is the set of discrete velocity directions, ∆x and ∆t are
the lattice spacing and the time step, respectively, c = ∆x/∆t is the particle speed,
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τ is the dimensionless relaxation time, and feqj (x, t) is the equilibrium distribution
function which has a simple form

feqj (x, t) = ωjϕ (2.4)

such that ∑
j fj =

∑
j f

eq
j = ϕ,

∑
j cjf

eq
j = 0,

∑
j cjcjf

eq
j = c2sϕI, (2.5)

where I is the unit tensor, ωj are weights and cs, so called sound speed in the LBM
for fluids, is related to c and ωj . They depend on the lattice model used.

For the D1Q3 model, {c0, c1, c2} = {0, c,−c}, ω0 = 2/3, ω1 = ω2 = 1/6,
and for the D2Q9 one, {cj , j = 0, . . . , 8} = {(0, 0), (±c, 0), (0,±c), (±c,±c)}, ω0 =
4/9, ω1∼4 = 1/9, ω5∼8 = 1/36, then c2s = c2/3 for both of them.

Fj in Eq.(2.3), corresponding to the source term in Eq.(2.2), is taken as

Fj = ωjF (2.6)

such that
∑

j Fj = F,
∑

j cjFj = 0. ϕ and α in Eq.(2.2) satisfy

ϕ =
∑

j fj , α = c2s(τ − 1
2 )∆t. (2.7)

From Eq.(2.7) we can see that the relaxation time τ can be a function of (x, t).
The macroscopic equation (2.2) can be derived through the Chapman-Enskog

expansion (See Appendix for details).

2.2. Version of LB Model for Complex DE

For the complex evolutionary equations, let us decompose the related complex func-
tions and relaxation time into their real and imaginary parts by writing

fj = gj + ihj, f
eq
j = geqj + iheqj , Fj = Gj + iHj , w =

1
τ

= w1 + iw2, (2.8)

where i2 = −1.
Now we obtain the implemental version of Eq.(2.3) for complex DE (2.2)

gj(x + cj∆t, t+ ∆t) − gj(x, t) = − w1(gj(x, t) − geqj (x, t))
+w2(hj(x, t) − heqj (x, t)) + ∆tGj(x, t) + ∆t2

2 ∂tGj(x, t),
hj(x + cj∆t, t+ ∆t) − hj(x, t) = − w2(gj(x, t) − geqj (x, t))

−w1(hj(x, t) − heqj (x, t)) + ∆tHj(x, t) + ∆t2

2 ∂tHj(x, t),
j = 0, . . . , b− 1.

(2.9)
Let τ = τ1 + iτ2, α = α1 + iα2, then we have

τ1 =
α1

c2s∆t
+

1
2
, τ2 =

α2

c2s∆t
, w1 =

τ1
τ2
1 + τ2

2

, w2 = − τ2
τ2
1 + τ2

2

. (2.10)
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3. Simulation Results

Now we apply the D1Q3 LB model presented above to simulate numerically the soli-
tary waves for Eq.(2.1) to test mainly the numerical accuracy of the model. In sim-
ulations, the initial value of distribution function is taken as that of its equilibrium
part at time t = 0, which is a commonly used strategy. If not specified, we use the
nonequilibrium extrapolation scheme proposed by Guo et al.21 to treat the bound-
ary condition except for the periodic one, and the initial and boundary conditions
of the test problems with analytical solutions are determined by their analytical so-
lutions. The explicit difference scheme ∂tFj(x, t) = (Fj(x, t)−Fj(x, t−∆t))/∆t, is
used for computing ∂tFj(x, t). The following global relative error is used to measure
the accuracy:

E =

∑
j |ψ(xj , t) − ψ∗(xj , t)|∑

j |ψ∗(xj , t)| , (3.1)

where ψ and ψ∗ are the numerical solution and analytical one, respectively, and the
summation is taken over all grid points.

Example 3.1. We show an accuracy test for the 1D NLSEvc

iψt + α(t)ψxx + θ(t)|ψ|2ψ = 0 (3.2)

with initial condition

ψ(x, 0) =
1√
3
sech(

x

3
) exp(

i(x2 − 1)
6

), (3.3)

where

α(t) =
1
2

cos(t), θ(t) =
cos(t)

sin(t) + 3
. (3.4)

The problem has a periodically solitary wave solution22

ψp(x, t) = P1p(x, t)P2p(x, t)P3p(x, t), (3.5)

where

P1p(x, t) = 1

(sin(t)+3)
1
2
,

P2p(x, t) = sech( x
sin(t)+3 ),

P3p(x, t) = exp( i(x2−1)
2(sin(t)+3) ).

(3.6)

Example 3.2. We show an accuracy test for the 1D NLSEvc (3.2) with initial
condition

ψ(x, 0) =
1√
5
sech(

x

5
) exp(

i(x2 − 1)
10

), (3.7)

where

α(t) =
1
2
(cos(t) +

√
2 cos(

√
2t)), θ(t) =

cos(t) +
√

2 cos(
√

2t)
sin(t) + sin(

√
2t) + 5

. (3.8)
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The problem has a quasi-periodically solitary wave solution22,23

ψqp(x, t) = P1qp(x, t)P2qp(x, t)P3qp(x, t), (3.9)

where

P1qp(x, t) = 1

(sin(t)+sin(
√

2t)+5)
1
2
,

P2qp(x, t) = sech( x
sin(t)+sin(

√
2t)+5

),

P3qp(x, t) = exp( i(x2−1)

2(sin(t)+sin(
√

2t)+5)
).

(3.10)
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Fig. 12.1. The numerical charge density evolves with time, the problem one (top) and the
problem two (bottom).

In simulations of Examples 3.1. and 3.2., we take ∆x = 0.01,∆t = 0.0001.
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Fig. 12.2. The global relative errors evolve with time, the problem one (top) and the
problem two (bottom).

It is well known that Eq.(3.2) has an important conversation law

E(ψ) =
∫
R

|ψ(x, t)|2dx = constant (3.11)

under an appropriate boundary conditions, such as lim|x|→∞ ψ(x, t) = 0. For the
examples above E(ψ) = 2.

Fig. 12.1 shows the numerical conversation law for the two examples on [−40, 40]
for t ∈ [0, 200]. To test the LBGK model further, the global relative errors between
their analytical solutions and numerical ones are computed on [−40, 40] for t ∈
[0, 200] and plotted in Fig. 12.2. From Fig. 12.1 and Fig. 12.2 we can find that
the numerical results are in good agreement with the analytical ones. The real part
and the imaginary part of the numerical solution evolving with time on [−60, 60]
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Fig. 12.3. The numerical solutions evolve with time, the real part (top) and the imaginary
part (bottom).

for Example 3.2. are shown in Fig. 12.3.
Example 3.3. We show an accuracy test for the 1D NLSEvc (2.1) with

α(t) =
1
α0

exp(σt)β(t), β(t) = β0 + β1 cos(gt), γ(t) =
σ

2
. (3.12)

This problem has the chirp-less bright solitary wave solution24

ψ(x, t) = A3 exp(σ2 t)sech{A2[x−A1 exp(σt)(β0
σ + β1σ cos(gt)+β1g sin(gt)

σ2+g2 )] +A4}
× exp{i[A1x+ 1

2 (A2
2 −A2

1) exp(σt)(β0
σ + β1σ cos(gt)+β1g sin(gt)

σ2+g2 )] +A5},
(3.13)

where α0 is related to the initial peak power in system, β0, β1 and g describe Kerr
nonlinearity. γ(t) is the gain/loss function. Ai(i = 1− 5) are constants.
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We set β0 = 0.1, β1 = α0 = g = 1, A1 = A2 = A3 = 1, A4 = A5 = 0 and use the
periodic boundary condition in [−10, 15] as in Ref.,24 while the initial condition is
determined by the analytical solution (3.13) at t = 0. The intensity of numerical
solutions in the temporal interval [−10, 15] is plotted in Fig. 12.4 for different σ,
which describes the nonlinear evolutionary behavior of the solitary wave. To test
the LBM further the error evolution with time is plotted in Fig. 12.5 for ∆x = 10−2

and ∆t = 10−5. From Fig. 12.5 it can be found that the numerical results are in
good agreement with the analytical ones.

4. Conclusion

In this paper the LB model for nD DE with source term has been applied directly
to solve some important nonlinear complex equations by using complex-valued dis-
tribution function and relaxation time. Through the Chapman-Enskog expansion
with small parameter ε in time and space, the nD DE can be exactly recovered
to order O(ε2). Unlike traditional numerical methods which solve the equations
for macroscopic variables, the present model keeps the advantages of classical LB
model, such as simplicity and symmetry of scheme, ease in coding, and intrinsical
parallelism. As the application of the proposed LB model, simulations of three 1D
nonlinear Schrödinger equation with variable coefficients are performed for accuracy
test. Numerical results agree well with the analytical solutions. We found that to
attain better accuracy the LB model for the test problems requires a relatively small
time step ∆t and ∆t = 10−4 is a proper choice. Since the Chapman-Enskog analysis
shows that this kind of complex-valued LB model is only the direct translation of
the classical LB model in complex-valued function, the LB model can be applied
directly to other complex evolutionary equations or real ones with complex-valued
solutions.

Although the preliminary work in this paper shows that the classical LB model
has also potentials to simulate complex-valued nonlinear systems, some problems
still need to be solved, such as how to improve the accuracy and efficiency of complex
LB model.
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Appendix: Derivation of Macroscopic Equation

To derive the macroscopic equation (2.2), the Chapman-Enskog expansion in time
and space is applied:

fj = feqj + εf
(1)
j + ε2f

(2)
j , F = εF (1), ∂t = ε∂t1 + ε2∂t2 ,∇ = ε∇1, (4.1)

where ε is a small parameter.
From Eqs. (4.1), (2.5) and (2.6), it follows that∑

j f
(k)
j = 0(k ≥ 1),

∑
j F

(1)
j = F (1),

∑
j cjF

(1)
j = 0, (4.2)

where F (1)
j = ωjF

(1).
Applying the Taylor expansion and Eq.(4.1) to Eq.(2.3), we have

O(ε) : D1jf
eq
j = − 1

τ∆t
f

(1)
j + F

(1)
j , (4.3)

O(ε2) : ∂t2f
eq
j +D1jf

(1)
j +

∆t
2
D2

1jf
eq
j = − 1

τ∆t
f

(2)
j +

∆t
2
∂t1F

(1)
j , (4.4)

where D1j = ∂t1 + cj · ∇1.
Applying Eq.(4.3) to the left side of Eq.(4.4) and deleting the term ∆t

2 ∂t1F
(1)
j

on the both sides, we can rewrite Eq.(4.4) as

∂t2f
eq
j +D1j((1 − 1

2τ
)f (1)
j ) +

∆t
2

cj · ∇1F
(1)
j = − 1

τ∆t
f

(2)
j . (4.5)

Summing Eq.(4.3) and Eq.(4.5) over j and using Eq.(2.5) and Eq.(4.2), we have

∂t1ϕ = F (1), (4.6)

∂t2ϕ+ ∇1 · ((1 − 1
2τ

)
∑
j

cjf
(1)
j ) = 0. (4.7)

Using Eqs. (4.3), (2.5) and (4.2), we have∑
j cjf

(1)
j = −τ∆t∑j cj(D1jf

eq
j − F

(1)
j )

= −τ∆t(∇1 · (c2sϕI)) = −τ∆tc2s∇1ϕ.
(4.8)
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Then substituting Eq.(4.8) into Eq.(4.7), we obtain

∂t2ϕ = ∇1 · (α∇1ϕ), (4.9)

where α = c2s(τ − 1
2 )∆t. Therefore, combining Eq.(4.9) with Eq.(4.6), we have

∂tϕ = ∇ · (α∇ϕ) + F. (4.10)

The DE (2.2) is exactly recovered to order O(ε2).
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Burgers equation has been extensively studied and it has become one of the best
known and most studied of all nonlinear partial differential equations. Even
though Burgers equation, a one-dimensional version of Navier-Stokes, does not
model any specific physical flow problem, it would be the first step to understand
the turbulence exhibited in a flow.

The initial-boundary value problem of classical Burgers equation involving
homogeneous Dirichlet data can be solved exactly using the Cole-Hopf transfor-
mation. Unfortunately, due to the introduction of time delay, it is very difficult to
use the classical Cole-Hopf transformation to solve initial-boundary value prob-
lem of time-delay Burgers equation exactly. It means that the partial differential
equation with time-delay will exhibit some quite different properties even if the
small enough time-delay. In this paper, a nonlocal Burgers equation with a time
delay is considered. Using the Liapunov function and uniform Gronwall inequal-
ity, the solution of the time-delayed nonlocal Burgers equation is shown to exhibit
a delay-induced instability and be exponentially stable under small delays.

MSC: 35R10, 35B35, 35Q53.
Key words: Burgers equation with Time delay; Nonlocal Burgers equation;

Gronwall inequality; Exponential stability.

1. Introduction

Because it describes such a wild array of physical phenomena, and lends itself to
treatment by analytical methods, the Burgers equation

ut = νuxx − uux (1.1)

265
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has been extensively studied, and it has become one of the best known and most
studied of all nonlinear partial differential equations.1,2,5,9,10 Even though Burgers
equation, a one-dimensional version of Navier-Stokes, does not model any specific
physical flow problem, it would be the first step to understand the turbulence exhib-
ited in a flow.10 The simplest derivation of Burgers equation occurs in the context
of the kinematic-wave theory of traffic flow, especially, when the effects of vehicular
diffusion are taken into account.4,7,18 Assuming that there are no source/sink terms,
it is not difficult to show the traffic density ρ(x, t) satisfies the Burgers equation8

ρt = νρxx − vm(1 − 2ρ
ρs

)ρx, (1.2)

where the positive constants ν, vm, ρs denote the diffusion coefficient, the maximum
speed as ρ→ 0, the saturation value of the density, respectively. It has been proved
that Burgers equation without delay is globally exponential stable at least in the
norm of space H1. The general theory of time delayed partial differential equations
was described by C. Travis and G. Webb.12–14 Some examples exhibit a delay-
induced instability.3,11,16,17,19 Jordan8 considered the density transport equation
of traffic flow

ρt(x, t+ λ0) = νρxx(x, t) − vm[1 − 2ρ(x, t)
ρs

]ρx(x, t), (1.3)

a generalization of Eq.(1.1) that exhibits time delay, where the positive constant
λ0 denotes the reaction (or delay) time. Jordan8 wanted to show that the initial-
boundary value problem (IBVP) of delay Burgers equation (1.2) involving homo-
geneous Dirichlet data can be solved exactly using the Cole-Hopf transformation,
like that of the classical case, and then to show that the delay induces the stability.
Unfortunately, due to the introduction of delay, the classical Cole-Hopf transforma-
tion is not right to solve IBVP of Eq.(1.3) exactly, the formula (2.5) in Jordan8 is
wrong.

Does a small delay always destabilize Burgers equations? The answer is NO.
Weijiu Liu10 considered an initial-boundary value problem of the time-delayed Burg-
ers equation

ut − νuxx + u(t− τ, x)ux(t, x) = 0,

u(t, 0) = u(t, 1) = 0, t > 0, (1.4)

u(s, x) = ϕ(s, x), x ∈ [0, 1], s ∈ [−τ, 0],

where ν > 0 is the viscosity and τ > 0 is the delay parameter, ϕ(s, x) is an initial
state in an appropriate function space. By the Liapunov function and uniform
Gronwall inequality, Weijiu Liu10 described the global existence and exponential
stability of the solution of IBVP(1.4) if the delay parameter τ is sufficiently small,
and gave an explicit estimate of the delay parameter in terms of the viscosity and
initial data.
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Theorem 1.1.10 For any initial condition ϕ(t, x) ∈ C([−τ, 0], H1
0 (0, 1)),

IBVP(1.4) has a unique global mild solution u ∈ C([−τ,∞), H1
0 (0, 1)).

Theorem 1.2.10 For any initial condition ϕ(t, x) ∈ C([−τ, 0], H1
0 (0, 1)), there

exists τ0 = τ0(ν, ϕ), for τ < τ0, the solution of IBVP(1.4) satisfies

||ux(t)|| ≤ k

2
e−ωt/2, ∀t ≥ 0,

where k is a constant depending only on ν, τ and ϕ.

Using a fixed point theorem and a comparison principle, Y. Tang and M. Wang15

showed that the solution of IBVP(1.4) of time-delayed Burgers equation is exponen-
tially stable under small delays. The result is more explicit, but also complements,
the result given by Weijiu Liu.10

I.D. Chueshov6 considered an initial-boundary value problem of the nonlocal
Burgers equation

ut − νuxx + (ω, u)ux(t, x) = f(t, x), 0 < x < 1, t > 0

u(t, 0) = u(t, 1) = 0, t > 0, (1.5)

u(0, x) = ϕ(x), x ∈ [0, 1],

here f(t, x) is continuous with the values in L2(0, 1), that is, f(t, x) ∈
C(R+, L2(0, 1)), and ω(x) ∈ L2(0, 1),

(ω, u) =
∫ 1

0

ω(x)u(t, x)dx,

ϕ(0) = ϕ(1) = 0, and described the global existence and unique of weak solution of
IBVP(1.5) in the space H1

0 (0, 1).
Here we are interested in the global existence and exponential stability of the

solution of the nonlocal time-delayed Burgers equation, we focus on the initial-
boundary value problem of a nonlocal time-delayed Burgers equation

ut − νuxx + (ω(x), u(t− τ, x))ux(t, x) = 0, 0 < x < 1, t > 0

u(t, 0) = u(t, 1) = 0, t > 0, (1.6)

u(s, x) = ϕ(s, x), x ∈ [0, 1], s ∈ [−τ, 0],

where ϕ(0, 0) = ϕ(0, 1) = 0. Using the Liapunov function and uniform Gronwall
inequality, we show that the IBVP(1.6) is exponentially stable under small delays.

This paper is organized as follows. In Section 1.2 we prove that global existence
of the solution. In Section 1.3 we prove the exponential stability of the solution.

2. Global existence for continuous initial data

In this section we study the IBVP(1.6) with initial data ϕ ∈ C([−τ, 0], H1
0 (0, 1)).

Define the linear operator A by

Aw = νwxx, D(A) = H2(0, 1)
⋂
H1

0 (0, 1). (2.1)
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It’s well known that A generates an analytic semigroup T (t) on L2(0, 1) which is
compact for t > 0, and

||T (t)|| ≤ ke−αt, α > 0, k ≥ 1.

We also define the nonlinear operator F : C([−τ, 0], H1
0 (0, 1)) → L2(0, 1) by

F (ψ) = −(ω, ψ(−τ))ψx(0), ∀ψ ∈ C([−τ, 0], H1
0 (0, 1)),

then F is locally Lipschitz.
In fact, ∀ϕ, ψ ∈ C([−τ, 0], H1

0 (0, 1)), we have

||F (ϕ) − F (ψ)||L2 = ||(ω, ψ(−τ))ψx(0) − (ω, ϕ(−τ))ϕx(0)||L2

= ||(ω, ψ(−τ) − ϕ(−τ))ψx(0)− (ω, ϕ(−τ))(ϕx(0) − ψx(0))||L2

≤ |(ω, ϕ(−τ))|||ϕx(0)− ψx(0)||L2 + |(ω, ψ(−τ) − ϕ(−τ))|||ψx(0)||L2

≤ ||ω||L2 ||ϕ(−τ)||L2 ||ϕx(0)− ψx(0)||L2

+||ω||L2 ||ψ(−τ) − ϕ(−τ)||L2 ||ψx(0)||L2 ,

∀u ∈ H1
0 (0, 1), by the Poincaré inequality ||ux||L2 ≥ π||u||L2 , we have

||F (ϕ) − F (ψ)||L2

≤ 1
π
||ω||L2 [||ϕ(−τ)||H1

0
||ϕx(0) − ψx(0)||L2 + ||ψ(−τ) − ϕ(−τ)||H1

0
||ψx(0)||L2 ]

≤ 1
π
||ω||L2 [||ϕ||C ||ϕ(0) − ψ(0)||H1

0
+ ||ψ||C ||ψ(−τ) − ϕ(−τ)||H1

0
]

≤ 1
π
||ω||L2(||ϕ||C + ||ψ||C)||ϕ− ψ||C ,

therefore, ∀ϕ, ψ ∈ C([−τ, 0], H1
0 (0, 1)), ||ϕ||C ≤ ρ, ||ψ||C ≤ ρ, we have

||F (ϕ) − F (ψ)||L2 ≤M(ρ)||ϕ− ψ||C ,
where M(ρ) = 2π−1||ω||L2ρ, and

||ϕ||C = sup
−τ≤s≤0

||ϕ(s, ·)||H1
0
, ∀ϕ(t, x) ∈ C([−τ, 0], H1

0 (0, 1)).

Denote

ut(s) = u(t+ s), s ∈ [−τ, 0], t ≥ 0,

we then transform the problem (1.6) into the following integral equation

u(t) = ϕ(t), t ∈ [−τ, 0], (2.2)

u(t) = T (t)ϕ(0) +
∫ t

0

T (t− s)F (us)ds, t > 0. (2.3)

The continuous solutions of (2.2)(2.3) are called mild solutions of the IBVP(1.6).
Then for every initial function ϕ(s, x) ∈ C([−τ, 0], H1

0 (0, 1)), there exists a constant
T = T (ϕ) > 0 such that the IBVP(1.6) has a unique mild solution u(t, x) on [−τ, T ]
with u(t, x) ∈ C([−τ, T ], H1

0 (0, 1)).
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Furthermore, ∀τ > 0, the solution of IBVP(1.6) does not blow up in finite time.
In fact, for 0 ≤ t ≤ τ , we have

d

dt

∫ 1

0

u2
x(t)dx

= 2
∫ 1

0

ux(t)uxt(t)dx

= −2
∫ 1

0

uxx(t)ut(t)dx

= −2
∫ 1

0

uxx(t)[νuxx(t) − (ω, u(t− τ))ux(t, x)]dx

= −2ν
∫ 1

0

u2
xx(t)dx+ 2(ω, u(t− τ))

∫ 1

0

uxx(t)uxx(t, x)dx

≤ −2ν
∫ 1

0

u2
xx(t)dx+ 2||ω||L2 ||u(t− τ)||L2

∫ 1

0

|uxx(t)ux(t, x)|dx

≤ −2ν
∫ 1

0

u2
xx(t)dx+ 2π−1||ω||L2 ||u(t− τ)||H1

0

∫ 1

0

|uxx(t)ux(t, x)|dx

≤ −2ν
∫ 1

0

u2
xx(t)dx+ 2π−1||ω||L2 ||ϕ||C

∫ 1

0

|uxx(t)ux(t, x)|dx

≤ −2ν
∫ 1

0

u2
xx(t)dx+ 2ν

∫ 1

0

u2
xx(t)dx +

1
2νπ2

||ω||2L2 ||ϕ||2C
∫ 1

0

u2
x(t, x)dx

=
1

2νπ2
||ω||2L2 ||ϕ||2C

∫ 1

0

u2
x(t, x)dx,

therefore we get ∫ 1

0

u2
x(t)dx ≤

∫ 1

0

u2
x(0)dxe

1
2νπ2 ||ω||2

L2 ||ϕ||2Ct

≤ ||ϕ||2Ce
1

2νπ2 ||ω||2
L2 ||ϕ||2Cτ

= M0(||ϕ||C , ||ω||L2), 0 ≤ t ≤ τ,

where M0 is a constant depending only on ||ϕ||C , ||ω||L2 and τ .
Similarly, we have∫ 1

0

u2
x(t)dx ≤Mn(||ϕ||C , ||ω||L2), nτ ≤ t ≤ (n+ 1)τ.

where Mn is a constant depending only on ||ϕ||C , ||ω||L2 , τ and n. Then we get
the existence of the global solution of IBVP(1.6).

Theorem 2.1. For any initial condition ϕ(t, x) ∈ C([−τ, 0], H1
0 (0, 1)), IBVP(1.6)

has a unique global mild solution u ∈ C([−τ,∞), H1
0 (0, 1)).
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3. Decay estimate of solution

To describe the exponential stability, we need the following Gronwall inequality and
notations.

Lemma 3.1.10Let g, h and y be three positive and integrable function on (t0, T )
such that y′(t) is integrable on (t0, T ). Assume that

dy

dt
≤ gy + h, t0 ≤ t ≤ T,∫ T

t0

g(s)ds ≤ c1,

∫ T

t0

eδsh(s)ds ≤ c2,

∫ T

t0

eδsy(s)ds ≤ c3,

where δ, c1, c2, c3 are positive constants. Then

y(t) ≤ [c2 + cδ3 + y(t0)]ec1e−δ(t−t0), t0 ≤ t ≤ T.

For ϕ(t, x) ∈ C([−τ, 0], H1
0 (0, 1)), denote

k = k(ϕ, ω)

= sup
−τ≤s≤0

||ϕx(s)||L2 + 2||ϕ(0)||H1
0
e[

||ω||2
L2

2ν2 (ν
∫ 0
−τ

||ϕx(s)||2
L2ds+||ϕ(0)||2

L2)]

σ = sup{δ > 0 : ||ϕ(0)||2H1
0
e[

||ω||2
L2

ν2 (ν
∫ 0
−τ

||ϕx(s)||2
L2ds+||ϕ(0)||2

L2)] ≤ k2

4
, 0 ≤ τ ≤ δ},

0 ≤ τ ≤ min{σ, 1
ν

ln 2}.

Theorem 3.1. For any nontrivial initial condition ϕ(x, t) ∈ C([−τ, 0], H1
0 (0, 1)),

then ∃τ0 = τ0(ν, ϕ) = min{σ, 1
ν ln 2}, for τ < τ0, the solution u(t, x) of IBVP(1.6)

satisfies

||ux(t)||2L2 ≤ k2

4
e−νt, ∀t ≥ 0, (3.1)

therefore the trivial solution of IBVP(1.6) is asymptotically stable in H1
0 (0, 1).

Proof. Denote

T0 = sup{δ : ||ux(t)||L2 ≤ k, 0 ≤ t ≤ δ}.

Since ||ux(0)||L2 = ||ϕx(0)||L2 ≤ k and ||ux(t)||L2 is continuous, there is a neigh-
borhood (0, t0) such that ||ux(t)||L2 ≤ k for t ∈ (0, t0), we have T0 > 0. We shall
prove that T0 = +∞. otherwise, if T0 < +∞, then we have

||ux(t)||L2 ≤ k, ∀ − τ ≤ t < T0; ||ux(T0)||L2 = k. (3.2)
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Since u(t, x) is the mild solution of IBVP(1.6), by direct computation, one has∫ 1

0 u(t)ux(t)dx = 0 and

d

dt

∫ 1

0

u2(t)dx = 2
∫ 1

0

u(t)ut(t)dx

= 2ν
∫ 1

0

u(t)uxx(t)dx − 2(ω, u(t− τ))
∫ 1

0

u(t)ux(t, x)dx

= −2ν
∫ 1

0

u2
x(t)dx. (3.3)

Due to Poincaré inequality ||u(t)||2L2 ≤ π−2||ux(t)||2L2 ≤ ||ux(t)||2L2 , it is clear that

d

dt

∫ 1

0

u2(t)dx ≤ −2ν
∫ 1

0

u2
x(t)dx,

then L2−norm of the solution satisfies that

∫ 1

0

u2(t)dx ≤ e−2νt

∫ 1

0

u2
x(0)dx

= ||ϕ(0)||2L2e−2νt

≤ ||ϕ||2Ce−2νt, (3.4)

it means that the solution decays exponentially in L2(0, 1).
On the other hand, from (3.3), we have

d

dt

∫ 1

0

u2(t)dx+ 2ν
∫ 1

0

u2
x(t)dx = 0,

hence

d

dt
(eνt

∫ 1

0

u2(t)dx) = νeνt
∫ 1

0

u2(t)dx + eνt
d

dt

∫ 1

0

u2(t)dx

= νeνt
∫ 1

0

u2(t)dx − 2νeνt
∫ 1

0

u2
x(t)dx.

Due to (3.4), we get

d

dt
(eνt

∫ 1

0

u2(t)dx) + 2νeνt
∫ 1

0

u2
x(t)dx = νeνt

∫ 1

0

u2(t)dx

≤ νe−νt
∫ 1

0

ϕ2(0)dx,
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integrating with respect to t from 0 to T0,

eνT0

∫ 1

0

u2(T0)dx −
∫ 1

0

ϕ2(0)dx+ 2ν
∫ T0

0

[eνt
∫ 1

0

u2
x(t)dx]dt

≤ ||ϕ(0)||2L2

∫ T0

0

e−νtdt,

eνT0

∫ 1

0

u2(T0)dx + 2ν
∫ T0

0

[eνt
∫ 1

0

u2
x(t)dx]dt

≤ ||ϕ(0)||2L2(2 − e−νT0),

therefore we obtain

ν

∫ T0

0

[eνt
∫ 1

0

u2
x(t)dx]dt ≤ ||ϕ(0)||2L2 , (3.5)

and ∫ T0

0

[eνt
∫ 1

0

u2
x(t− τ)dx]dt

=
∫ T0−τ

−τ
[eν(s+τ)

∫ 1

0

u2
x(s)dx]ds

=
∫ 0

−τ
eν(s+τ)

∫ 1

0

u2
x(s)dxds +

∫ T0−τ

0

eν(s+τ)
∫ 1

0

u2
x(s)dxds

≤ eντ
∫ 0

−τ
ds

∫ 1

0

ϕ2
x(s)dxds + eντ

∫ T0

0

eνs
∫ 1

0

u2
x(s)dxds

≤ eντ
∫ 0

−τ
ds

∫ 1

0

ϕ2
x(s)dxds +

1
ν
eντ ||ϕ(0)||2L2 . (3.6)

The last inequality comes from (3.5). Using the equation in (1.6) and Young’s
inequality, we have

d

dt

∫ 1

0

u2
x(t)dx

= 2
∫ 1

0

ux(t)uxt(t)dx

= −2
∫ 1

0

uxx(t)ut(t)dx

= −2ν
∫ 1

0

u2
xx(t)dx + 2(ω, u(t− τ))

∫ 1

0

uxx(t)ut(t)dx

≤ −2ν
∫ 1

0

u2
xx(t)dx + 2||ω||L2||u(t− τ)||L2

∫ 1

0

|uxx(t)ut(t|)dx

≤ −2ν
∫ 1

0

u2
xx(t)dx + 2ν

∫ 1

0

u2
xx(t)dx +

1
2ν

||ω||2L2 ||u(t− τ)||2L2

∫ 1

0

u2
x(t)dx

≤ 1
2ν

||ω||2L2 ||ux(t− τ)||2L2

∫ 1

0

u2
x(t)dx.
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Denote

y(t) =
∫ 1

0

u2
x(t)dx, g(t) =

1
2ν

||ω||2L2

∫ 1

0

u2
x(t− τ)dx, h(t) = 0, δ = ν,

c1 =
||ω||2L2

2ν2
(ν
∫ 0

−τ
||ϕx(s)||2L2ds+ ||ϕ(0)||2L2), c2 = 0, c3 =

1
ν

∫ 1

0

ϕ2(0)dx,

where the constant c1 comes from the following estimate∫ T0

0

g(s)ds =
||ω||2L2

2ν

∫ T0

0

ds

∫ 1

0

u2
x(s− τ)dx

≤ ||ω||2L2

2ν

∫ T0

0

eνsds

∫ 1

0

u2
x(s− τ)dx

≤ ||ω||2L2

2ν2
eντ (ν

∫ 0

−τ
||ϕx(s)||2L2ds+ ||ϕ(0)||2L2).

The last inequality comes from (3.6). Then Lemma 3.1 implies that∫ 1

0

u2
x(t)dx

≤ [
∫ 1

0

ϕ2(0)dx+
∫ 1

0

ϕ2
x(0)dx]e[

||ω||2
L2

2ν2 eντ (ν
∫ 0
−τ

||ϕx(s)||2
L2ds+||ϕ(0)||2

L2)]e−νt

≤ ||ϕ(0)||2H1
0
e[

||ω||2
L2

ν2 (ν
∫ 0
−τ

||ϕx(s)||2
L2ds+||ϕ(0)||2

L2)]e−νt (0 ≤ τ ≤ τ0)

≤ k2

4
e−νt (0 ≤ τ ≤ τ0), (3.7)

hence ||ux(T0)||L2 ≤ k
2 e

− 1
2νT0 < k, this contradicts (3.2), so we have T0 = +∞,

according to the definition of T0, we get ||ux(t)||L2 ≤ k, ∀t ≥ 0.
Therefore, (3.7) implies (3.1), the decay estimate of solution in H1

0 , then we
prove Theorem 3.1. �

Remark For the initial-boundary value problem of the time-delayed nonlocal Burg-
ers equation ut(t, x)−νuxx(t, x)+(ω(x), u(t−τ, x))ux(t, x) = 0, Theorem 3.1 implies
that the global mild solution of IBVP(1.6) decays exponentially in H1

0 (0, 1). Due
to the result described in Theorem 2.1 and Theorem 3.1, we can see that although
the nonlinear nonlocal term appears in the Burgers equation, the global asymptotic
behavior of the solution does not change much. In other words, the asymptotic be-
havior of the time-delayed nonlocal Burgers equation is very similar to that of IBVP
of the time-delayed Burgers equation ut(t, x) − νuxx(t, x) + u(t− τ, x)ux(t, x) = 0,
see Weijiu Liu.10
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Chapter 14

Bifurcation Analysis of the Swift-Hohenberg Equation with
Quintic Nonlinearity and Neumann Boundary Condition

Qingkun Xiao and Hongjun Gao∗

Institute of Mathematics, School of Mathematical Science,
Nanjing Normal University, Nanjing 210097, P.R.China,

xiaoqingkun@hotmail.com

Institute of Mathematics, School of Mathematical Science,
Nanjing Normal University,
Nanjing 210097, P.R.China,

Center of Nonlinear Science, Nanjing University
Nanjing 210093, P.R.China,

gaohj@njnu.edu.cn

This paper is concerned with the asymptotic behavior of the solutions u(x, t)
of the Swift-Hohenberg equation with quintic nonlinearity on a one-dimensional
domain (0, L) with Neumann boundary condition. With α and the length L of
the domain regarded as bifurcation parameters, branches of nontrivial solutions
bifurcating from the trivial solution at certain points are shown. Local behavior
of these branches are also studied. Global bounds for the solutions u(x, t) are
established and the global attractor is investigated then. Finally, by a center
manifold analysis, two types of structures in the bifurcation diagrams are pre-
sented when the bifurcation points are closer, and their stabilities are analyzed.
Compared with our previous work, the differences between the Neumann bound-
ary condition and Dirichlet boundary condition are shown. The impact of the
initial function u0(x) on the linear stability of the trivial solution, and the impact
of boundary conditions on the stability properties of the bifurcated solutions are
shown.

1. Introduction

For many problems a comprehensive system of equations is either not known or
too complicated to analyze. It is often appropriate to introduce phenomenological
order-parameter models. An example of this sort is the fourth order model equation
is Swift-Hohenberg equation first proposed in 1976 by Swift and Hohenberg1 as a
simple model for the Rayleigh-Bénard instability of roll waves. The Swift-Hohenberg
equation plays an important role in bifurcation analysis. It’s a useful model for the
∗Corresponding author.
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study of phenomena in various scientific areas from fluid dynamics and chemistry
to nonlinear optics, their model and its extensions have been the subject of many
analytical and numerical studies.2–7

Recently there are some other papers concerned with the Swift-Hohenberg equa-
tion. A rigorous numerical method for the study and verification of global dynamics
of the Swift-Hohenberg equation with cubic nonlinearity under periodic boundary
condition is presented.8 Localized pattern formation with a large-scale mode is
investigated, and some numerical results are also given.9 Stationary spatially lo-
calized hexagon patterns of the 2D Swift-Hohenberg equation with quadratic-cubic
nonlinearity are investigated, and the existence regions of fully localized hexagon
patches and of planar pulses consisting of a strip filled with hexagons which is em-
bedded in the trivial state are traced out by numerical continuation techniques.10

The stationary Swift-Hohenberg equation has chaotic dynamics on a critical energy
level for a large (continuous) range of parameter values is proved by a computer
assisted, rigorous, continuation method.11 Fronts are travelling waves in spatially
extended systems that connect two different spatially homogeneous rest states. If
the rest state behind the front undergoes a supercritical Turing instability, then
the front will also destabilize. On the linear level, however, the front will be only
convectively unstable since perturbations will be pushed away from the front as
it propagates. In,12 the authors prove for a specific model system, in which the
Chafee-Infante equation is coupled to the Swift-Hohenberg equation, that the be-
havior described above carries over to the full nonlinear system. They also perform
numerical simulations to support their conclusions.

In,5,6 the asymptotic behavior of the solutions of the Swift-Hohenberg equation
with cubic nonlinearity has been studied, two interesting types of structures in the
bifurcation diagram for (L, u) are exhibited. They demonstrate how these structures
arise naturally near certain bifurcation points, and that there are no others. They
also analyze their stability properties.

In our previous work,13 we considered solutions of the Swift-Hohenberg equation
which reads

∂u

∂t
= αu− (1 +

∂2

∂x2
)2u− u5, (1.1)

where the unknown function u is a real-valued function on the cylindrical domain
Q = (0, L)×R+, with the boundary conditions,

u = 0 and
∂2u

∂x2
= 0, at x = 0, L. (1.2)

and the initial condition

u(x, 0) = u0(x), for 0 < x < L, (1.3)

where the initial function u0 is a smooth function satisfying

u0(x) = −u0(L − x), for 0 < x < L. (1.4)
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With the help of a center manifold analysis, two types of structures in the
bifurcation diagrams are presented when the bifurcation points are closer, and their
stabilities are analyzed.

In this paper, we consider the following Cauchy-Neumann problem for the Swift-
Hohenberg equation in Q

∂u
∂t = αu− (1 + ∂2

∂x2 )2u− u5, for 0 < x < L, t > 0,
u′ = 0, u′′′ = 0, at x = 0, L,
u(x, 0) = u0(x), for 0 < x < L,

(1.5)

However, we don’t allow that the initial function u0(x) satisfies Eq. (1.4) in this
paper.

The main motivation of this paper is to compare the results in this case with that
in,13 to show the impact of the initial function u0(x) on the linear stability of the
trivial solution, and the impact of boundary conditions on the stability properties
of the bifurcated solutions.

It’s easy to see that Eq. (1.3) is a gradient system with corresponding Liapunov
functional

J(u, L) =
1
L

∫ L

0

{1
2
(u′′)2 − (u′)2 +

1 − α

2
u2 + F (u)}dx, (1.6)

where

F (u) =
∫ u

0

s5ds =
1
6
u6, F (0) = 0.

That is to say, if the stationary solutions of Eq. (1.3) are isolated, then u(x, t) tends
to one of these solutions as t→ +∞ .14

We view α and L as bifurcation parameters. It’s easy to see that u = 0 is always
a solution of Eq. (1.3). It’s known that if α ≤ 0, the trivial solution u = 0 is stable.
When α > 0, the case is much more complex.

In what follows, we consider Eq. (1.5) under the assumption 0 < α < 1.
We find that there exists critical lengths, nL1 and nL2, n = 1, 2, · · · , where

L1 = π
ξ+

, L2 = π
ξ−

, ξ+ and ξ− will be given in §2. At these points, branches of
nontrivial solutions of Eq. (1.5) bifurcate from the trivial solution.

We will study structures of bifurcation curves in the (L, u)-plane when L2 and
2L1 nearly coincide, i.e, when there exists α∗

1 ∈ (0, 1) such that 2L1(α∗
1) = L2(α∗

1),
2L1(α) > L2(α) for α < α∗

1.
When α = α∗

1 + ε is fixed, where ε is positive and small, then 2L1 < L2. It’s
easily verified that α∗

1 = 9
25 .

If L ∈ (2L1, L2), we can set

L = 2L1 + δLgap, 0 < δ < 1. (1.7)

where Lgap = L2 − 2L1.
By the center manifold theorem, we project Eq. (1.3) to the two-dimensional

center manifold, we have the following theorem.
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Theorem 1.1. Suppose that α = α∗
1 + ε is fixed, ε is positive and small, 2L1 < L2.

Then if Eq. (1.6) holds,
(1)the trivial solution is always unstable for 0 < δ < 1.
(2)when 0 < δ < 1

13 , the branches which bifurcate from 2L1 are unstable; when
1
13 < δ < 1, they are stable.

(3)when 0 < δ < 7
15 , the branches which bifurcate from L2 are stable; when

7
15 < δ < 1, they are unstable.

(4)when 1
13 < δ < 7

15 , the branch which connects these branches bifurcating from
L2 and 2L1 is unstable.

We also consider generalized cases, that is to say we focus on the situation when
higher order bifurcation points coincide, i.e., when there exists an α∗ ∈ (0, 1) and
positive integers m and n such that

nL1(α∗) = mL2(α∗),

nL1(α) > mL2(α), for α < α∗,

where n �= 2m, n �= 3m and n �= 5m. It’s clearly that

α∗ = α∗
m,n = (

n2 −m2

n2 +m2
)2.

When α = α∗
m,n + ε is fixed, where ε > 0 is small, then nL1(α) < mL2(α).

If L ∈ (nL1,mL2), we can set

L = nL1(α) + δLgap, 0 < δ < 1, (1.8)

where

Lgap = mL2(α) − nL1(α).

In a similar manner, we will prove the following theorem.

Theorem 1.2. Suppose that α = α∗
m,n + ε is fixed, ε > 0 is small, nL1(α) <

mL2(α). Then if (1.7) holds,
(1)the trivial solution is always unstable for 0 < δ < 1.
(2)when 0 < δ < m2

m2+3n2 , the branches which bifurcate from nL1 are unstable;

when m2

m2+3n2 < δ < 1, the branches which bifurcate from nL1 are stable.

(3)when 0 < δ < 3m2

3m2+n2 , the branches which bifurcate from mL2 are stable;

when 3m2

3m2+n2 < δ < 1, the branches which bifurcate from mL2 are unstable.

(4)when m2

m2+3n2 < δ < 3m2

3m2+n2 , the branch which connects these branches bifur-
cating from mL2 and nL1 is unstable.

From the above theorems, we exhibit two types of structures in the bifurcation
diagrams in the case when n = 2m and the cases when n �= 2m, n �= 3m and
n �= 5m.

Comparing with the results in,13 we can observe that when n = 2m, the conclu-
sion is different from the one under Dirichlet boundary condition, but when n �= 2m,
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n �= 3m and n �= 5m, the results is the same under Dirichlet boundary condition
and Neumann boundary condition.

The chapter is organized as follows. In §2, we study the linear stability of the
trivial solution by Fourier expansion. Local behavior near L1 and L2 has been
studied through implicit function theorem in §3. Then, some global bounds for the
solutions are given in §4. In §5, asymptotic expressions for nontrivial stationary
solutions for Eq. (1.5) as α→ 0+ have been considered. The proofs of Theorem 1.1
and Theorem 1.2 are given respectively in §6 and §7.

2. Linear Stability of the Trivial Solution

Firstly, we discuss the stability of the trivial solution, the linear problem about the
trivial solution associated with Eq. (1.5) is

∂u
∂t = αu − (1 + ∂2

∂x2 )2u, for 0 < x < L, t > 0,
u′ = 0, u′′′ = 0, at x = 0, L,
u(x, 0) = u0(x), for 0 < x < L.

(2.1)

Since u0 ∈ L2(0, L), the solution u(x, t) of Eq. (2.1) can be written as a Fourier
series,

u(x, t) =
∞∑
n=1

anϕn(x)e−λnt, (2.2)

where ϕn(x) and λn are, respectively, the eigenfunctions and eigenvalues of the
following eigenvalue problem{

ϕ(4) + 2ϕ′′ + (1 − α)ϕ = λϕ, for 0 < x < L,

ϕ′ = 0, ϕ′′′ = 0, at x = 0, L,
(2.3)

and an = (u0, ϕn).
The eigenvalues λn are given by

λ0 = 1 − α, λk = P (
kπ

L
), k = 1, 2 · · · , where P (ξ) = (ξ2 − 1)2 − α.

and the corresponding eigenfunctions are

ϕ0 = 1, ϕk =
√

2 cos(
kπx

L
), k = 1, 2 · · · ,

It’s easy to see that λ0 > 0 for arbitrary L. Since α ∈ (0, 1), P (ξ) has two
positive zeros ξ− and ξ+, and they are given by

ξ− = (1 −√
α)

1
2 , ξ+ = (1 +

√
α)

1
2 .

This implies that λk < 0, when L ∈ (kL1, kL2), where L1 = π
ξ+

, L2 = π
ξ−

. If
L ∈ (0, L1), then

λk = P (
kπ

L
) > P (ξ+) = 0, for all k ≥ 1.
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Thus, if L < L1, the trivial solution is asymptotically stable.
We are interested in the cases when L is larger than L1. Denote

Ik =
{
L > 0 : P (

kπ

L
) ≤ 0

}
,

then Ik = [kL1, kL2] for every n ≥ 1.
For α small,

L1(α) ∼ π − π

2
√
α, L2(α) ∼ π +

π

2
√
α, as α→ 0+. (2.4)

If α is small enough, the intervals Ik will not overlap, but be separated by intervals
in which λk > 0, k = 1, 2, · · · . Then there exists a gap between Ik and Ik+1, when

0 < α < α∗
k = 4(

1
2k + 1

+ (2k + 1))−2.

Therefore, when 0 < α < α∗
k, there is a gap between Ik and Ik+1, we define

Πk = (0, L1)
⋃

(L2, 2L1)
⋃
. . .
⋃

(kL2, (k + 1)L1).

From Fourier series Eq. (2.2), we have the following theorem.

Theorem 2.1. Let u(t) be the solution of Eq. (1.3), in which α < α∗
k for some

k ≥ 1. Then for all L ∈ Πk, u(t) → 0, as t→∞.

We want to see the full-time dependent problem near those values of α and L
where these bifurcation points approximately coincide with each other, and we have
the following center manifold theorem.

Theorem 2.2. Suppose that α = α∗
1, and so L2 = 2L1. Then L = 2L1,

(1) Eq. (1.3) has a two-dimensional center manifold Xc about the trivial solution
and Xc = span{ϕ1, ϕ2}.

(2) dimXu=0, where Xu is the unstable manifold about the trivial solution.

3. Local Behavior near L1 and L2

For the sake of convenience, after a suitable rescaling of the spatial variable Lx = x,
u(x) = u(x), and then we omit the bar, the stationary equation of Eq. (1.3) then
can be written as {

B(u, L) + L4u5 = 0, for x ∈ (0, 1),
u′ = 0, u′′′ = 0, at x = 0, 1,

(3.1)

where

B(u, L) = u(4) + 2L2u
′′

+ L4(1 − α)u. (3.2)

The corresponding eigenvalue problem for the linear operator B is{
B(u, L) = σu, for x ∈ (0, 1),
u′ = 0, u′′′ = 0, at x = 0, 1.

(3.3)
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In addition, from Eq. (2.3) and Eq. (3.3), we obtain σn = L4λn, n ≥ 0, where λn
are the eigenvalues of Eq. (2.3), and the corresponding eigenfunctions ψn are given
by

ψ0(x) = 1, ψk(x) =
√

2 cos(nπx), k = 1, 2 · · ·

Besides Theorem 2.1 and Theorem 2.2, we want to get more information about
the local behavior at the bifurcation point (L, u) = (L1, 0), and know the relation
between u and L near this point, so we set

L = L1(1 + ζ), u = ε(ψ1 + w), (3.4)

where ε is a small constant, ζ and w will turn out to be small, and substituting
Eq. (3.4) into Eq. (3.2), we have

B(w, 2L1) = −2L2
1[(1 + ζ)2 − 1](ψ′′

2 + w′′) − L4
1[(1 + ζ)4 − 1](1 − α)(ψ2 + w)

− L4
1(1 + ζ)4ε4(ψ2 + w)5

= h(ζ, w, γ), (3.5)

where γ = ε4.
As in,6 by Implicit Function Theorem, we have the following theorem.

Theorem 3.1. Let α > 0, there exists a unique branch in the (L, u)-plane of non-
trivial solutions of Eq. (3.1) which bifurcates from the trivial solution at L1. Its
local behavior is given by

‖u‖4
L2 ∼ 8

5π
√
α(1 +

√
α)

3
2 (L− 2L1), as L→ L+

1 .

Similarly, we can prove the following theorem about the local behavior near L2.

Theorem 3.2. Let 0 < α < 1, there exists a unique branch in the (L, u)-plane of
nontrivial solutions of Eq. (3.1) which bifurcates from the trivial solution at L2. Its
local behavior is given by

‖u‖4
L2 ∼ 8

5π
√
α(1 −√

α)
3
2 (2L2 − L), as L→ L−

2 .

Local behavior of J(u, L) near L1 and L2 can also be established.

Theorem 3.3. On the branches defined in Theorem 3.1 and Theorem 3.2, the local
behavior of J(u, L) is respectively given by

J(u, L) ∼ −8
√

10
15π

3
2
α

3
4 (1 +

√
α)

9
4 (L− L1)

3
2 as L→ L+

1 ,

J(u, L) ∼ −8
√

10
15π

3
2
α

3
4 (1 −√

α)
9
4 (L2 − L)

3
2 as L→ L−

2 .
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4. Global Bounds for Solutions of Eq. (1.5)

In this section, we give some a priori estimates for the solutions of Eq. (1.5). Define

µ(L) = min{λn(L), n = 0, 1, 2, · · · }. (4.1)

Let u(t)=u(x, t) be the solution of Eq. (1.5). As in,13 we have the same estimates
for u(t).

Theorem 4.1. Let u(t) be the solution of Eq. (1.5), and µ is defined by Eq. (4.1).
(a) Suppose that µ > 0, then

‖u‖L2 ≤ ‖u0‖L2 exp(−µt) for 0 ≤ t <∞, (4.2)

and

u(t) → 0 as t→ ∞ in L2(0, L).

(b) Suppose that µ = 0, then

‖u(t)‖L2 ≤ ‖u0‖L2

4

√
1 + 4‖u0‖4

L2t
for 0 ≤ t <∞, (4.3)

and

u(t) → 0 as t→ ∞ in L2(0, L).

(c) Suppose that µ < 0, then

‖u(t)‖L2 ≤ max{‖u0‖L2, 4
√
|µ|} for 0 ≤ t <∞, (4.4)

and

lim sup
t→∞

‖u(t)‖L2 ≤ 4
√
|µ|.

Remark From Theorem 4.1, we obtain that, if µ ≥ 0, the origin then is a global
attractor in L2(0, L). If µ < 0, the global attractor is the ball BR in L2(0, L) with
radius R = 4

√|µ| and centered at the origin.
Bounds for ‖ux‖L2 can also be established.

Theorem 4.2. Let u(t) be the solution of Eq. (1.5), and µ is defined by Eq. (4.1).
(a) If µ > 0, then

‖ux(t)‖L2 = O(exp(−µt)) as t→∞.

(b) If µ = 0, then

‖ux(t)‖L2 = O(t−
1
4 ) as t→∞.

(c) If µ < 0, then

lim sup
t→∞

‖ux(t)‖L2 ≤ 4
√

2|µ|(1 + α).
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5. Stationary Solutions in the Limit as α → 0+

In this section, we construct asymptotic expressions for nontrivial stationary solu-
tions for Eq. (1.5) as α → 0+. The stationary solution of Eq. (1.5) is the solution
of the following problem{

v(4) + 2v′′ + (1 − α)v + v5 = 0, for 0 < x < L,

v′ = 0, v′′′ = 0, at x = 0, L.
(5.1)

We choose L ∈ (kL1, kL2), where k is an arbitrary positive integer, and α is small
enough such that [kL1, kL2] and [(k + 1)L1, (k + 1)L2] are disjoint. That is to say

0 < α < α∗
k = 4(

1
2k + 1

+ (2k + 1))−2.

We set

x = Ly and w(y) = v(x),

then Eq. (5.1) becomes{
w(4) + 2L2w′′ + L4((1 − α)w + w5) = 0, for x ∈ (0, 1),
w′ = 0, w′′′ = 0, at x = 0, 1.

(5.2)

It follows from Theorem 3.1 and Theorem 3.2 that, as L → L+
1 and L → L−

2 , the
solutions scales like 4

√
α. Therefore, we suppose w(y) has the form

w(y) ∼ α
1
4w1(y) + α

3
4w2(y) + α

5
4w3(y) + α

7
4w4(y) + · · · (5.3)

We write

L = kL1 + kδ(L2 − L1) = k[L1 + δLgap], 0 < δ < 1,

from Eq. (2.4), we write L1(α), L2(α) and Lgap(α) into Fourier series of α
1
4 .

Therefore, we have

L(α) = kπ{1 +
1
2
(2δ − 1)α

1
2 +

3
8
α+

5
16

(2δ − 1)α
3
2 + · · · }, (5.4)

and equate the coefficients of α
1
4 , α

3
4 , α

5
4 , α

7
4 equal to zero, we obtain the following

equations

O(α
1
4 ) : L1w1 = 0,

O(α
3
4 ) : L1w2 + L2w1 = 0,

O(α
5
4 ) : L1w3 + L2w2 + L3w1 + k4π4w5

1 = 0,

O(α
7
4 ) : L1w4 + L2w3 + L3w2 + L4w1 + k4π4(2(2δ − 1)w5

1 + 5w4
1w2) = 0,

where

L1z = z(4) + 2k2π2z′′ + k4π4z,

L2z = 2k2π2(2δ − 1)(z′′ + k2π2z),

L3z = 2k2π2(
1
4
(2δ − 1)2z′′ +

3
4
z′′) + k4π4(

3
2
(2δ − 1)2z +

1
2
z),

L4z = 2k2π2(2δ − 1)z′′ + k4π4(
3
2
(2δ − 1)z +

1
2
(2δ − 1)3z),
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and wj(y), j = 1, 2, 3, 4, all need to satisfy the boundary condition

w′
j(y) = 0, w′′′

j (y) = 0 at y = 0, 1.

This implies that

w1(y) = γ1 cos(kπy),

where γ1 is to be determined. Since L2w1 = 0, the equation for w2 reduces to
L1w2 = 0, it follows that

w2(y) = γ2 cos(kπy),

and γ2 is also to be determined. From the solvability condition, we have

(w1, L1w3) = −(w1, L2w2 + L3w1 + k4π4w5
1) = 0. (5.5)

(w1, L1w4) = −(w1, L2w3 + L3w3 + L4w1 + k4π4(2(2δ − 1)w5
1 + 5w4

1w2))

= 0. (5.6)

This yields

γ1(δ) = 4

√
32
5
δ(1 − δ), δ ∈ (0, 1). (5.7)

γ2(δ) =
3
8
(1 − 2δ) 4

√
32
5
δ(1 − δ), δ ∈ (0, 1). (5.8)

We then obtain the expansion of w(y)

w(y, δ) = 4

√
32
5
δ(1 − δ){ 4

√
α+

3
8
(1 − 2δ)α

3
4 } cos(kπy) + · · · (5.9)

Then we consider the stability of the above asymptotic solution by setting

u(x, t) = c(t) 4
√
αv1(x) + · · · , v1(x) = cos(

kπx

L
).

Project this solution onto the local center manifold Xc = span{cos(kπxL )}, and from
Eq. (5.4), we expand to leading order in α, then we obtain

ċ = −1
8
c(5c4 − 32δ(1− δ)).

It’s clearly that c(t) = γ1 is one solution of full time dependent PDE. Linearizing
this equation about γ1 yields

ḋ = −16δ(1− δ)d, (5.10)

from Eq. (5.9), we conclude that this solution is stable for small δ.
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6. Stationary Solutions in the Limit as α → α∗+
1

In this section, we analyze the case when the bifurcation points L2 and 2L1 are
close together, i.e, when α = α∗

1 + ε where ε is positive and small. We will compare
the results in this section with that in.13

When α = α∗
1, the Eq. (1.5) has a two-dimensional center manifold Xc about

the trivial solution

Xc = span{ϕ1, ϕ2} = span{cos(
πx

L
), cos(

2πx
L

)}.
In our analysis, we fix α close to α∗

1, and use L as a bifurcation parameter close
to L∗ = L2(α∗).

We write

u(x, t) = a(t)ϕ1(x) + b(t)ϕ2(x),

and project the differential equation onto Xc. It follows that

1
L

∫ L

0

{ut + uxxxx + 2uxx + (1 − α)u + u5}ϕ1dx = 0,

.
1
L

∫ L

0

{ut + uxxxx + 2uxx + (1 − α)u + u5}ϕ2dx = 0.

This yields a pair of differential equations for a(t) and b(t), then we obtain the
following system {

ȧ(t) = −P ( πL )a− 5
2a

5 − 35
2 a

3b2 − 15
2 ab

4,

ḃ(t) = −P (2π
L )b− 35

4 a
4b− 15a2b3 − 5

2b
5.

(6.1)

Since the original equation is a gradient system, and the reduced system as well,
the corresponding Liyapunov functional is given by

V (a, b) =
1
2
P (

π

L
)a2 +

1
2
P (

2π
L

)b2 +
5
12
a6 +

35
8
a4b2 +

15
4
a2b4 +

5
12
a6, (6.2)

ȧ = −Va(a, b) and ḃ = −Vb(a, b),
dV

dt
= Vaȧ+ Vbḃ = −(V 2

a + V 2
b ) ≤ 0.

We will consider the structures of the set of stationary solutions of Eq. (6.1) in the
(δ, u) plane, where u = (a, b), and discuss their stabilities. They are defined by the
pair of equations

Va(a, b) = 0 and Vb(a, b) = 0.

We fix

α = α∗
1 + ε, ε > 0, and α∗

1 =
9
25
,

then 2L1 < L2 and we write

L = 2L1 + δLgap, where Lgap = L2 − 2L1.
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Note that Lgap > 0 and Lgap(ε) → 0 as ε→ 0, and we expand 2L1 and L2 in powers
of ε,

2L1 =
2π√

1 +
√
α∗

1 + ε
=
π
√

10
2

{1− 25
96
ε+O(ε2)} as ε→ 0,

L2 =
π√

1 −√α∗
1 + ε

=
π
√

10
2

{1 +
25
24
ε+O(ε2)} as ε→ 0,

Lgap(ε) =
125
192

π
√

10ε+O(ε2) as ε→ 0.

We rescale the variables according to

(a, b) → 4
√
ε(a, b) and t→ 1

ε
t. (6.3)

Then we obtain the leading order equation{
ȧ(t) = g1(a, b) = a{ 5

4 (1 − δ)− 5
2a

4 − 35
2 a

2b2 − 15
2 b

4},
ḃ(t) = g2(a, b) = b{5δ − 35

4 a
4 − 15a2b2 − 5

2b
4}. (6.4)

6.1. Stationary solutions

The stationary solutions of Eq. (6.4) are the points where the null clines by Γ1 and
Γ2 are defined by

Γi = {(a, b) : gi(a, b) = 0} for i = 1, 2

intersect.
Obviously, Γ1 consists of two components

Γ1
1 = {(a, b) : a = 0}, Γ2

1 = {(a, b) :
5
2
a4 +

35
2
a2b2 +

15
2
b4 =

5
4
(1 − δ)}.

And Γ2 consists of two components

Γ1
2 = {(a, b) : b = 0}, Γ2

2 = {(a, b) :
35
4
a4 + 15a2b2 +

5
2
b4 = 5δ}.

Note that both Γ1 and Γ2 are invariant under the transformation (a, b) →
(−a,−b), under (a, b) → (a,−b) and (a, b) → (−a, b). In what follows we shall
discuss only the null clines in the first quadrant. We can immediately see that,

Γ1
1

⋂
Γ1

2 = {(0, 0)}, Γ1
1

⋂
Γ2

2 = {(a, b) : a = 0, b = 4
√

2δ},

Γ1
2

⋂
Γ2

1 = {(a, b) : a = 4

√
1
2
(1 − δ), b = 0}.

Then we next focus on the points of intersection of Γ2
1 and Γ2

2.
In Γ2

1, we write

a2 = r1(θ) cos θ, b2 = r1(θ) sin θ, θ ∈ (0,
π

2
).
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In Γ2
2, we write

a2 = r2(θ) cos θ, b2 = r2(θ) sin θ, θ ∈ (0,
π

2
).

then we obtain two equations. At the points where the null clines intersect, we have
r1 = r2, we divide it by sin2 θ and write x = cot θ, then we obtain the following
equation

(1 − 7γ
4

)x2 + (7 − 3γ)x+ 3 − γ

2
= 0, (6.5)

where γ = 1−δ
2δ .

Notice that x must be positive. When γ = 4
7 , x = − 19

37 , we omit this case.
When γ �= 4

5 , the discrimination of Eq. (6.5) is

� = (7 − 3γ)2 − 4(1 − 7γ
4

)(3 − γ

2
)

=
11γ2

2
− 19γ + 37 > 0, (6.6)

then we have

x =
3γ − 7 ±√�

2(1 − 7γ
4 )

. (6.7)

If 4
7 < γ < 6, Eq. (6.5) admits one positive solution; for other γ, Eq. (6.5) admits

no positive solutions.
From γ = 4

7 , we have δ = 7
15 ; and from γ = 6, δ = 1

13 .
Therefore, for 1

13 < δ < 7
15 , Γ2

1

⋂
Γ2

2 has one point P in the first quadrant; for
other δ, the intersection is empty in the first quadrant.

6.2. Stability

We discuss the stabilities of the stationary solutions of Eq. (1.5) by means of an
analysis of Eq. (6.1).

It’s easy to see that the origin O is always unstable.
When δ < 1

13 , A = (0, 4
√

2δ) is a saddle; when δ > 1
13 , A is a stable node.

When δ < 7
15 , B = ( 4

√
1
2 (1 − δ), 0) is a stable node; when δ > 7

15 , B is a saddle.
We denote

ρ(a, b) =
5
4
(1 − δ)− 25

2
a4 − 105

2
a2b2 − 15

2
b4,

σ(a, b) = 5δ − 35
4
a4 − 45a2b2 − 25

2
b4.

The characteristic equation associated with P is given by

λ2 − (ρ+ σ)λ + ρσ − a2b2(35a2 + 30b2)2 = 0.
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By the definition of Γ2
1 and Γ2

1, and after simple calculation, it can be verified
that

ρσ − a2b2(35a2 + 30b2)2

= a2b2(10a2 + 35b2)(30a2 + 10b2) − a2b2(30a2 + 35b2)2 < 0.

That’s to say, the two corresponding eigenvalues have different signs, so the points
in Γ2

1

⋂
Γ2

2 are saddles.
Then next we translate these results to the stabilities of the stationary solutions

of Eq. (1.3).
We draw a conclusion that the trivial solution is always unstable.
When 0 < δ < 1

13 , the branches which bifurcate from 2L1 are unstable; when
1
13 < δ < 1, they are stable.

When 0 < δ < 7
15 , the branches which bifurcate from L2 are stable; when

7
15 < δ < 1, they are unstable.

When 1
13 < δ < 7

15 , the branch which connects these branches bifurcating from
L2 and 2L1 is unstable.

Remark If we fix α close to α∗
1, and use L be close to L∗ = 2L2(α∗

1), we can
also obtain above results. Comparing with the results in,13 we find that even for
the same L near 2L2(α∗

1), the stability of the bifurcated solution from 2L2 may
be different, as well as the stability of the branch which connects these branches
bifurcating from 2L2 and 4L1. However, stability of the branches which bifurcate
from 4L1 is the same under the two boundary conditions.

7. Another Structure in the Bifurcation Diagrams

In this section, we focus on the cases when higher order bifurcation points coincide,
i.e., when there exists an α∗ ∈ (0, 1) and positive integers m and n such that

nL1(α∗) = mL2(α∗). (7.1)

Since L1 < L2, it follows that n > m.
It’s easy to see that Eq. (7.1) occurs when

α∗ = α∗
m,n = (

n2 −m2

n2 +m2
)2. (7.2)

When n = 2m, Eq. (6.1) becomes 2L1 = L2, therefore, α∗=α∗
1. It’s the case

discussed in §6. So here, we consider the cases when n �= 2m. First we generalize
the center manifold theorem.

Theorem 7.1. Suppose that Eq. (7.1) holds for some α∗, then if L=nL1(α∗), we
have the following:

(a) There exists a two-dimensional center manifold Xc spanned by the eigen-
functions ϕm and ϕn;

(b) dimXu=n − m − 1, where Xu is the unstable manifold about the trivial
solution.
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Projecting the Swift-Hohenberg equation onto Xc=span{ϕm, ϕn} and writing

u(x, t) = a(t)ϕm(x) + b(t)ϕn(x), (7.3)

we then obtain the following:
When n = 3m, the new system is given by{

ȧ = −P (mπL )a− 5
2a

5 − 25
4 a

4b− 15a3b2 − 15
2 a

2b3 − 15
2 ab

4,

ḃ = −P (nπL )b− 5
2b

5 − 15a2b3 − 15
2 a

3b2 − 15
2 a

4b− 5
4a

5.
(7.4)

When n = 5m, the new system is given by{
ȧ = −P (mπL )a− 5

2a
5 − 5

4a
4b− 15a3b2 − 15

2 ab
4,

ḃ = −P (nπL )b− 5
2b

5 − 15a2b3 − 15
2 a

4b− 1
4a

5.
(7.5)

When n �= 3m, n �= 5m, the new system is given by{
ȧ = −P (mπL )a− 5

2a
5 − 15a3b2 − 15

2 ab
4,

ḃ = −P (nπL )b− 5
2b

5 − 15a2b3 − 15
2 a

4b.
(7.6)

We set α = α∗
m,n + ε(ε > 0), then nL1(α) < mL2(α), and write

L = nL1(α) + δLgap,

where

nL1(α) = nL1(α∗)−
√

2π
16

(m2 + n2)
5
2

(n2 −m2)n2
ε,

mL2(α) = mL2(α∗) +
√

2π
16

(m2 + n2)
5
2

(n2 −m2)m2
ε,

L∗
m,n = nL1(α∗) = mL2(α∗) = π

√
m2 + n2

2
,

Lgap =
√

2π
16

(m2 + n2)
7
2

(n2 −m2)m2n2
ε+O(ε2),

and we have

L = nL1(α) + δLgap = L∗
m,n{1 +

(m2 + n2)2ε
8n2(n2 −m2)

(
m2 + n2

m2
δ − 1) +O(ε2)},

P (
mπ

L
) = −m

2 + n2

n2
(1 − δ)ε+ O(ε2),

P (
nπ

L
) = −m

2 + n2

m2
δε+O(ε2).

We rescale the variables according to

(a, b) → 4
√
ε(a, b) and t→ 1

ε
t. (7.7)

When n �= 3m, n �= 5m, we obtain the leading order equations{
ȧ(t) = a{m2+n2

n2 (1 − δ)− 5
2a

4 − 15a2b2 − 15
2 b

4},
ḃ(t) = b{m2+n2

m2 δ − 15
2 a

4 − 15a2b2 − 5
2b

4}. (7.8)
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Here we consider the case when n �= 3m, n �= 5m.
Note that the null clines both Γ1 and Γ2 are invariant under the transformation

(a, b) → (−a,−b), under (a, b) → (a,−b) and (a, b) → (−a, b). In what follows we
shall discuss only the null clines in the first quadrant.

Because the reduced system is the same as the one given in,13 therefore, the
conclusion is the same.

Then we have the following results about the stabilities of the stationary solu-
tions of Eq. (1.5).

The trivial solution is always unstable.
When 0 < δ < m2

m2+3n2 , the branches which bifurcate from nL1 are unstable;

when m2

m2+3n2 < δ < 1, the branches which bifurcate from nL1 are stable.

When 0 < δ < 3m2

3m2+n2 , the branches which bifurcate from mL2 are stable; when
3m2

3m2+n2 < δ < 1, the branches which bifurcate from mL2 are unstable.
And the branch which connects these branches bifurcating from mL2 and nL1

is unstable.
Remark We can observe that when n �= 2m, n �= 3m and n �= 5m, we have the

same conclusion as in,13 however, when n = 3m, the reduced system is different from
the one in,13 we may expect that there are different results under this case between
two boundary conditions. Because of complexity of Eq. (7.4) and Eq. (7.5), now we
have not yet obtained the situation when n = 3m or n = 5m, we will investigate
this two cases elsewhere for further discussion.
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5. L. A. Peletier and V. Rottschäfer, Pattern selection of solutions of the Swift-Hohenberg
equation. Phys. D. 194(2004), 95-126.

6. L. A. Peletier and J. F. Williams, Some Canonical Bifurcations in the Swift-Hohenberg
Equation. SIAM J. Appl. Dynamical Systems, 6(2007), 208-235.

7. C. J. Budd and R. Kuske, Localized periodic patterns for the non-symmetric gener-
alized Swift-Hohenberg equation, Phys. D. 208(2005), 73-95.

8. S. Day, Y. Hiraoka, K. Mischaikow and T. Ogawa, Rigorous Numerics for Global



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

The Swift-Hohenberg Equation with Quintic Nonlinearity 291

Dynamics: A Study of the Swift-Hohenberg Equation. SIAM J. Appl. Dynamical
Systems. 4(2005), 1-31.

9. J. H. P. Dawes, Localized Pattern Formation with a Large-Scale Mode: Slanted
Snaking. SIAM J. Appl. Dynamical Systems. 7(2008), 186-206.

10. D. J. B. Lloyd, B. Sandstede, D. Avitabile and Alan R. Champneys, Localized
Hexagon Patterns of the Planar Swift-Hohenberg Equation. SIAM J. Appl. Dynamical
Systems, 7(2008), 1049-1100.

11. J. B. Van Den Berg and J. P. Lessard, Chaotic Braided Solutions via Rigorous Nu-
merics: Chaos in the Swift-Hohenberg Equation. SIAM J. Appl. Dynamical Systems,
7(2008), 988-1031.

12. A. Ghazaryan and B. Sandstede, Nonlinear convective instability of Turing-unstable
fronts near onset: a case study. SIAM J. Appl. Dynamical Systems, 6(2007), 319-347.

13. Qingkun Xiao and Hongjun Gao, Bifurcation analysis of the Swift-Hohenberg equation
with quintic nonlinearity, to appear in International Journal of Bifurcation and Chaos,
2009.

14. J. K. Hale, Asymptotic Behavior of Dissipative Systems. American Mathematical So-
ciety, Providence, 1988.



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

This page intentionally left blankThis page intentionally left blank



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Perspectives in Mathematical Sciences
Interdisciplinary Mathematical Sciences, Volume 9, 2009
pp. 293–306

Chapter 15

A New GL Method for Mathematical and Physical Problems

Ganquan Xie and Jianhua Li

GL Geophysical Laboratory
GLganquan@gmail.com

In this chapter, a new GL method for solving ordinary and partial differential
equations is proposed. These equations may govern the electromagnetic fields,
macro- and micro-physical, chemical, and financial problems in science and engi-
neering. The domain can be finite, infinite, or part of an infinite domain with a
curved surface. The differential equation may be held in an infinite domain which
includes a finite inhomogeneous domain. The inhomogeneous domain is divided
further into finite sub-domains. The solution of the differential equation can be
represented as an explicit recursive sum of the integrals in the inhomogeneous
sub-domains. An explicit relationship between forward modeling and inversion
is found. The analytical solution of the equation in the infinite homogeneous do-
main is called an initial global field. The global field is updated by local scattering
field successively, sub-domain by sub-domain. Once all sub-domains are scattered
and the finite updating process is finished in all the sub-domains, the solution
of the equation is obtained. Such a method is called the Global and Local field
method, in short the GL method. The GL method is totally different from Finite
Element Method (FEM) and Finite Difference Method (FD). The GL method di-
rectly assembles the inverse matrix and gets the solution successively sub-domain
by sub-domain. There is no big matrix equation needed to be solved in the GL
method which overcomes the difficulties in FEM and FD in solving big matrix
equations. When the FEM and FD are used to solve a differential equation in an
infinite domain, the artificial boundary and absorption boundary condition are
necessary and difficult. The error reflections from the artificial absorption bound-
ary condition downgrade the accuracy of the forward solution and damage the
inversion resolution. The GL method resolves the artificial boundary difficulty
encountered in the FEM and FD methods. There is no artificial boundary and no
absorption boundary condition for infinite domains in the GL method. A triangle
integral equation of Green’s functions is proposed and several theorems for the
theoretical analysis of the GL method are established. A numerical discretiza-
tion of the GL method is presented. The numerical solution of the GL method
is shown to converge to the exact solution when the maximum diameter of the
sub-domain is going to zero. An error estimation of the GL method for solving
the wave equation is presented. The simulations show that the GL method is
accurate, fast, and stable for solving elliptic, parabolic, and hyperbolic equations.
The GL method has wide applications in the 3D electromagnetic (EM) fields,
3D elastic and plastic etc seismic fields, acoustic fields, flow fields, and quantum

293
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fields. The GL method software for the above 3D EM etc fields is developed by
the authors in the GL Geophysical Laboratory.

1. Introduction

Analytical method and numerical method are the two ways for solving differential
equations. Since the beginning of history, they have been developed independently
from each other. Analytical methods are only suitable for uniform medium with
isotopic entire infinite space, layered media with finite space, and the region with
regular geometrical shape, such as spheroidal region and so on. There are many
journals and books which publish analytical methods. Analytic methods are not
suitable for solving differential equations in the region with an irregular geometrical
shape; but the numerical methods may be made available to do so. However, the
existing numerical methods, such as finite element method (FEM), finite difference
method (FD) and the Born approximation (BA) and so on, have several difficulties
and limitations:

1) In FEM and FD methods, solving certain large scale matrix equation is
necessary and difficult, which is hard to by-pass.

2) When using FEM and FD methods to solve differential equations in the
infinite domain, the artificial boundary and its absorption condition are necessary
and difficult.

3) The origin, north pole and south pole points are singular points, and can not
be removed, in cylindrical and spherical coordinates.

4) The process for solving big matrix equation occurring in finite element method
and finite difference method is hard to run parallelly.

5) Born approximation can only be used for low-frequency and low-contrast
materials.

6) The formats of FEM and FD for high-order differential equations are rather
complicated.

The new GL method proposed by us, combining the advantages of both ana-
lytical and numerical methods, provides a way to overcome the above-mentioned
difficulties in FD method and FEM method:

1) Fundamentally different from the way in combining the integral big matrix in
finite element method, the GL method directly assembles inverse matrix and gets
solution successively subdomain by subdomain. There is no big matrix equation
needed to solve for the GL method in the GL method which overcomes the diffi-
culties in FEM and FD in solving big matrix equations. No matter how large the
region is, the GL method needs only to solve some small, such as certain 3×3 or
6×6 matrix equations. For some scalar differential equation problems, the use of
the GL method does not require to solve any matrix equation.

2) Since the introduction of the Sommerfeld radiation condition, more than
80 years have been spent in researching the artificial boundary and its absorption
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and radiation conditions. Regarding to both FEM method and FD method, the
structures of necessary artificial boundary and its absorption condition are difficult.
Many mathematicians, physicists and engineers have made their contributions. Pro-
fessor Feng Kang proposed the higher-order radiation and absorption conditions.
Professors Yin Long-an and Shao Xiumin have done an outstanding study on artifi-
cial boundary conditions. In the 45-minute invited speeches at previous conferences
of International Congress of Mathematicians, there is no shortage of the subject
related to the artificial boundary and its absorption condition. But there are re-
flection errors included in many absorb conditions, computation proved that the
reflection error indeed exist in angular point due to the PML artificial absorption
boundary condition. The error reflections from the artificial absorption boundary
condition downgrade the accuracy of the forward solution and damage the inver-
sion resolution. Different from all numerous past efforts, the new GL method here
no longer needs any artificial boundary, absorbs the boundary condition, and over-
comes the difficulties for constructing artificial boundary and absorption boundary
condition.

4) Without needing to solve any big matrix equation, the GL method is a parallel
algorithm for its own right. On the other hand, the use of the FEM and FD methods
involves the process of solving big matrix equations which is hard to run parallelly.

5) The Born approximation can only be used for low-frequency and low-contrast
mediums. Our GL method does not have such restrictions.

6) The FD method in solving higher order differential equation does not increase
the degree of complexity, when non-uniform medium coefficients only appear in low-
order terms.

Our GL method may be used to solve the elliptic type, parabolic type and hy-
perbolic type partial differential equations, defined in certain infinite regions which
may contain finite regions occupied by inhomogeneous media. Such infinite regions
include entire spaces, infinite laminated regions, or partially infinite regions bounded
by some surfaces. These differential equations may describe macrophysics and mi-
crophysics phenomena with electromagnetic fields and other fields in mechanics,
chemistry, finance study and engineering. The solution regions of differential equa-
tions may be infinite which contain some bounded and finite homogeneous-medium
subregions. The nonhomogeneous-medium region is divided into the sum of cer-
tain subdomains. In the above infinite region including non-uniform medium, we
can explicitly express the solution of the differential equation in a recursive sum of
certain integrals for inhomogeneous subdomains. We can transfer the non-linear re-
cursive relationship consisting of forward and backward calculations into an explicit
procedure.

In the homogeneous infinite region, the analytical solution of differential equa-
tion is known as the initial general field. The global field is updated by local scatter-
ing field, subdomain by subdomain successively. Once all subdomains are scattered
and the finite updating process is finished in all the subdomains, then the solution
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of the equation is obtained. We call it the global and local fields method, referred
to as the GL method. The GL method does not require an artificial boundary nor
an absorption boundary condition in order to find the exact solution of a differen-
tial equation successively subdomain by subdomain. The FEM and FD methods
are simply numerical methods. However, the GL method unifies analytic method
and numerical method in a compatible way. We have proposed and developed the
formulations for solution fields and for integral equations of the Green functions.
We have proposed a numerically discrete GL method. When the diameters of each
subdomains tend to zero, we have proved that the numerical solutions of wave equa-
tion solved by GL method converge to exact solutions. An error estimate of the
GL method solution of a wave equation has also been obtained. If the trapezoidal
integral is used, the rate of convergence is O(h2). If the Gauss integral is used,
the upper rate of convergence is O(h4). And in using the FEM and FD methods
to solve a differential equation in an infinite region, the artificial boundary need to
depart very far from the non-homogeneous domain, which consumes a lot of units
and grids outside the non-homogeneous domain. But the GL method only requires
to calculate the non-homogeneous domain, thereby greatly saves the memory and
speeds up the computation.

The GL method has relaxed the restrictions on geometry of the grids and the
subdomains. Arbitrary convex or concave polyhedrons, partial balls, partial cylin-
ders and so on can all be used as subdomains in the same computational region. The
GL method can be an algorithm with network, semi-net or non-network algorithm.
Many experiments indicate that, the solutions of wave equations obtained by the GL
method converge rapidly to the exact solutions, but the solutions by FEM are not
the case. Solutions of elliptic, parabolic and hyperbolic equations of the GL simula-
tion results show that, our GL method has the advantages of being accurate, rapidly
convergent and stable. The GL method can be widely used in three-dimensional
problems arising in electromagnetic fields, elasto-plastic mechanics fields, seismic
wave fields, acoustic fields, fluid fields, quantum fields, nano-materials, electromag-
netic stirring, forest exploitation and exploration, and geophysics. A GL software
aimed at computing three-dimensional electromagnetic fields has been studied and
developed.

2. Integral Equation

2.1. Wave Equation

We consider the following three-dimensional wave equation in frequency domain

∆u(r) +
ω2

c2(r)
u(r) = s(r),r ∈ R3 (2.1)

Where r is a space variable, r = (x, y, z), r ∈ R3, c(r) is the coefficient, the
so-called wave velocity, namely a nonhomogeneous media function on finite domain
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Ω ⊂ R3 , is a constant in r ∈ R3\Ω, c(r) = cb cb , ω is the frequency, u(r) = u(r, ω)
is the unknown wave field function, ∆ = ∆r is the Laplacian or Laplace operator,
S(r) is a source function known in the finite domain, we consider the Delta function
point source item specially, s(r) = δ(r− rs) , rs is a finite source. If in entire space
R3 ,c(r) = cb, The solution ub(r) of equation (2.1) is called the incident ray in
background medium, ub(r) = e−ikb|r−rs|/4π|r− rs| , kb = ω/cb ,and k(r) = ω/c(r),
moreover the solution of equation (2.1) meets the following distant field radiation
condition,

lim
r→∞ r

(
∂u

∂n
− iku

)
= 0, (2.2)

And ru(r) is finite at infinity.

2.2. Green Function

The Green function of wave equation (2.1) satisfies the following relation,

∆G (r, r′) +
ω2

c2 (r)
G (r, r′) = δ (r − r′) , r ∈ R3,r′ ∈ R3, (2.3)

And the following distant field radiation condition

lim
r′→∞

r′
(
∂G(r′, r)
∂nr′

− ikG(r′, r)
)

= 0, (2.4)

With r′G(r, r′) be finite at infinity. Where r is the virtual source, r′ is the virtual
acceptance point, δ(r− r′) the pulse Delta function. If c(r) = cb in entire space R3,
The Green function is called the Green function in background medium

Gb(r, r′) = e−ikb|r−r′|/4π|r − r′|.

2.3. Integral Equation

Theorem 1 Let Ω be a finite and bounded domain with non-uniform medium,
embedded in uniform infinite medium. Point source rs is also finite, then the wave
equation (2.1) is equivalent to the following integral equation

u(r) = ub(r) − ω2

∫
Ω

(
1

c2(r′)
− 1
c2b

)
G(r′, r)ub(r′)dr′ (2.5)

where ub(r) is the incident ray in background medium, G(r′, r) is Green function
of equation (2.1).

This proof of the theorem is rather long, may refer to author’s papers [11], [6],
[19], [20].

Theorem 2 Let Ω be a finite and bounded domain with non-uniform medium,
embedded in uniform infinite medium. If the right term of equation (2.1) is the
Delta function, then equation (2.5) is the integral equation of Green function.

This proof is similar to that of Theorem 1, see references [11-12].
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3. New GL method Combining Global and Local fields

Here, we proposed our GL method Combining Global and Local fields as follows:
1) Let domain Ω be divided into a set of N-subdomains {Ωk}, such that

Ω = ∪nk=1Ωk.

2) Let u0(r) = ub(r), G0(r′, r) = Gb(r′, r) , ub(r) be the analytic incident ray
in uniform background medium, Gb(r′, r) an analytic Green function for uniform
background medium. By inductive description, suppose that, uk−1 and Gk−1(r′, r)
already known in the (k − 1)th step computing Ωk−1, We solve Green function
integral equation(5) in subdomain. Ωk to obtain Gk(r′, r).

3) In subdomain Ωk use the following integral formula,

uk(r) = uk−1(r) − ω2

∫
Ωk

(
1

c2(r′)
− 1
c2b

)
Gk(r′, r)uk−1(r′)dr′, (3.1)

we obtain uk(r).
4) For k = 1, 2, . . . , N , steps 2) and 3) forming a finite iteration, uN(r) is our

solution of GL method combined Global and Local fields.

4. Basic Theory of GL

4.1. Fundamental Theorem

Theorem 3 If the Green function is obtained via computing by GL process 1)-4)
in Section 3, then the function Gn(r′, r) satisfies

∆r′Gn(r′, r) +
ω2

c2(r′)
Gn(r′, r) = δ(r′ − r), (4.1)

And radiation condition 4), Gn (r′, r) is Green function of the equation (2.1). Proof
of this theorem is rather longer, we avoid to state it.
Theorem 4 If the solution function un(r) and Green function Gn(r′′, r) are ob-
tained via computing by GL process 1)-4) in Section 3, then the function un(r)
satisfies the following integral equation:

un(r) = ub(r) − ω2

∫
Ω

(
1

c2(r′)
− 1
c2b

)
Gn(r′, r)ub(r′)dr′, (4.2)

And distant field radiation condition 2), un(r) is the exact solution of wave equation
(2.1).

We use mathematical induction process to prove this theorem. Obviously, when
N = 0, this theorem is tenable. Assume for any m− 1, Ω̃m−1 = ∪m−1

k=1 Ωk, integral
equation (5.2) is valid, then we have

um−1(r) = ub(r) − ω2

∫
Ω̃m−1

(
1

c2(r′)
− 1
c2b

)
Gm−1(r′, r)ub(r′)dr′. (4.3)
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m− th step iteration of GL Method, gives

um(r) = um−1(r) − ω2

∫
Ωm

(
1

c2(r′)
− 1
c2b

)
Gm(r′, r)um−1(r′)dr′. (4.4)

From equation (4.3) iterating um−1(r) to equation(4.4), and after some deriva-
tion and finishing, we have

un(r) = ub(r) − ω2
∫

Ωn

(
1

c2(r′) − 1
c2b

)
Gn(r′, r)ub(r′)dr′

−ω2
∫

∪n−1
k=1 Ωk

(
1

c2(r′′) − 1
c2b

)
Gn(r′′, r)ub(r′′)dr”

= ub(r) − ω2
∫

∪n
k=1Ωk

(
1

c2(r”) − 1
c2b

)
Gn(r”, r)ub(r”)dr”

= ub(r) − ω2
∫
Ω

(
1

c2(r′) − 1
c2b

)
Gn(r′, r)ub(r′)dr′.

, (4.5)

The equation (4.5) is really the equation (4.2).
We already proved that un(r) satisfies the integral equation (4.2). Its function

Gn(r′′, r) satisfies (4.1) and the distant field radiation condition 4), Gn(r′′, r) is
Green function of the equation (2.1). From Theorem 1, also satisfies the radiation
condition 2), therefore, it is the exact solution of wave equation (2.1). Theorem 4
is proven completely.

Notice: From the fundamental Theorem 3 and Theorem 4, our GL finite it-
erative solution has nothing to do with the rank order of subdomain Ωk. In third
section, what we proposed is the exact solution by GL method. Theorem 3 and
Theorem 4 have proven our GL method’s solution is the exact solution of wave
equation (2.1).

4.2. GL Numerical Method

In third, what we proposed is the exact GL method. The step 2) and step 3) in the
GL method, we use the numerical method to calculate integral. We obtain the GL
numerical method. Essentially, in GL method, step 2) is using the local scattering
inverse matrix on Ωk to modify the global inverse matrix; The step 3) is using the
local scattering field on Ωk to modify the global field. When we use the trapezoidal
numerical integration to calculate the integral, the GL numerical method is simply
the algebra iterative process, there is no need to solve the matrix equation. Yet
we still use the Gauss numerical integration to calculate integral, there are only a
small matrix equation no more than 10 orders need to solve.

5. GL Method for Solving Parabolic Type Partial Differential
Equation

The GL method is suitable for solving wave equation, is also suitable for elliptic
and parabolic type equation.
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Theorem 5 Let Ω be a finite and bounded domain filled with non-uniform
media, point source rs is also finite, then the following parabolic equation,

∆u(r) − iω

c2(r)
u(r) = δ(r − rs), r ∈ R3, (5.1)

is equivalent to the following integral equation,

u(r) = ub(r) + iω

∫
Ω

(
1

c2(r′)
− 1
c2b

)
G(r′, r)ub(r′)dr′, (5.2)

where ub(r) is the background medium incident ray, G(r′, r) is the Green function
of equation (5.1), they meet the following radiation conditions 2) and 4) separately,
where kb =

√−iω/cb.
The proof is very similar to it of Theorem 1.

6. GL Method for Solving One-dimensional Wave Equation

In Section 2, we described the GL method for solving three-dimensional wave Equa-
tion (2.1), now, we use it to solve one-dimensional wave equation

∂2u

∂x2
+

ω2

c2(x)
u = δ(x− xs), x ∈ R. (6.1)

The Green function of equation (6.1) satisfies

∂2G(x′, x)
∂x′2

+
ω2

c2(x′)
G(x′, x) = δ(x′ − x). (6.2)

Let c = cb , Equations (6.1) and (6.2) will turn into their background medium
equations, respectively.

Theorem 6 For one-dimensional wave equation (6.1) and its Green function
equation (6.2), Theorem 1 and Theorem 2 are valid.

The proof process of Theorem 6 is similar to those of Theorem 1 and Theorem
2. It is worth to note that; in case of one-dimensional, when x tends to infinite,
the Green function of wave field does not decay to zero. What fortunately is, due
to distant field radiation condition, limx→∞(∂u/∂x− iku) = 0 , caused the item of
boundary condition still tend to zero. The Theorem 6 is proved.

7. The Simulation of GL Method for Solving One-dimensional Wave
Equation

7.1. Discretization of GL Method

The discretization of the GL method for solving one-dimensional wave equation is
as follows:

1) Let the interval [a, b] be divided into n sub-intervals, shown as in (7.1),

a = x1 < x2 < · · · < xk−1 < xk < xk+1 < · · · < xn < xn+1 = b. (7.1)
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2) Let u0(x) = ub(x), and G0(x′, x) = Gb(x′, x) , shown as follows,

u0(x) = ub(x) = −e
−ikb|x−xs|

2ikb
, ω > 0, (7.2)

G0(x′, x) = Gb(x′, x) = −e
−ikb|x′−x|

2ikb
, ω > 0. (7.3)

According to induction method, assume that uk−1 and Gk−1(x′, x) has been
calculated in the (k − 1)th step. We solve the Green function integral equation
(7.2) in the interval [xk−1, xk] to get Gk(x′, x). Using the GL approach to solve the
one-dimensional wave equation, we have achieved a very high accuracy solution.
We have proved that the GL numerical solution converges to the exact solution.

3) The GL iterative formula,

uk(x) = uk−1(x) − ω2

xk+1∫
xk

((
1

c2(x)
− 1
c2b

)Gk(x′, x)uk−1(x′))dx′, k = 1, 2, . . . , n.

(7.4)
4) un(x) is a GL solution of wave equation (6.1).

7.2. Convergence

Theorem 7 Suppose in Section 7, two steps GL iteration 2) and 3) for integral
equation (), the trapezoidal integral is applied to calculate numerical integrations
in Gk−1(x′′, x′) and uk−1(x′), we may prove: when max |xk+1 − xk| = l → 0, then
GL numerical solution uhn(x) is convergent to its exact solution. Moreover, we have
|uhn(x) − u(x)| ≤ ch2, where c is a fixed constant, independent of h. The proof of
Theorem 7 is omitted For simplicity.

Theorem 8 Under conditions of Theorem 7, if Gaussian numerical integration
is used in the numerical integration, then we have the super convergence estimate,

|uhn(x) − u(x)| ≤ ch4.

The proof of Theorem 8 is omitted.

7.3. Computational Simulation of GL Method

In the bounded interval [0, 6] with inhomogeneous medium, we use the new GL
method 1)-4), to solve one-dimensional wave equation() in a discrete way; in the
interval [0, 6] = [0, 2] ∪ [2, 4] ∪ [4, 6], cb = 3 × 107m/s; in subinterval [0, 2], c1 =
3 × 107m/s; in subinterval [2, 4], c2 = 21, 276, 593m/s ; in subinterval [4, 6], c3 =
17, 336, 030m/s. A dipole source is located at xs = 2, 128 frequencies are used to
calculate the wave field; the minimum frequency is 1 Hz, the highest frequency is
3.14 × 108 Hz. We using GL method obtained the precise wave field result. Our GL
wave field and the exact wave field are shown in Figure 15.1 to Figure 15.6. 33 nodes
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were used in calculating; on PC, the CPU time is 11 seconds. For high-frequency
waves, we the wave field calculated by GL method, is matched precisely to the one-
dimensional exact wave field; however, the FEM solutions of one-dimensional wave
field is deviated very far from the one-dimensional exact wave field.

Fig. 15.1. GL and Exact Electric wave with freq. 1.6e6Hz

Fig. 15.2. GL and Exact Electric wave with freq. 1.6e8Hz
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Fig. 15.3. GL, Exact and FEM Electric wave with freq. 1.6e6Hz

Fig. 15.4. GL, Exact and FEM Electric wave with freq. 1.6e8Hz

8. Memories and Discussion

Thirty-two years ago, my (G. Q. Xie’s) article “3-D finite element method for elastic
questions” was published in the journal Mathematics in Practice and Theory, Vol.1
(1975) [5]. Professor Feng Kang’s article proposed difference schemes based on vari-
ational principle (1965) [1]. The article of Professors Huang Hongzhi, Wang Jinyen,
Cui Junzi and Lin Zongkai, researched and developed variational difference schemes
for two-dimensional elastic problem (1966)[2]. Our article studied and developed
three dimensional finite-element method [5]. These were the early finite-element
studies, independent of the works of western scholars. We cherish the memory of
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Fig. 15.5. GL and Exact Electric wave E(0,t) in time domain

Fig. 15.6. GL and Exact Scat. Electric S-wave SE(0,t) on time

Professor Feng Kang and fellow professors and colleagues. The name “Finite ele-
ment” was first seen in the article written by Professor Cui Junzhi published in a
Chinese scholarly journal (1972)[3]. Professor Lin Qun comprehensively and sys-
tematically developed and led research work for the theory of finite element methods
(1999) [4]. Professor Guo Youzhong made a good summary and refinement of the
mathematical methods for physical science (1993)[6]. In 1972, Professor Li Jainhua
and I completed the research of “3-D finite element method for elastic questions”
in Hunan Institute of Computer Science. In Spring 1973, we two, together with
Professors Wang Xianru and Gu Yinghua, with our own three-dimensional finite-
element program, obtained some high accuracy results. In 1999, we published a
super-relaxation SOR method, a new secret recipe [28]. Since 1973, we have in-
tended to “completely change the customary way in finite-element method, only to
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solve a big matrix gathered by matrices,” and started a long dream. In 1982, for
the problem of finite domain, we found a new method which “directly assembles
the inverse matrix and gets the solution successively subdomain by subdomain.”
In 1994, for the problem over an infinite domain, we proposed a “global integral
and local differential, forward and backward algorithm GILD”, which realizes not
only “directly assembling the inverse matrix and getting the solution successively
subdomain by subdomain.”, but also, using a method of coupling the integral equa-
tion with the Green function kernel equations and Galerkin equation”, overcomes
the difficulties brought about by the artificial boundary and absorption boundary
condition [7-8]. In 2002, we also proposed and developed the AGILD method [9-10]
and, our dream came true: We established the global and the local field GL method
[11-12].

9. Application and Conclusion

The application of the GL method is very wide [13-26], especially suitable for paral-
lel algorithm hardening. We have put forward the differential and integral equations
for elastic displacement field, acoustic field, and electromagnetic field [7-8], [26-28].
We have established and developed the GILD and GL models for many applications
including three-dimensional and two-dimensional elastic wave field [20-22], electro-
magnetic field, earthquake wave fields, sound wave fields [9-12], petroleum and min-
eral resource geophysics [10], forest mining, quantum nano electro-magnetism QEM
materials [15-16], fluids, temperature fields, physical-chemical and financial mathe-
matics [18]. From 2002 to the present, we have devoted ourselves to developing and
applying the GL algorithm software [11-28].

The GL method is an original piece of research work. The references quoted
here are mostly the articles written by the authors.
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The purpose of this article is to present a survey on some profound constructs
which connect a broad range of subjects including topological classes and their
harmonic representatives, calculus of variations and partial differential equations,
and soliton solutions, especially the Yang–Mills instantons, in quantum field the-
ory. Throughout, the analytic technicalities involved will be kept to the minimum
but the beautiful interaction of different areas of mathematics and physics will
be emphasized.

1. Introduction

This article is based on some lectures notes written for the 2006 summer graduate
school at Fudan University for which the main theme then was to report some latest
work on representing the Chern–Pontryagin classes over the 4m-sphere by the Yang–
Mills instantons, under the general title “Topics in Mathematical Physics”. Such a
subject gave me an opportunity to present to the participants a lively interplay of
various important areas in contemporary mathematics and physics such as topology,
geometry, analysis, quantum mechanics, and gauge field theory. The lectures were
divided into four related but self-contained sections, which will be observed too
in this article: Harmonic maps, Hodge theory, and instantons – In this section,
we review some examples of harmonic maps between Riemannian manifolds, the
Hodge theory for the harmonic representation of de Rham cohomology, the Yang–
Mills instantons representing the second Chern–Pontryagin class in four dimensions,
and their main applications. Quantum tunneling, imaginary time, instantons, and
Liouville-type equations – In this section, we start from a simplified discussion of
a one-dimensional quantum tunneling phenomenon and the motivation of using
imaginary time so that we can work on an Euclidean spacetime. We review various
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Yang–Mills solutions in four dimensions. In particular, we present Witten’s solution
via the integrable Liouville equation. Atiyah–Singer index theorem and calculation
of dimension of moduli space – In this section, we give an elementary introduction to
the Atiyah–Singer index theorem. We begin by reviewing some classical examples.
We then show how to use it to compute the dimension of the moduli space of the
Yang–Mills instantons and recover the result of Atiyah, Hitchin, and Singer in four
dimensions. Topological classes and instantons in all 4m dimensions and nonlinear
elliptic equations – In this section, we first present the general Yang–Mills theory
of Tchrakian in arbitrary 4m dimensions. We will see that as in the classical four
dimensions, the energy-minimizing Yang–Mills fields realizing a prescribed value
of the Chern–Pontryagin class are self-dual or anti-self-dual. We then present the
resolution of the existence problem by a variational study of a quasilinear elliptic
partial differential equation. We conclude that the top Chern–Pontryagin classes
over S4m can all be represented harmonically by self-dual or anti-self-dual Yang–
Mills fields.

We will also discuss many open problems which are closely or loosely related to
our main theme.

2. Harmonic Maps, Hodge Theory, and Instantons

In all of our discussion here, the manifolds are assumed to be smooth, Riemannian,
orientable, connected, without boundary, and compact (unless otherwise stated).

Example 1. Harmonic Maps Between Compact Riemannian Mani-
folds

Consider elastic deformation represented by a single deflection variable u. Then
the normalized energy stored in the solid due to this deformation is given by∫

e(u) dx =
∫

|∇u|2 dx

In general, let φ : (M, g) → (N, h) be a differentiable map and consider the
energy

E(φ) =
∫
M

e(φ) dVg

e(φ) = |dφ|2 = gij∂iφ
a∂jφ

bhab.

Harmonic maps are the critical points of E(φ) which satisfy an elliptic equation
of divergence form.

Problem. Let φ0 : M → N be given. Can φ0 be deformed in the sense of
homotopy equivalence into a harmonic map?

Major Theorems
1.1. dim(M) = 1. So M = S1 and harmonic maps are closed geodesics of N .
Theorem of Closed Geodesics: Yes. More precisely, π1(N) can be repre-

sented by geodesics of minimum energy.
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This theorem (also referred to as Hilbert’s theorem37) is so classical that it is
often stated without referring to its original contributors. According to Bott,19 it
may be traced back to several people including Hadamard, Cartan, etc. In,19 Bott
gives an elementary proof based on using geodesic polygons.

An Important Application - Synge’s Theorem:87 A compact, orientable,
and even dimensional manifold with a positive sectional curvature must be simply
connected.

The proof uses the relation between the second variation of the energy functional
and the sectional curvature and shows that, if a closed geodesic is nontrivial, one
can always deform it to achieve a lower energy, hence arriving at a contradiction.

1.2. The sectional curvature of (N, h) is nonpositive.
Theorem of Eells and Sampson: Yes, any map is homotopic to a harmonic

map which has minimum energy in its homotopy class.
Method 1: Heat flow (Eells and Sampson36)

∂φ

∂t
= −gradE(φ) = τ(φ),

φ|t=0 = φ0

Method 2: Perturbation and calculus of variation (Uhlenbeck96)

Eε(φ) =
∫
M

(e(φ) + ε|dφ|p) dVg (p > m)

Eε satisfies the Palais–Smale (PS) condition over W 1,p(M,N). Find a critical
point of Eε in each connected component of W 1,p(M,N) and pass to the ε → 0
limit when the sectional curvature is nonpositive.

If the sectional curvature is negative, then the harmonic map in each homotopy
class is unique.48

A weak existence theorem without any condition on curvature.
Theorem of Eells and Ferreira:35 Suppose dim(M) ≥ 3. Then for any

φ0 : (M, g0) → (N, h), one can find a conformal metric g and a harmonic map
φ : (M, g) → (N, h) such that φ is homotopy equivalent to φ0.

Method: Minimizing the functional∫
M

(1 + e(φ))p dVg0

for p > m and taking g = (1 + e(φ))2(p−1)/(m−2)g0.
1.3. M = N = Sn.
Theorem of Smith:82 Every element of the homotopy group πn(Sn) = Z has

a harmonic representative for n ≤ 7.
For n = 2, the solutions are known explicitly and carry minimum energy.10

For 3 ≤ n ≤ 7, the energy has infimum 0 which can easily be seen by a rescaling
argument, and hence does not achieve its absolute minimum in any class of degree
k �= 0. For n ≥ 8, the situation is not very well understood.
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Method: Symmetry reduction and solution to ODEs.
Existence of n-harmonic maps between n-spheres:109 Any map from Sn into

itself is homotopy equivalent to a smooth critical point of the (conformal) n-energy∫
Sn

|dφ|n

However, it is not clear whether the solution is an energy minimizer (except for
n = 2) because the method of109 is similar to that of Smith.82

1.4. M = T 2, N = S2, any metrics.
Theorem of Eells and Wood:38 All classes with degree k �= ±1 have harmonic

representatives. The classes with k = ±1 have no harmonic representative.
The proof for nonexistence follows from an index theorem type argument (see

later part of this lecture series).
Slightly a bit later, Wood106 obtained a stronger result concerning the reversed

direction of the above nonexistence theorem: LetM andN be two Riemann surfaces
so that the genus of N is q. Then, for q > 0, the only harmonic maps from M into
N are constant maps. In particular, there are no nontrivial harmonic maps from
M into T 2.

1.5. M = Sm, N = Sn, m �= n. It is well known that πm(Sn) = 0 when m < n.
So in this case the problem is trivial. For m > n, the problem is complicated.

The simplest situation is when M = S3, N = S2, and the homotopy classes
are represented by the Hopf invariants in π3(S2) = Z. It is not hard to see108

that any Hopf invariant which is the square, i.e., Q = k2, can be harmonically
represented. To see this, one uses the Hopf map H : S3 → S2 which has unit
Hopf number, Q(H) = 1. Let f : S2 → S2 be a harmonic map of degree k. Then
φ = f ◦H : S3 → S2 is harmonic and

Q(φ) = Q(f ◦H) = deg(f)2Q(H) = k2

as expected.
There is no general theory yet in any of those nontrivial settings. A very inter-

esting situation would be that for the general Hopf fibration

S4n−1 → S2n, n ≥ 1

Note that except some isolated cases such as S3 → S2 and S11 → S6, we are no
longer facing an infinite cyclic group (Z).

Here are some more known examples that all elements in the homotopy groups
have harmonic representatives:37

π7(S 3) = Z2, π7(S 5) = Z2, π9(S 6) = Z24,

π15(S 9) = Z2, πn+1(S n) = Z2 (3 ≤ n ≤ 8)

Stability Theorem of Xin and Leung:60,107,108 For n ≥ 3, a stable harmonic
map from Sn into any Riemannian manifold N or from any compact manifold M

into Sn must be constant.
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Method: A calculation of the second variation of the energy.
Excursion/Invitation into Physics
1. Cosmic strings generated from harmonic maps
Consider the Einstein equations over a (3 + 1)-dimensional spacetime of metric

signature (+ −−−):

Rµν − 1
2
gµνR = −8πGTµν

where Tµν is the energy-momentum tensor. In the context of static cosmic
strings,30,98,99,112,113 these equations reduce to a scalar equation

Kg = 8πH

where Kg is the Gauss curvature of an unknown compact Riemann surface M and
H ≥ 0 is the energy density (or Hamiltonian) of any physical model. Integrating
the above equation and using the Gauss–Bonnet theorem, we have

2πχ(M) =
∫
M

Kg dVg ≥ 0

where χ(M) is the Euler characteristic of M which has the expression χ(M) = 2−2q
(q = genus = number of handles attached to S2). Hence q = 0 or 1 and the latter
case is trivial. So q = 0 and M = S2.

If physics is induced from the nonlinear σ-model (Heisenberg’s ferromagnetism),
we arrive at the harmonic maps from S2 to S2 which can be used to generate an
important class of explicit cosmic string solutions.30,114

2. The Skyrme model for elementary particles (baryon-meson scattering)
Let A be an n× n matrix and define σi(A) to be the coefficients of the charac-

teristic polynomial of A determined by the expansion

det(A+ λI) =
n∑
i=0

σi(A)λn−i

Suppose dim(M) = dim(N) = n. For a map φ : M → N , the geometrized Skyrme
energy is of the form

E(φ) =
∫
M

(σ1(g−1φ∗h) + σn−1(g−1φ∗h)) dVg

One would like to prove the existence of a minimizer among the topological class
deg(φ) = k. Note that e(φ) = σ1(g−1φ∗h) and the additional term σn−1(g−1φ∗h)
is called the Skyrme term.

In the original setting of Skyrme, M = R
3, N = SU(2) = S3, and the energy

functional is written as

E(φ) =
∫

R3
(
∑

1≤i≤3

|∂iφ|2 +
∑

1≤i<j≤3

|∂iφ ∧ ∂jφ|2) dx
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and the topological degree (baryon number) has the integral representation

deg(φ) =
1

2π2

∫
R3

det(φ, ∂1φ, ∂2φ, ∂3φ)(x) dx

The basic question is again the existence of solutions of the constrained minimization
problem

Ek = inf{E(φ) |E(φ) <∞, deg(φ) = k}
The only result we know is that the problem has solutions for k = ±1.63

With radial symmetry, we know that E has a critical point in any degree
class.40,111 It is an important open question whether the minimizers at k = ±1
are all radially symmetric.

3. Faddeev knots
In this situation, we are interested in the existence of a minimizer for the Faddeev

energy functional which governs maps from S3 into S2 and contains a Skyrme-like
term in addition to the quadratic term giving rise to harmonic maps. We know that
minimizers exist at the unit Hopf charge Q = ±1 among other things. See.63,64

Like harmonic maps, the regularity issue for both the Skyrme and Faddeev
problems are difficult and unsettled.

Example 2. Hodge Theory
This is even a more classical theory than the work on harmonic maps. It can

be established by using either elliptic theory of PDEs14,31,49,59,100 or heatflow ap-
proach,70 and the latter is perhaps one of the earliest heatflow successes in differ-
ential topology.

Let (M, g) be a compact oriented manifold of dimension n and Ωk(M) be the
space of all degree k differential forms on M . Then, the de Rham complex

d : 0 → R → Ω0(M) → Ω1(M) → · · · → Ωn(M) → 0

gives us the de Rham cohomology group

Hk(M) = ker(d : Ωk(M) → Ωk+1(M))/dΩk−1(M)

On the other hand, using the Hodge star ∗ : Ωk(M) → Ωn−k(M), which is an
isometry and satisfies ∗ ∗ α = (−1)k(n−k)α on any k-form α, we can express the
volume element of (M, g) as ∗1 = dVg which allows us to define an inner product
on Ωk(M) by

〈α, β〉 =
∫
M

α ∧ ∗β, α, β ∈ Ωk(M)

Let δ be the adjoint of d such that 〈dα, β〉 = 〈α, δβ〉. Then δ = (−1)nk+n+1 ∗ d∗ :
Ωk−1(M) → Ωk(M), induces the Laplace–Beltrami operator

∆ = dδ + δd = (−1)nk+n+1(d ∗ d ∗ +(−1)n ∗ d ∗ d) : Ωk(M) → Ωk(M)

In particular, when n = even, we have

∆ = −(∗d ∗ d + d ∗ d∗)
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Basic properties: ∆ commutes with d, δ, and ∗; 〈∆ω, ω〉 = 〈dω, dω〉 + 〈δω, δω〉,
etc.

The harmonic forms are the members in the kernel of ∆ : Ωk(M) → Ωk(M),

Hk(M) = {ω ∈ Ωk(M) |∆ω = 0}
Since ∆ω = 0 if and only if dω = 0 and δω = 0, we have the natural inclusion

i : Hk(M) → Hk(M)

The Hodge Theorem: The above inclusion is in fact an isomorphism. In
other words, each cohomological class in the de Rham group Hk(M) has a unique
harmonic representative.

Some of the immediate consequences of the Hodge Theorem includes:
Finite Dimensionality of Cohomology: Hk(M) is finitely dimensional.
Proof: It follows from elliptic theory that dimHk(M) <∞.
Poincaré Duality: It is well known that the Poincaré bilinear form

P : Hk(M)×Hn−k(M) → R, P ([α], [β]) =
∫
M

α ∧ β

is nonsingular and thus defines an isomorphism between Hn−k(M) and the dual
space of Hk(M). That is,

(Hk(M))∗ ∼= Hn−k(M)

Using the Hodge Theorem, the above result is straightforward: The commuta-
tivity of the Hodge dual ∗ with ∆ implies that ∗ defines an isomorphism between
Hk(M) and Hn−k(M).

Calculation of Top Cohomology: Hn(M) ∼= R.
Proof: This follows from H0(M) = R and the Poincaré duality.
Vanishing Euler Characteristic of Manifolds of Odd Dimensions: The

obvious pairing in odd dimensions leads to the immediate conclusion

χ(M) =
n∑
k=0

(−1)k dim(Hk(M)) = 0

Example 3. Instantons and Chern–Pontryagin Classes
Consider the (3 + 1)-dimensional Minkowski spacetime defined by the line ele-

ment

ds2 = (dx0)2 −
3∑
j=1

(dxj)2

The main ingredient in the context of instantons is to make the time coordinate
imaginary so that the Minkowski spacetime becomes the Euclidean space R4,

x0 = ix4, ds2 =
4∑

µ=1

(dxµ)2



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

314 Yisong Yang

This change of variable is also called the Wick transformation in quantum field
theory. In the next section, we shall briefly explain the physical meaning of such a
transformation, but for now, we only discuss its mathematical contents.

The Vacuum Maxwell Equations
Let Aµ be a real-valued vector field over R

4. The Euclidean space version of the
electromagnetic field is the curvature tensor Fµν induced from Aµ:

Fµν = ∂µAν − ∂νAµ

and the associated total action (energy) is given by

E(A) =
∫

R4
F 2
µν

The Maxwell equations are the Euler–Lagrange equations of the above functional:

∂µFµν = 0

It is well known that all finite action solutions are trivial, Fµν = 0, and such a
property is analogous in spirit with the theorems of Liouville and Bernstein for
nonlinear PDEs.

Using differential forms and the Hodge theory, we can formulate a simple ‘non-
analytic’ proof of the above fact. In fact, we replace the gauge potential Aµ and
electromagnetic field Fµν by a connection 1-form A and the induced curvature F
respectively, i.e., A = Aµdxµ and F = dA = Fµνdxµ ∧ dxν . Then

E(A) =
∫

R4
|dA|2dx = 〈dA, dA〉 =

∫
S4

dA ∧ ∗dA

Note that the conformal structure of the energy allows us to work either on S4 or
S4. Now the Maxwell equations become

d ∗ dA = 0

which implies that F = dA is harmonic. Since H2(S4) = 0, we have F = 0
immediately as expected.

In 3 Euclidean dimensions, one needs to consider the addition of the matter
sector which leads to the Abelian Higgs model or the Ginzburg–Landau theory and
is the simplest gauge field theory. There is a similar Bernstein type theorem which
says that all finite energy static solutions are gauge-equivalent to the trivial ones.
It is very easy to formulate a topological proof of this statement but its analytic
proof has not been seen yet. In 2 Euclidean dimensions, we arrive at the classical
Ginzburg–Landau vortex model for superconductivity and there has been a lot of
work in this area.

The Yang–Mills Equations
In the classical model of Yang and Mills,110 one considers the simplest non-

Abelian symmetry group SU(2) whose associated Lie algebra su(2) is generated by
the 2 × 2 matrices t1, t2, t3 satisfying the commutation relation

[ta, tb] ≡ tatb − tbta = εabctc, a, b, c = 1, 2, 3,
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where the symbol εabc is skewsymmetric with respect to permutation of subscripts
and ε123 = 1. In fact, in terms of the Pauli matrices σa (a = 1, 2, 3),

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

these generators are realized by the relation ta = σa/2i (a = 1, 2, 3).
Let A = (Aµ) (µ = 1, 2, 3, 4) be an su(2)-valued gauge field over the Euclidean

space R4. Then Aµ may be represented by

Aµ = Aaµta.

In analogy to the Maxwell electromagnetic field, the field strength tensor or curva-
ture Fµν induced from Aµ is defined by

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ].

In view of 2Tr (tatb) = −δab, we can define the total energy as

E(A) = −1
2

∫
R4

Tr (F 2
µν) dx

so that the associated Euler–Lagrange equations are

∂µFµν + [Aµ, Fµν ] = 0

which are the vacuum Yang–Mills equations, generalizing the electromagnetic
Maxwell equations. The solutions of these equations are called the Yang–Mills
fields. It is interesting to note that these equations can be rewritten as the classical
Maxwell equations in the presence of an external source current,

∂µFµν = jν

if we identify jν with −[Aµ, Fµν ]. In other words, the Yang–Mills equations contain
a self-induced current as source to sustain “electromagnetism”.

Gauge Invariance and Topological Characterization
It is important to notice that there is a gauge symmetry

Aµ �→ UAµU
−1 − (∂µU)U−1, Fµν → UFµνU

−1, U ∈ SU(2)

so that the finite-energy condition implies that the gauge field near infinity is a pure
gauge, or

Aµ ∼ −(∂µU)U−1

on spheres near infinity of R4. Since SU(2) is topologically a 3-sphere as well, U
gives rise to an element in

π3(S3)

In other words, the boundary condition of the gauge field near infinity is topological
and is given by the Brouwer degree of the map U restricted to any sphere, say S3

∞,
near infinity.
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Analytically, the degree of U : S3
∞ → S3 can be represented as an integral,

Q = deg(U)

= − 1
24π2

∫
S3∞

εµναβ Tr {(U−1∂νU)(U−1∂αU)(U−1∂βU)} dSµ

= − 1
4π2

∫
S3∞

Kµ dSµ

= − 1
4π2

∫
R4
∂µKµ dx

On the other hand, in terms of the gauge field Aµ, a lengthy calculation shows that

Kµ = εµναβ Tr
(

1
2
Aν∂αAβ − 1

3
AνAαAβ

)
which is a Chern–Simons term.29 Therefore ∂µKµ is the classical second Chern
form given by

∂µKµ =
1
4

Tr {Fµν F̃µν}, F̃µν =
1
2
εµναβFαβ

In summary, we see that the gauge field carries a topological index given by the
second Chern class,

Q = c2 = − 1
16π2

∫
R4

Tr {Fµν F̃µν} dx

Words on compactness: Although the setting is on R
4, the conformal structure

of both the energy and topology implies that the setting can be viewed as being
placed over S4, fixing the standard metric on S4 and using stereographic projection
as coordinates.

Words on smooth extension to S4: This is guaranteed by the removable singu-
larity theorem of Uhlenbeck97 under the natural condition E(A) < ∞. In other
words, a finite energy solution over R4 can be smoothly extended to a solution over
the full S4.

Therefore, from now on, we can work interchangeably over R4 and S4 according
to convenience. In particular, we often omit writing these spaces out when there is
no risk of confusion.

So far, we have not touched the issue of harmonicity yet for the Yang–Mills fields.
Here we present a quick discussion on this. This structure is better seen when we
use differential forms to reformulate the problem. When we do this, we also prepare
ourselves for the higher dimensional extensions of the Yang–Mills theory.

The Yang–Mills Fields, Differential Forms, and Harmonicity
Let A be an su(2)-valued connection 1-form and F be the induced curvature,

F = dA+A ∧A
The Yang–Mills energy is

E(A) = −
∫

Tr (F ∧ ∗F ) = 〈F, F 〉 = ‖F‖2
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and the Chern class is

c2(F ) = − 1
8π2

∫
Tr (F ∧ F )

In terms of the connection 1-form A, the connection D operates on an su(2)-
valued p-form ω according to the relation

Dω = dω +A ∧ ω + (−1)p+1ω ∧A
The Yang–Mills equation (or the Euler–Lagrange equation of the energy) is

D(∗F ) = 0

Recall the Bianchi identity

DF = 0

Then we see that the Yang–Mills field F is necessarily “harmonic” with respect
to the connection D:

∆DF = −(∗D ∗D +D ∗D∗)F = 0

It is not hard to see that the converse is also true because, like before,

〈∆DF, F 〉 = ‖D ∗ F‖2

so that F is harmonic if and only if F satisfies the Yang–Mills equation.
Hence, the problem that, for a given second Chern class c2 = k, find a solu-

tion of the Yang–Mills equation is equivalent to the problem of finding a harmonic
representative among this given second Chern class.

The Self-Dual Equation and Minimization of Energy
The Yang–Mills equation has an obvious first integral reduction due to the

Bianchi identity:

F = ± ∗ F
which is called the self-dual or anti-self-dual reduction of the Yang–Mills field. In
fact, all known explicit solutions are the solutions of these equations.

In order to explore the meaning the self-dual or anti-self-dual solutions, we
rewrite the Yang–Mills curvature F as

F = F+ + F−, F± =
1
2
(F ± ∗F )

Then F+ is self-dual, ∗F+ = F+, and F− is anti-self-dual, ∗F− = −F−. It can
also be checked that F+ and F− are orthogonal, 〈F+, F−〉 = 0.

With the above preparation, we have

E(A) = ‖F+‖2 + ‖F−‖2

8π2c2(F ) = ‖F+‖2 − ‖F−‖2
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Therefore, we obtain the lower bound

E(A) = 2‖F∓‖2 ± (‖F+‖2 − ‖F−‖2)

= 2‖F∓‖2 + 8π2|c2(F )|
≥ 8π2|k|

The lower bound is saturated if and only if F− = 0 or F+ = 0 for k = |k| or
k = −|k|. That is, the topological energy minimum

Ek = min{E(A) | c2(F ) = k} = 8π2|k|
is attained if and only if F is self-dual or anti-self-dual. The set of these possible
energy minima, or the set of classical soliton masses,

M = {Ek | k = 0,±1,±2, · · · } = {0, 8π2, 16π2, · · · }
is called the energy (mass) spectrum of the classical Yang–Mills theory. Note that
the energy (mass) of a nontrivial solution is at least 8π2. In other words, there
can be no classical soliton with an energy (mass) below the “energy (mass) gap”
∆ ≡ 8π2. One of the seven Clay Institute Millennium Prize Problems concerns
the energy (mass) gap of the energy (mass) spectrum of the quantum Yang–Mills
theory.

Clay Institute Millennium Prize Problem on Quantum Yang–Mills
Theory and Its Mass Gap: Prove that for any compact gauge group, quantum
Yang–Mills theory on R

4 exists and has a mass gap ∆ > 0 (quoted from54).
Thus, the problem has two components: (i) Quantize a classical Yang–Mills

theory. (ii) Establish a positive mass gap for the mass spectrum of the theory.
Recall that, even when quantizing a 1D single-particle Newtonian motion, a

lot of machinery is needed and the quantized theory cannot be made completely
accurate except for a few extremely simple cases.

Saddle Point Solutions (“Sphalerons”)
It had long been an outstanding open question whether the Yang–Mills equation

has a finite-energy solution which is not self-dual or anti-self-dual, thus nonminimal.
Note that, when the gauge group is enlarged to SU(3), or the spacetime is altered
to S3 × S1, there are solutions which are indeed not self-dual or anti-self-dual.22,47

For k = 0, L. Sibner, R. Sibner, and Uhlenbeck80 proved the existence of a
nonminimal solution using the min-max approach developed earlier by Taubes89

for the Yang–Mills–Higgs equations in three dimensions.
For all k �= ±1, Sadun and Segert77 proved the same conclusion.
For k = ±1, whether or not there exists a nonminimal Yang–Mills solution is

still an open question.
The main strategy in the work of Taubes89 is an application of the Lyusternik–

Shnirelman theory, which is an infinitely dimensional Morse theory, and a construc-
tion of noncontractible loops in the configuration space of the SU(2) Yang–Mills–
Higgs fields. Some difficult issues include noncompactness, gauge ambiguity, and
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infinite dimensions. An important open problem in this direction is the existence
of nonminimal solutions in the Weinberg–Salam electroweak theory for which the
gauge group is slightly larger, G = SU(2) × U(1). Klinkhamer and Manton58,68

indeed constructed noncontractible loops but detailed analytic issues remain to be
settled.

3. Quantum Tunneling, Imaginary Time, Instantons, and Liouville-
Type Equations

Modern physics contains a great amount of concepts that go against our routine
intuition. For example, in quantum mechanics, the Heisenberg uncertainty princi-
ple implies that there is no such notion of a rest particle whatsoever and quantum
fluctuations are everywhere. An important phenomenon is quantum tunneling. For
example, imagine that you run into a rigid wall and you know for sure that you will
be bounced back. Quantum tunneling predicts that, if your mass is small enough so
that it is comparable to the Planck constant, �, there is a considerable probability
that you will end up on the side of the wall, without breaking the wall or losing
energy. So, virtually, you have passed the wall through a tunnel. Likewise, when
you run into a deep cliff, there is also a probability that you get bounced back.
This tunneling phenomenon is fundamental for semiconductor devices and nuclear
fission processes. For example, we can mention the celebrated alpha decay theory
developed in 1928 by Gamow which explains the physical mechanism of radioac-
tive elements. On the other hand, the concept of imaginary time was introduced
by Feynman as a technical convenience for the calculation of transition amplitude
through path integrals (see below). In 1983, Hawking and Hartle introduced it in
quantum cosmology in order to eliminate spacetime singularities associated with the
beginning of time and curvature blowup, thereby replacing the Minkowski spacetime
with the Euclidean spacetime.

Consider the 1D motion of a particle of mass m given by the action

S(x) =
∫

L(x, ẋ) dt =
∫ {

m

2
ẋ2 − V (x)

}
dt

where V (x) is the potential energy. The classical motion is described by the equation

mẍ = −V ′(x)

Suppose that a < b are two isolated absolute minimum points of V (x) with V (a) =
V (b) = 0. Then these are the two stable equilibria of the classical equation which
are the ground states and stay isolated even under small perturbations. Quantum
mechanically, however, this is not the case. In other words, there is a considerable
probability that the state x = a goes through a phase transition to become state
x = b which is measured by something called the transition amplitude which is
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proportional to the path integral ∫
D(x)eiS(x)/�

where the integration is taken over all possible paths ending at x = a and x = b

whose precise mathematical formulation still bothers mathematicians today. How-
ever, we are not concerned about this and only note that this would give us a
positive value for the transition amplitude. In other words, the phase transition
from the state x = a to the state x = b is possible quantum mechanically.

Since � is small, the factor eiS(x)/� is highly oscillatory. In order to overcome
this difficulty, Feynman replaced the real time variable t by the imaginary time
variable τ through t = −iτ so that the path integral becomes a real one,∫

D(x)e−SE(x)/�

where SE is the Euclidean version of the action given by

SE(x) =
∫ {

m

2

(
dx
dτ

)2

+ V (x)
}

dτ

It is interesting to note that in terms of the imaginary time τ the classical motion
is now governed by an up-side-down potential −V (x),

m
d2x

dτ2
= −(−V ′(x))

It will be instructive to look at two explicit cases.
1. Double potential well case: V (x) = λ

8 (x2−1)2 and there are only two ground
states, x = −1 and x = 1. It is easily seen that there is a solution that connects
these ground states,

x(−∞) = −1, x(∞) = 1

and minimizes the action SE . In fact, we have after integrating by parts,

SE(x) =
m

2

∫ (
dx
dτ

+
1
2

√
λ

m
(x2 − 1)

)2

+
2
3

√
λm

so that the minimal action is attained with

minSE =
2
3

√
λm

at the solution of the first-order self-dual equation

dx
dτ

=
1
2

√
λ

m
(1 − x2)

which is in fact equivalent to the original second-order equation.
Here are some obvious observations: (i) the leading-order contribution to the

transition amplitude is given by

e−2
√
λm/3�
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which becomes significant only when the particle mass m is comparable to the
Planck constant � otherwise it is insignificant and classical physics dominates; (ii)
the transition in terms of imaginary time can be realized classically, although such
a transition cannot be made classically in terms of real time by analyzing the equa-
tion of motion and conservation of energy; (iii) in the leading-order calculation of
the transition amplitude, it is more important to know the existence of an action
minimizer and the associated action minimum than the explicit form of an action
minimizer.

2. Infinitely-many potential well case: For example, we consider the sine-Gordon
model, V (x) = λ(1 − cosx). There are infinitely many ground states given by
xN = 2Nπ,N = 0,±1,±2, · · · . We are interested in quantum tunneling between
any two of these states,

x(−∞) = 2Nπ, x(∞) = 2(N + k)π

Therefore we are led to asking the question whether there exists a classical solution
in terms of imaginary time to realize the above boundary condition. Such a solution
is necessarily an action minimizer. It is not hard to prove that65 such a solution
exists if and only if

k = ±1

An interesting implication of this result is that, for the sine-Gordon model, the most
likely quantum tunneling happens between “neighboring” ground states.

The Self-Dual Yang–Mills Instantons a la BPST and ’t Hooft
Likewise, when we consider the SU(2) Yang–Mills theory describing nuclear in-

teractions, the ground states can be characterized topologically by homotopy classes
representing mappings from S3, which is the compactified physical space R3, into
SU(2), which is a 3-sphere as a manifold. The Yang–Mills instantons of the second
Chern number k then describes the quantum tunneling between the ground state of
homotopy class n1 and that of homotopy class n2 so that k = n1−n2. We shall not
discuss this physical process any further but only remark that, again, the explicit
forms of the solutions realizing these topological numbers are not important for the
calculation of the leading-order tunneling amplitude because these self-dual solu-
tions enable us to evaluate their minimal energy values exactly, and, these results
are nonperturbative.

Therefore, in the subsequent presentation, we shall focus on mathematics.
The boundary condition gives us a hint to choose the gauge field Aµ to be

Aµ(x) =
x2

x2 + λ2
U−1(x)∂µU(x)

where λ > 0 is a parameter and the group element U ∈ SU(2) may be specified to
be

U(x) =
xµωµ
|x|
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with the 2 × 2 ω-matrices defined by

ωa = iσa, a = 1, 2, 3; ω4 =
(

1 0
0 1

)
Introduce the ’t Hooft tensors

ηµν = −1
4
(ω†
µων − ω†

νωµ), ηµν = −1
4
(ωµω†

ν − ωνω
†
µ)

It is straightforward to examine that these tensors are either self-dual or anti-self-
dual,

ηµν = ∗ηµν , ηµν = − ∗ ηµν
We need to represent the gauge field in terms of the ’t Hooft tensors so that

self-duality becomes apparent to achieve,

Aµ(x) =
2xν

x2 + λ2
ηµν

Consequently, we obtain the self-dual curvature 2-tensor,

Fµν(x) =
4λ2

(x2 + λ2)2
ηµν

One of the interesting features of this solution is that its energy density peaks at the
origin x = 0 with a level determined by λ. In other words, this solution looks like
a particle, or an instanton, located at x = 0 with a size specified by a parameter.

Of course, we may represent ηµν in terms of the standard basis, {ta}a=1,2,3, of
the Lie algebra su(2), in the form

ηµν = ηaµνta

Various properties of the real-valued tensors ηaµν are stated in,93 of which, the most
useful one for our purpose here is

ηaµνη
b
µν = 4δab

Inserting the 2-tensor Fµν into the Chern integral and using Tr (tatb) = −δab/2, we
have

c2 =
6
π2

∫
R4

λ4

(x2 + λ2)4
dx = 1

Hence we have constructed an instanton of unit topological charge, c2 = 1. This one-
instanton solution was discovered by Belavin, Polyakov, Schwartz, and Tyupkin11

and is known as the BPST solution.1

We then show that the above method may be generalized to obtain instantons
of an arbitrary topological charge, c2 = k. To this end, we rewrite

U−1∂µU =
2xν
x2

ηµν
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On the other hand, define

Ãµ(x) =
(
∂ν ln

[
1 +

λ2

x2

])
ηµν .

We thus obtain the relation

Ãµ =
(

2xν
x2 + λ2

− 2xν
x2

)
ηµν = Aµ − U−1∂µU

= Aµ + (∂µU−1)U = UAµU
−1 + U∂µU

−1

In other words, the gauge fields Aµ and Ãµ are equivalent. Consequently, the field
strength tensor induced from Ãµ is also self-dual and we get a gauge-equivalent
self-dual instanton. Hence we may write the obtained solution in the form

Aµ = (∂ν ln f)ηµν

where f = 1 + λ2/x2. At the first glance, this procedure does not lead to any new
solutions. However, it suggests that we may obtain more solutions if we simply use
the above as an ansatz for which f is a positive-valued function to be determined
by our self-duality requirement. It turns out that a general choice of f is

f(x) = 1 +
k∑
j=1

λ2
j

(x− pj)2
, λj > 0, pj ∈ R

4, j = 1, 2, · · · , k

which contains 5k continuous parameters and is called the ’t Hooft solution.1,93 In
fact this solution describes k instantons located at the points p1, p2, · · · , pk with
sizes determined by the parameters λ1, λ2, · · · , λk. It can be examined that c2 = k

(we omit the details). The ’t Hooft instantons have been extended by Jackiw and
Rebbi51 and Ansourian and Ore4 into a form containing 5k+4 parameters which is
the most general explicit self-dual solution known, although, according to a result6,79

based on the Atiyah–Singer index theorem,9 the number of free parameters of a
general self-dual instanton in the class c2 = k is 8k − 3. This conclusion was first
arrived at by physicists21,52 using plausible arguments: 4k parameters determine the
positions and k parameters the sizes of the instantons as in the ’t Hooft solution
case, 3k parameters determine the asymptotic orientations of the instantons in
the internal space SU(2) = S3 from which the 3 parameters originated from the
global SU(2) gauge equivalence must be subtracted. For a general construction of
4-dimensional Yang–Mills instantons, see.5,7

Witten’s Instantons
Witten’s instanton102 is symmetric with respect to rotation of the spatial coor-

dinates xi (i = 1, 2, 3) and is of the form

Aai = εiaj
xj
r2

(1 − φ2(r, t)) +
1
r3

(δiar2 − xixa)φ1(r, t) +
xixa
r2

a1(r, t),

Aa4 =
xa
r
a2(r, t), a, i, j = 1, 2, 3
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where r2 = x2
1 + x2

2 + x2
3, t = x4 is the temporal coordinate, and a1, a2, φ1, φ2 are

real-valued functions. Thus, the field strength tensor becomes

F a4i = −
(
∂φ2

∂t
+ a2φ1

)
εiajxj
r2

+
(
∂φ1

∂t
− a2φ2

)
(δair2 − xaxi)

r3

+
(
∂a1

∂t
− ∂a2

∂r

)
xaxi
r2

,

1
2
εijj′F

a
jj′ = − εiaj′xj′

r2

(
∂φ1

∂r
− a1φ2

)
−
(
∂φ2

∂r
+ a1φ1

)
(δair2 − xaxi)

r3

+(1 − φ2
1 − φ2

2)
xaxi
r4

Inserting these, we obtain the reduced expressions for the total energy

E =
1
4

∫
R3

dx
∫

R

dt{F aµνF aµν}

= 4π
∫ ∞

−∞
dt
∫ ∞

0

dr
{
|Diφ|2 +

1
4
r2f2

ij +
1

2r2
(1 − |φ|2)2

}
and the Chern class

c2 = − 1
16π2

∫
R4

Tr (Fµν ∗ Fµν)

= − 1
2π

∫ ∞

−∞
dt
∫ ∞

0

dr
{

(1 − |φ|2)f12 − i(D1φD2φ−D1φD2φ)
}
,

where now φ is a complex field defined by φ = φ1 + iφ2, ∂1 and ∂2 denote ∂/∂r and
∂/∂t, respectively, fij = ∂iaj − ∂jai (i, j = 1, 2), Diφ = ∂iφ+ iaiφ (i = 1, 2).

The above in fact can be viewed as a Ginzburg–Landau theory over the Poincaré
hyperbolic half space R

2
+ = {(t, r) | − ∞ < t < ∞, 0 < r < ∞} equipped with the

line element

ds2 = r−2(dr2 + dt2)

In terms of these, the self-dual equation becomes a vortex equation,

D1φ+ iD2φ = 0,

r2f12 = |φ|2 − 1

and knowledge on superconducting vortices tells us that the energy density peaks
at the spots where φ vanishes. Suppose that

p1, · · · , pk ∈ R
2
+

are zeros of φ. Then the substitution u = ln |φ| gives us the following scalar nonlinear
elliptic equation with sources,

∆u =
1
r2

(e2u − 1) + 2π
k∑
s=1

δps , x ∈ R
2
+
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We now use the method of Witten102 to construct the solutions explicitly. We
momentarily neglect the singular source term and consider

r2∆u = e2u − 1.

It is seen that we arrive at the Liouville equation

∆v = e2v

after the transformation

u = ln r + v.

All the solutions of the Liouville equation can be expressed explicitly (integrable).
In terms of the complex variable z = r + it, we have the representation

v(z) = ln
(

2|F ′(z)|
1 − |F (z)|2

)
The solution is free of singularities if F ′(z) �= 0 and |F (z)| < 1.

Returning to the original function u, we have

u(z) = ln
(

2r|F ′(z)|
1 − |F (z)|2

)
, z = r + it.

We only remark that we can choose F suitable to get the solutions of the equation
realizing k vortex points p1, · · · , pk and such solutions belong to the topological
class c2 = k. These vortex points give rise to 2k free parameters in the Poincaré
half space. Since there are 4 choices of the imaginary time variable, we obtain a
total of 8k parameters. Discounting again the 3 parameters describing global gauge
symmetry, we arrive again at the miracle number, 8k−3. Although we do not justify
here whether this number count is accurate, we see that Witten’s construction does
lead to a quite general description of solutions.

Excursion to the Liouville-Type Equations in Physics
Although the Liouville equation can be solved exactly using any of those well

developed methods including Liouville’s method,66 the Bäcklund transformation,69

the inverse scattering transformation,3 the method of separation of variables,61

etc., a small variation of it often spoils its integrability. Below are some important
examples of such variations.

1. The well-known Ginzburg–Landau self-dual vortex equation53 for supercon-
ductivity is of the form

∆u = eu − 1 + 4π
k∑
s=1

δps(x)

Jaffe and Taubes53 ask the question whether the solutions of this equation can be
obtained in closed forms. Using the Painlevé tests, Schiff78 argues that this equation
is nonintegrable and the answer to the question of Jaffe–Taubes should be negative.
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However, the Painlevé tests can only be regarded as giving a compelling evidence
which is not sufficient to draw conclusion.

A milder question is to replace the Laplacian ∆ by a Laplace–Beltrami operator
and ask the question that for what metric the equation becomes integrable. We have
seen that a supportive example is the equation of Witten for which the equation is
integrable when the metric is Poincar’e’s hyperbolic metric. However, there is no
general picture towards this direction at all at this time.

2. The Abelian relativistic Chern–Simons vortex equation is lightly more com-
plicated and takes the form

∆u = eu(eu − 1) + 4π
k∑
s=1

δps(x)

The work of Schiff78 also shows that this equation is nonintegrable. There are two
types of boundary conditions at infinity. The first type is given by

lim
|x|→∞

u(x) = 0

and is called topological. Topological solutions85 resemble the Ginzburg–Landau
vortices and the solutions may not be unique as evidenced already in the compact
setting.88 The associated magnetic and electric charge is quantized and given by

Q = k

The second type of boundary condition is given by

lim
|x|→∞

u(x) = −∞

and the charge is continuous,

Q = k + α

It can be shown28,86 that for any α ∈ (k + 2,∞), the equation has a radially
symmetric nontopological solution when p1 = · · · = pk. For nonradially symmetric
solutions where the vortex points do not coincide, we encounter a difficult problem
and there is only some partial progress available. Notably, Chae and Imanuvilov25

obtained solutions for α small and Chan, Fu, and Lin27 obtained solutions for α
large. The mathematical importance of this problem is that the technical issues
associated to it are not well developed and its complete solution invites new ideas.

3. Systems of nonlinear PDEs are much harder problems but occur frequently
in theoretical physics. For example, the study of a nonrelativistic condensed-matter
problem leads to the system of the coupled “Ginzburg–Landau” vortex equations34

∆u = λ(ev − 1) + 4π
M∑
i=1

δpi(x),

∆v = λ(eu − 1) + 4π
N∑
i=1

δqi(x)
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Any work on this system (over R2 or a compact domain which can either be a
closed 2-surface or a bounded planar domain subject to the Dirichlet condition)
will be interesting. Besides, it will also be interesting to study the integrability of
the following “Liouville” system,

∆u = ±ev, ∆v = ±eu

Note that this system may be viewed as a “radical root” of the Liouville equation
in the sense that the Liouville equation is recovered when u = v.

To see some detailed structure of the equations, we use the new variables f =
u+ v and g = u− v and we see that we have a variational functional of the form∫

(|∇f |2 − |∇g|2 + nonlinear terms)

Note that a similar, but easier, problem that occurs in the relativistic Chern–
Simons theory33,57 containing two species of superconducting bosons and involves
a nonlinear system of the form

∆u = λev(eu − 1) + 4π
M∑
i=1

δpi(x),

∆v = λeu(ev − 1) + 4π
N∑
i=1

δqi(x)

This system has a similar variational structure and has recently been studied in62

using some new techniques (indefinite minimization and domain expansion).

4. Atiyah–Singer Index Theorem and Calculation of Dimension of
Moduli Space

An important question concerning the solutions of equations is to determine how
large the solution space is. Interestingly, sometimes a question like this has its clue
in the geometric and topological setting of the problem. For example, a nonlinear
example concerning the counting of critical points of a differentiable function over a
manifold is the Morse theory. Here we may mention the Morse inequality: Let f be
a differentiable function over a compact manifold M so that the critical points of f
are all nondegenerate. A critical point of f is said to have index k if the Hessian of
f has exactly k negative eigenvalues. Using Ck to denote the number of the critical
points of f of index k. Then we have

k∑
i=0

(−1)iCi ≥
k∑
i=0

(−1)i dimHi(M), k = 0, 1, · · · , n = dim(M)

and the equality holds at k = n,
n∑
i=0

(−1)iCi =
n∑
i=0

(−1)i dimHi(M) = χ(M)
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In particular, we have

Ck ≥ dimHk(M), k = 0, 1, · · · , n
which gives the following lower bound for the total number of critical points,

n∑
i=0

Ci ≥
n∑
i=0

dimHi(M) ≥ 2

This is of course true because f attains its maximum and minimum points in M .
When more information on the topological structure of M is known, we may derive
further information on the critical points of f . As an example, take M = T 2 (2-
torus). Since dimH1(M) = 2, we have C1 ≥ 2, which implies that f has at least
two saddle points as well.

A very general theory concerning linear equations is the Atiyah–Singer index
theorem which can be expressed symbolically as:

Theorem (Atiyah–Singer). Let L(f) = 0 be a linear differential equation. Then

Analytic Index of L = Topological Index of L

The left-hand side is often a measurement of the dimension of the solution space
of L(f) = 0 and the right-hand side is often a quantity that accounts for the global
geometric and topological properties of the domain and range spaces of the operator
L. In this section, we are concerned with the calculation of the dimension number
of the moduli space of the Yang–Mills instantons which can be carried out by using
the Atiyah–Singer index theorem.

The following excerpts are quoted from Wikipedia, a free online encyclopedia:
“In the mathematics of manifolds and differential operators, the Atiyah–Singer

index theorem is an important unifying result that connects topology and analy-
sis. It deals with elliptic differential operators (such as the Laplacian) on compact
manifolds. It finds numerous applications, including many in theoretical physics.

“When Michael Atiyah and Isadore Singer were awarded the Abel Prize by
the Norwegian Academy of Science and Letters in 2004, the prize announcement
explained the Atiyah–Singer index theorem in these words:

“Scientists describe the world by measuring quantities and forces that vary over
time and space. The rules of nature are often expressed by formulas, called differen-
tial equations, involving their rates of change. Such formulas may have an ‘index,’
the number of solutions of the formulas minus the number of restrictions that they
impose on the values of the quantities being computed. The Atiyah–Singer index
theorem calculated this number in terms of the geometry of the surrounding space.”

In the book of Yu,115 we read the following words of S. S. Chern:
“Even if there will be no research results, it is worthwhile to study the Atiyah–

Singer index theorem.”
Examples of Index Calculations and Historical Preludes
Let T : V → W be a linear operator between two finitely dimensional vector

spaces with dim(V ) = m and dim(W ) = n. Let K ⊂ V and R ⊂ W be the



November 10, 2009 15:3 World Scientific Review Volume - 9.75in x 6.5in PerspectivesMath

Harmonically Representing Topological Classes 329

kernel and range of T , respectively, and K ′ and R′ be their complements in the
corresponding spaces,

V = K ⊕K ′, W = R⊕R′

Recall that R′ measures the set in W that the operator T misses and is called
the cokernel of T . The dimension of R′ is the thing that measures “the number
of restrictions that they impose on the values of the quantities being computed”
stated above in the Abel Prize citations. The index of T is then defined by

index(T ) = dim(ker(T ))− dim(coker(T ))

Since T : K ′ → R is an isomorphism, we quickly get

index(T ) = (dim(K) + dim(K ′)) − (dim(R) + dim(R′))

= m− n

which is independent of the operator itself but only the domain and range space
dimensions.

Similarly, for an operator between two infinitely dimensional vector spaces, we
can define its index so long as its kernel and cokernel are of finite dimensions. Such
an operator is called Fredholm. If T is a self-adjoint Fredholm operator from a
Hilbert space into itself so that

〈Tα, β〉 = 〈α, Tβ〉
then ker(T ) = coker(T ) and index(T ) = 0. In particular, the Laplace operator ∆
acting on differential forms over an oriented manifold has zero index.

An interesting situation is a calculation of the ‘radical root’ of ∆, which is

D = d + δ : Ω(M) → Ω(M)

Of course, D is self-adjoint and there is nothing special so far. However, when we
restrict D to the space of all even-order forms, we get an operator D called the
Gauss–Bonnet operator,

D = D : Ωeven(M) → Ωodd(M)

and we see immediately that

ker(D) = ⊕kH2k(M), coker(D) = ⊕kH2k+1(M)

Consequently, we see that we can express the index of D by the Euler characteristic
of the underlying manifold M ,

index(D) =
∑
k

(−1)k dimHk(M) = χ(M)

If dim(M) = odd, then χ(M) = 0 and there is nothing interesting; if dim(M) =
even = 2n, recall that the Chern–Gauss–Bonnet theorem says that the integral of
the Pfaffian Pf(Ω), a 2n-form constructed from the so(2n)-valued curvature 2-form
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of the Levi-Civita connection of a compact Riemannian manifold M of dimension
2n, gives rise to the Euler characteristic of M ,∫

M

Pf(Ω) = (2π)nχ(M)

Now consider a complex manifold of complex dimension m and real dimension
n = 2m. We use Ωp,q(M) to denote the complex exterior differential forms having
bases spanned by p factors of dzk and q factors of dzk. Then the natural decompo-
sition

df =
∂f

∂zk
dzk +

∂f

∂zk
dzk = ∂f + ∂f

on a complex-valued function f gives us the Dolbeault operator

∂ : Ωp,q(M) → Ωp,q+1(M)

Since ∂
2

= 0, we have a complex called the Dolbeault complex which gives rise to
the Dolbeault cohomology over the complex field,

Hp,q(M) = ker
(
∂ : Ωp,q(M) → Ωp,q+1(M)

)
/∂Ωp,q−1(M)

Like before, we have

index(∂) =
m∑
q=0

(−1)q dimH0,q(M)

This quantity is also called the holomorphic Euler characteristic of M .
Using Tc(M) to denote the complex tangent bundle spanned locally by ∂/∂zk

(k = 1, 2, · · · , n) and td(Tc(M)) the Todd class whose specific form does not concern
us here, we recall that the Hirzebruch–Riemann–Roch theorem (1954) states that

index(∂) =
∫
M

td(Tc(M))

which generalizes the original Riemann–Roch theorem for curves and surfaces.
A much more extended form of this theorem is the Grothendieck–Hirzebruch–
Riemann–Roch theorem18 dated 1958.

Motivated by the above and other similar relations connecting analysis, geome-
try, and topology, Gelfand proposed the following problem.

Gelfand Problem: Let L be an operator between the smooth sections of the
vector bundles E and F over a Riemannian manifold M so that ker(L) and coker(L)
are both of finite dimensions and the index of L is well defined. Can the index of L
be expressed in terms of certain topologically invariant quantities of M,E,F, L?

We next study the index theorem of Atiyah and Singer8,9,39,74 which solves the
Gelfand problem affirmatively in the elliptic situation.

A (Very) Soft Introduction to the Atiyah–Singer Index Theorem
Let {Ek} be a finite sequence of vector bundles over M and

Dk : C∞(Ek) → C∞(Ek+1)
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be a differential operator between the corresponding spaces of smooth sections.
When Dk+1Dk = 0 or image(Dk) ⊂ ker(Dk+1) (∀k), we say that the sequence is a
complex.

Let δk : C∞(Ek+1) → C∞(Ek) be the dual of Dk and set

∆k = δkDk +Dk−1δk−1 : C∞(Ek) → C∞(Ek)

be the induced Laplacian. The complex is elliptic if ∆k is an elliptic operator for
any k. For an elliptic complex (E,D), we can define the cohomology space

Hk(E,D) = ker(Dk)/image(Dk−1)

and we can show that there holds the generalized Hodge theorem,

Hk(E,D) ∼= ker(∆k) ≡ Hk(E,D)

In particular, finite dimensionality property holds as before for any k.
The index of the elliptic complex (E,D) is given by

index(E,D) =
∑
k

(−1)k dimHk(E,D) =
∑
k

(−1)k dimHk(E,D)

which looks like a direct generalization of the Euler characteristics for the de Rham
complex and the Dolbeault complex.

In order to see that the above is indeed an operator index, we recall a standard
device in topology called the “rolling up”. Define

F0 = ⊕kE2k, F1 = ⊕kE2k−1

and

A = ⊕k(D2k + δ2k−1), A∗ = ⊕k(δ2k +D2k−1)

then A : C∞(F0) → C∞(F1) and A∗ : C∞(F1) → C∞(F0) are dual to each other.
With the associated Laplacians

�0 = A∗A = ⊕k∆2k, �1 = AA∗ = ⊕k∆2k−1

we arrive at

index(A) = dim ker�0 − dim ker�1

=
∑
k

(−1)k dim ker∆k = index(E,D)

Finally, the Atiyah–Singer index theorem may be stated in a single-line formula,

index(A) = index(E,D) =
∫
ψ(M)

ch(Σ(A)) ∧ ρ∗td(TM)

where Σ(A) is the symbol bundle constructed from A,F0, F1,M , ch(Σ(A)) is the
Chern character of Σ(A), td(TM) is the Todd class of the tangent bundle TM ,
and ρ : ψ(M) → M is the compactified tangent bundle of M obtained from using
the unit disk bundle and unit sphere bundle of T ∗M . The detailed structure of
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these constructions do not concern us here. Instead, we only satisfy ourselves by
seeing that the right-hand side of the formula is indeed expressed as a topological
invariant involving the items stated in the Gelfand problem. We note also that,
when specifying to various concrete situations, the right-hand side of the above
formula simplifies. For example, the afore-studied Chern–Gauss–Bonnet theorem
and Hirzebruch–Riemann–Roch theorem can both be recovered as special cases.

Remarks on Proofs. There are many different proofs of the Atiyah–Singer
index theorem. The first three classical proofs are (i) the original cobordism proof;
(ii) the heat equation proof; (iii) the embedding proof. These proofs are concisely
described and compared and can be consulted in the book of Booss and Bleecker.17

Concerning the differences and similarities of these proofs, it may be interesting
to quote the words of Atiyah:17 “these different proofs differ only in their use
and presentation of algebraic topology,” but “the analysis is essentially the same in
origin.” It should be noted that, in recent years, there appeared several other proofs
using modern ideas. These are (iv) the supersymmetric quantum mechanics proof of
Windey,101 Alvarez-Gaume,2 Manes and Zumino,67 Goodman,46 Getzler,44 based
on some ideas of Witten;103 (v) the probabilistic approach of Bismut;15 (vi) the
superspace formulation of Friedan and Windey.43 A common feature of all these
proofs is the use of K-theory72 whose power is to allow one to reduce the proof of
the general index theorem to special “twisted” cases.

Dimension of Moduli Space of Self-Dual Instantons
Interestingly, this dimension calculation was first carried out by Schwartz79 using

the Atiyah–Singer index theorem, and then by Atiyah, Hitchin, and Singer,6,7 when
the gauge group is SU(2). See also.21 Shortly after, Bernard, Christ, Guth, and
Weinberg extended this work to arbitrary gauge groups and wrote a very readable
article12 on the subject.

Consider the self-dual equation

FA = ∗FA
where A is the connection 1-form of a principle G-bundle P over M = S4, G is
a compact Lie group, and FA is the curvature 2-form induced from A with FA =
dA + A ∧ A. We look at small fluctuations, say ω, around a solution of the above
equation within the topological class

c2(P ) = − 1
8π2

∫
M

Tr (FA ∧ FA) = k, k ≥ 1

Then ω gives rise to the linear fluctuations in FA:

dω +A ∧ ω + ω ∧A = Dω

Besides, in order to preserve self-duality, we must require Dω = ∗Dω or

P1Dω = 0

where P1 = 1 − ∗ is the projection operator over 2-forms.
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Recall also that we need to discount the gauge-transformed fluctuations which
are characterized by

A �→ UAU−1 − UdU−1, U ∈ G
With the exponential representation U = expu where u is valued in the Lie algebra
G of G and neglecting higher-order terms, the above corresponds to

A �→ A+ du− [A, u]

Hence, “pure gauge” fluctuations are described by the relation

ω = du− [A, u] = Du

which are physically nonmeasurable.
In summary, define

D1 = P1D : Ω1(G) → Ω2(G)

D0 = D : Ω0(G) → Ω1(G)

We see that the dimension of the moduli space Mk of self-dual instantons which
are gauge-inequivalent is given by

dimMk = dim(kerD1/imageD0)

which happens to be the dimension number of a “cohomological” space.
The afore-going formulation suggests the following short complex

0
D−1−→ Ω0(G) D0−→ Ω1(G) D1−→ Ω2

−(G) D2−→ 0

called the self-dual complex or the Atiyah–Hitchin–Singer complex in which the
definitions of the operators D−1 and D2 are self-evident and Ω2

−(G) is the space of
anti-self-dual G-valued 2-forms.

Define the “Betty” numbers as the dimensions of the cohomological spaces of
this short complex,

bi = dim(kerDi/imageDi−1), i = 0, 1, 2

which gives us the analytic index of the complex,

index(D) = b0 − b1 + b2

Note that b1 is the desired number dimMk.
b0: If the connection is irreducible, then ker(D0) = {0} (see42), which gives

b0 = 0. For G = SU(n), irreducibility is ensured when

k ≥ n− 1
2

Hence, for the classical SU(2) situation, nontriviality k ≥ 1 guarantees b0 = 0.
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b2: Since the kernel of D2 is the entire Ω2
−(G), b2 is the dimension of the subspace

of Ω2
−(G) orthogonal to the image of D1, which is just the kernel of D∗

1 (D∗
1 is the

dual of D1). Hence we may consider the dimension of

kerD∗
1 ⊂ Ω2

−(G)

If T ∈ kerD∗
1 , then D1D

∗
1T = 0. In differential geometry, a useful device is called

the Bochner formula or the Weitzenbock formula which relates two Laplacians by a
zeroth-order curvature multiplicative operator. In our case, since the Weyl tensor
vanishes on a conformally flat manifold, we have the relation12,42

D1D
∗
1 = D∗D − 1

3
R

Integration by parts and the condition R > 0 then lead to T = 0 which gives us
b2 = 0.

We now consider the right-hand-side quantity, say I(D), in the Atiyah–Singer
index formula. This is a topological invariant which may be calculated according to
the specific situation here, i.e., gauge theory over S4 housed in terms of a G-bundle,
using a beautiful deformation theory approach.13 We will not be able to get into
this area but only list a special class of important results here for G = SU(n),
n ≥ 2:

I(D) =
{
n2 − 1 − 4nk, k ≥ n

2 ,

−4k2 − 1, k < n
2

In particular, for n = 2, we have I(D) = 3−8k. Inserting this into the Atiyah–Singer
index formula and noting index(D) = −b1, we obtain the classical result6,79

dimMk = 8k − 3

For results involving other gauge groups such as SO(n), Sp(2n), G, F,E, see.12

5. Topological Classes and Instantons in All 4m Dimensions and
Nonlinear Elliptic Equations

Physics is not restricted to four-dimensional spacetimes. In fact, modern theoretical
physics thrives in higher dimensions as witnessed by the development of string
theory. Other areas of applications of higher dimensional quantum field theory
include cosmology and condensed-matter systems. Tchrakian showed in a series
of papers90–92 that one can systematically develop the Yang–Mills theory in 4m
dimensions so that the 2m-th order Chern–Pontryagin classes, c2m, over S4m (say)
may be represented by self-dual or anti-self-dual Yang–Mills instantons. In order to
obtain instantons representing arbitrarily prescribed Chern–Pontryagin classes in
higher dimensions (m > 1), Chakrabarti, Sherry, and Tchrakian26 extend Witten’s
axially symmetric instantons in 4 dimensions and find a system of self-dual or
anti-self-dual equations over the Poincaré half plane unifying the problem in all
4m dimensions. We have seen that, when m = 1, the problem reduces to the
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integrable Liouville equation and Witten uses this fact to construct all possible
solutions explicitly.102 We shall see here that, when m > 1, the system reduces to
a quasilinear elliptic equation and is no longer integrable.

We shall use PDE techniques to establish the general existence theorem that for
any integer N one can realize the 2m-th order Chern–Pontryagin class c2m = N by
a self-dual or anti-self-dual instanton and in fact, for a given choice of the ‘time’
coordinate, the moduli space of these N -instantons has a dimension of at least 2|N |
where the number |N | corresponds to the number of ‘vortices’ or ‘antivortices’.

This work was completed in two papers:
Existence of weak solutions – joint work with J. Spruck and D. H. Tchrakian.84

Regularity of solutions – joint work with L. Sibner and R. Sibner.81

The Yang–Mills Instantons and Characteristic Classes in Higher Di-
mensions and the (Main) Harmonic Representation Theorem

We take the base manifold M = S4m. The most natural principal bundle to host
the gauge fields over S4m is the frame bundle associated with the tangent bundle.
Hence, we are led to the largest possible structure group, SO(4m). In 4 dimensions,
we have SO(4), which contains two copies of SO(3). Since the Lie algebra of SO(3)
is the same as that of SU(2), the SU(2)-gauge theory, which has been extensively
studied by numerous people, is a special case of the SO(4)-gauge theory. Thus, we
now formulate a general SO(4m) pure Yang–Mills gauge theory over S4m. The Lie
algebra of SO(4m) is conventionally denoted by so(4m).

Let A be an so(4m)-valued connection 1-form over S4m and F its induced cur-
vature 2-form. Motivated from the Yang–Mills theory in 4 dimensions, Tchrakian
introduces the following energy functional over M :

E = −
∫

Tr (F (m) ∧ ∗F (m))

where

F (m) = F ∧ · · · ∧ F︸ ︷︷ ︸
m

is a 2m-form generalizing the 2-form F .
Recall that for so(4m)-valued differential forms overM , the global inner product

is given by

〈α, β〉 = −
∫

Tr (α ∧ ∗β)

In view of this, the energy is nothing but the squared norm of the generalized
curvature F (m): E = ‖F (m)‖2.

We introduce the characteristic class

s2m(F ) = −Tr (F (m) ∧ F (m)) = −Tr (F ∧ · · · ∧ F︸ ︷︷ ︸
2m

)
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Of course, s2(F ) is proportional to the second Chern–Pontryagin form c2(F ):
s2(F ) = 8π2c2(F ). In general, s2m(F ) is proportional to the 2mth Chern–
Pontryagin form c2m(F ),

s2m(F ) = −(−1)m(2π)2m(2m)! c2m(F )

The associated topological charge is then defined as

s2m =
∫
S4m

s2m(F ) = −
∫
S4m

Tr (F (m) ∧ F (m))

= −(−1)m(2π)2m(2m)! c2m

We now decompose F (m) into its self-dual and anti-self-dual parts,

F (m) = F+(m) + F−(m), F±(m) =
1
2
(F (m) ± ∗F (m))

We see that F+(m) and F−(m) are orthogonal,

〈F+(m), F−(m)〉 = 0

Therefore, using the property

∗F±(m) = ±F±(m)

and the orthogonality of F+(m) and F−(m), we obtain

E = 〈F (m), F (m)〉
= 〈F+(m) + F−(m), F+(m) + F−(m)〉
= ‖F+(m)‖2 + ‖F−(m)‖2,

s2m = 〈F (m), ∗F (m)〉
= 〈F+(m) + F−(m), F+(m) − F−(m)〉
= ‖F+(m)‖2 − ‖F−(m)‖2

Consequently, we arrive at

E = 2‖F∓(m)‖2 ± (‖F+(m)‖2 − ‖F−(m)‖2)

= 2‖F∓(m)‖2 + |s2m|
≥ |s2m|

The above topological lower bound is attained for s2m = ±|s2m| if and only if
the curvature satisfies F∓(m) = 0; that is, F (m) satisfies either the self-dual or
anti-self-dual Yang–Mills equations

F (m) = ± ∗ F (m)

It will be instructive to consider the above equations in view of the Euler–
Lagrange equations of the energy.

First we observe that we can derive the generalized Bianchi identity

DF (k) = 0, ∀k ≥ 1; F (1) = F
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Next we see that, after a straightforward calculation, we obtain the Euler–
Lagrange equations of the energy

DF = 0,

F = F (m− 1) ∧ ∗F (m) + F (m− 2) ∧ ∗F (m) ∧ F
+F (m− 3) ∧ ∗F (m) ∧ F (2) + · · ·+ ∗F (m) ∧ F (m− 1)

which may be called the generalized Yang–Mills equations in 4m dimensions. When
m = 1, it is the classical one,

D(∗F ) = 0

If F (m) is self-dual or anti-self-dual, the generalized Yang–Mills equations is
reduced to

DF (2m− 1) = 0

which is automatically fulfilled because of the generalized Bianchi identity. This is
a great comfort.

As in the classical 4-dimensional Yang–Mills theory case, we shall concentrate on
the self-dual or anti-self-dual equation. Below is our main harmonic representation
theorem.

Theorem 5.1. For any integer N ≥ 1, the self-dual equation on S4m has a 8mN -
parameter family of N -instanton solutions representing the Chern–Pontryagin class
c2m = N and carrying the minimum energy E = (2π)2m(2m)!N .

Note on notation: We are short of letters. So we now use N instead of k (before)
to denote the value of the Chern–Pontryagin class.

Note on harmonicity: We consider the bundle Laplacian induced from the con-
nection D:

∆D = −(∗D ∗D +D ∗D∗)
Then the generalized Bianchi identity and the self-duality imply that ∆DF (m) = 0.
In other words, the generalized “curvature” 2m-form F (m) is indeed harmonic.

The Witten–Tchrakian Vortex Equations and Governing Elliptic PDE
It will be convenient to work on the Euclidean space R

4m instead of the sphere
S4m. Such a reduction is possible because, through a stereographic projection,
R4m is conformal to a punctured sphere, say, S4m − {P}. We also know that the
Hodge dual ∗F (m) is conformally invariant. Hence the Yang–Mills theory on R4m

is identical to that on S4m − {P}. Finally, in analogy to Uhlenbeck’s removable
singularity theorem, the finite-energy condition implies that the solutions on R4m

behave well at infinity so that, when viewed on S4m, they extend smoothly to the
point P . Therefore, in this way, we have actually obtained a family of solutions on
S4m. Thus, from now on, we consider the Yang–Mills theory on R4m.
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In order to obtainN -instanton solutions, Tchrakian uses the approach of Witten
as described earlier and extends it to the general SO(4m) setting over R4m. The
algebra is quite involved.90–92 Here we will only record the final form of the problem:
A field configuration is represented by a complex scalar field φ and a real-valued
vector field a = (a1, a2), both defined on the Poincaré half-plane

R
2
+ = {(r, t) | r > 0, −∞ < t <∞}

where r =
√
x2

1 + x2
2 + · · ·+ x2

4m−1 and t = x4m; up to a positive numerical factor
the energy functional is

E(m) =
∫ ∞

−∞
dt
∫ ∞

0

dr (1 − |φ|2)2(m−2)e(m)(a, φ)

e(m)(a, φ) = r2([1 − |φ|2]f12 − i [m− 1][D1φD2φ−D1φD2φ])2

+2m(2m− 1)(1 − |φ|2)2(|D1φ|2 + |D2φ|2) +
(2m− 1)2

r2
(1 − |φ|2)4

the topological charge is

s(m) =

−
∫ ∞

−∞
dt
∫ ∞

0

dr
{

(1 − |φ|2)f12 − i(2m− 1)(D1φD2φ−D1φD2φ)
}

(1 − |φ|2)2(m−1)

and the self-dual equation becomes

D1φ = −iD2φ,

(2m− 1)
r2

(1 − |φ|2)2 = −(1 − |φ|2)f12 + i(m− 1)(D1φD2φ−D1φD2φ),

x1 = r, x2 = t, x = (x1, x2) ∈ R
2
+

where fjk = ∂jak−∂kaj and Djφ = ∂jφ+iajφ (j, k = 1, 2). It is comforting to note
that, when m = 1, we recover Witten’s results. The above general equations for
arbitrary m = 1, 2, · · · arising from the Yang–Mills theory in 4m dimensions were
derived by Tchrakian26 and may be called the Witten–Tchrakian equations.

It is direct to see the relation between the energy E(m) and the topological
charge s(m). In fact, the integrand of E(m) can be rewritten as

H(m) =

(1 − |φ|2)2(m−2)

{(
r([1 − |φ|2]f12 − i [m− 1][D1φD2φ−D1φD2φ])

+
(2m− 1)

r
(1 − |φ|2)2

)2

+ 2m(2m− 1)(1 − |φ|2)2|D1φ+ iD2φ|2
}

−2(2m− 1)(1 − |φ|2)2(m−1)

{
(1 − |φ|2)f12 − i (2m− 1)(D1φD2φ−D1φD2φ)

}
We obtain the following topological lower bound for the energy

E(m) ≥ 2(2m− 1)s(m)
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This lower bound is saturated if and only if the field configuration satisfies the
Witten–Tchrakian equations.

As in the case of Witten, our N -instanton solutions of the self-dual Yang–Mills
equations on S4m or R

4m stated in Theorem 5.1 will be obtained through a family
of N -soliton solutions of the equations on the Poincaré half-plane R

2
+ characterized

by N zeros of the complex field φ.
Here is our main existence and uniqueness theorem for the N -soliton solutions

of the elegant Witten–Tchrakian equations.

Theorem 5.2. For any N points p1, p2, · · · , pN in R2
+ and any integer m =

1, 2, · · · , the Witten–Tchrakian equations have a unique solution so that φ vanishes
exactly at these points, |φ| = 1 at the boundary and the infinity of the Poincaré
half-plane, the topological charge is given by s(m) = 2πN , and the solution carries
the quantized minimum energy E(m) = 4π(2m− 1)N .

The N prescribed zeros stated in Theorem 5.2 give rise to 2N parameters stated
in Theorem 5.1. There are 4m choices of the time variable. Hence we obtain a total
of 8mN parameters as stated in Theorem 5.1.

With p1, p2, · · · , pN ∈ R2
+ (with possible multiplicities) being given as in The-

orem 5.2, the substitution u = ln |φ| transforms the problem into the following
equivalent scalar equation,

(e2u − 1)∆u =
(2m− 1)

r2
(e2u − 1)2 − 2(m− 1)e2u|∇u|2 − 2π

N∑
j=1

δpj ,

x ∈ R
2
+

where δp is the Dirac measure concentrated at p. We are to look for a solution u so
that u(x) → 0 (hence |φ(x)| → 1) as x→ ∂R

2
+ or as |x| → ∞.

It is clear that this is a quasilinear problem for m �= 1. Since the maximum
principle implies that u(x) ≤ 0 everywhere, it will be more convenient to use the
new variable

v = f(u) = 2(−1)m
∫ u

0

(e2s − 1)m−1ds, u ≤ 0

It is easily seen that

f : (−∞, 0] → [0,∞)

is strictly decreasing and convex.
Set

u = F (v) = f−1(v), v ≥ 0

Then the equation is simplified into a semilinear one,

∆v =
2(−1)m(2m− 1)

r2
(e2F (v) − 1)m − 4π

N∑
j=1

δpj in R
2
+
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To approach this equation, we introduce its modification of the form

∆v =
2(2m− 1)

r2
R(v) − 4π

N∑
j=1

δpj

where the right-hand-side function R(v) is defined by

R(v) =
{

(−1)m(e2F (v) − 1)m, v ≥ 0,
mv, v < 0

Then it is straightforward to check that R(·) ∈ C1. In order to obtain a solution
of the original equation, it suffices to get a solution satisfying v(x) ≥ 0 in R2

+ and
v(x) → 0 as x→ ∂R2

+ or as |x| → ∞.
The main technical difficulty is the singular boundary of R2

+. We will employ
a limiting argument to overcome this difficulty. We first solve the equation on a
given bounded domain away from r = 0 under the homogeneous Dirichlet boundary
condition. It will be seen that the obtained solution is indeed nonnegative and thus
the equation is recovered. Such a property also allows us to control its energy and
pointwise bounds conveniently. We then choose a sequence of bounded domains
to approximate the full R

2
+. The corresponding sequence of solutions is shown to

converge to a weak solution. This weak solution is actually a positive classical
solution which necessarily vanishes asymptotically as desired. Then suitable decay
rates are established by using certain comparison functions.

Existence of Weak Solution
To proceed, choose a function, say, v0, satisfying the requirement that it is

compactly supported in R2
+ and smooth everywhere except at p1, p2, · · · , pN so

that

∆v0 + 4π
N∑
j=1

δpj = g(x) ∈ C∞
0 (R2

+)

Let Ω be any given bounded domain containing the support of v0 and Ω ⊂ R2
+

(where and in the sequel, all bounded domains have smooth boundaries). Then
v = v0 + w changes the equation into a regular form without the Dirac measure
right-hand-side source terms, which is the equation in the following boundary value
problem,

∆w =
2(2m− 1)

r2
R(v0 + w) − g in Ω,

w = 0 on ∂Ω

We first apply a variational method to prove the existence of a solution by using
the functional

I(w) =
∫

Ω

{
1
2
|∇w|2 +

2(2m− 1)
r2

Q(v0 + w) − gw

}
dx,

w ∈ W 1,2
0 (Ω)
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where dx = drdt and the function Q(s) is defined by

Q(s) =
∫ s

0

R(s′) ds′ =
{

(−1)m
∫ s
0
(e2F (s′) − 1)m ds′, s ≥ 0,∫ s

0
ms′ ds′ = m

2 s
2, s < 0

which is positive except at s = 0. This property and the Poincaré inequality indicate
that the functional is coercive and bounded from below on W 1,2

0 (Ω). On the other
hand, since F (s) ≤ 0 for s ≥ 0, we have∣∣∣∣ d

ds
Q(s)

∣∣∣∣ = |R(s)| ≤ max{1,m|s|}.

This feature says that the functional is continuous on W 1,2
0 (Ω) because Ω is away

from the boundary of R
2
+ and, so, the weight 2(2m − 1)/r2 is bounded. Besides,

the definition of F (s) gives us the result

d2

ds2
Q(s) =

{
me2F (s), s ≥ 0,
m, s < 0

which says that the functional is also convex. Thus, by convex analysis, the func-
tional is weakly lower semicontinuous on W 1,2

0 (Ω) and the existence and uniqueness
of a critical point is ensured. The standard elliptic theory then implies that such a
critical point is a classical solution.

We observe that a simple application of the maximum principle proves that
v0 + w > 0 in Ω.

We now choose a sequence of bounded domains {Ωn} satisfying

supp (v0) ⊂ Ω1, Ωn ⊂ Ωn+1, Ωn ⊂ R
2
+, n = 1, 2, · · · , lim

n→∞Ωn = R
2
+

Let wn be the solution of obtained above for Ω = Ωn and I(·; Ωn) be the vari-
ational functional with Ω = Ωn. Then, since wn’s are minimizers, we have the
monotonicity

I(wn; Ωn) ≥ I(wn+1; Ωn+1), n = 1, 2, · · ·
To pass to the limit n→ ∞, we need to show that the {I(wn; Ωn)} is bounded

from below. For this purpose, we need the following inequality:
For any W 1,2

0 (R2
+) function w, there holds the Poincaré inequality∫

R2
+

1
r2
w2(x) dx ≤ 4

∫
R2

+

|∇w(x)|2 dx

The proof is a simple integration by parts: For w ∈ C1
0 (R2

+) we have∫ ∞

0

1
r2
w2(r, t) dr = 2

∫ ∞

0

1
r
w(r, t)

d
dr
w(r, t) dr

Thus the Schwartz inequality gives us∫
R2

+

1
r2
w2(x) dx ≤ 4

∫
R2

+

∣∣∣∣dwdr (x)
∣∣∣∣2 dx
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which is actually stronger.
As a consequence, we obtain the lower estimate for the energy sequence,

I(wn; Ωn) ≥ 1
4

∫
R2

+

|∇wn|2 dx− 4
∫

R2
+

r2g2 dx

We note that another consequence of the maximum principle is the pointwise
monotonicity

wn < wn+1 on Ωn, n = 1, 2, · · ·
We are now ready to pass to the limit.
We claim: For a given bounded subdomain Ω0 with Ω0 ⊂ R2

+,the sequence
{wn} is weakly convergent in W 1,2(Ω0). The weak limit, say, wΩ0 , is a solution
of the equation with Ω = Ω0 (neglecting the boundary condition) which satisfies
wΩ0(x) > 0.

In fact, from the above discussion, we see that there is a constant C > 0 such
that

sup
n

‖∇wn‖2
L2(R2

+) ≤ C

which also gives us the boundedness of {wn} in W 1,2(Ω0). Combining this with the
monotonicity property, we conclude that {wn} in weakly convergent in W 1,2(Ω0).
It then follows from the compact embedding W 1,2(Ω0) → L2(Ω0) that R(v0 + wn)
is convergent in L2(Ω0). On the other hand, since for sufficiently large n, we have
Ω0 ⊂ Ωn, consequently∫

R2
+

{
∇wn · ∇ξ +

2(2m− 1)
r2

R(v0 + wn)ξ − gξ

}
dx = 0, ∀ ξ ∈ C1

0 (Ω0)

Letting n→∞, we see that wΩ0 is a weak solution (without considering the bound-
ary condition). The standard elliptic regularity theory then implies that it is also a
classical (hence, smooth) solution. Since wn > 0, we have wΩ0 ≥ 0. The maximum
principle then yields wΩ0 > 0 in Ω0. Thus the claim follows.

Set w(x) = wΩ0 (x) for x ∈ Ω0 for any given Ω0 stated above. In this way we
obtain a global solution of the equation over the full R

2
+. Besides, we have seen

that there is a constant C > 0 such that

I(w) ≤ C, ‖∇w‖L2(R2
+) ≤ C

Verification of Vanishing Boundary Condition
Note that the boundedness result above is not sufficient to ensure the decay

of w at r = 0 and at infinity. We also need the pointwise boundedness of w over
R

2
+. This property will be assumed but not proved here. The problem appears to

be similar to the multi-meron solution problem in the classical SU(2) Yang–Mills
theory.24,45,55,76
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Claim: Let w be the solution of the equation. Then for x = (r, t) ∈ R2
+ we have

the uniform limits

lim
r→0

w(x) = lim
|x|→∞

w(x) = 0.

Here is a proof adapted to our problem from:55 Given x = (r, t), let D be the
disk centered at x with radius r/2. The Dirichlet Green’s function G(x′, x′′) of the
Laplacian ∆ on D (satisfying G(x′, x′′) = 0 for |x′′ − x| = r/2) is defined by the
expression

G(x′, x′′) =
1
2π

ln
√
|x′ − x|2 + |x′′ − x|2 − 2(x′ − x) · (x′′ − x)

− 1
2π

ln

√(
2|x′ − x||x′′ − x|

r

)2

+
(
r

2

)2

− 2(x′ − x) · (x′′ − x)

where x′, x′′ ∈ D but x′ �= x′′

Hence w at x′ ∈ D can be represented as

w(x′) =
∫
D

dx′′
{

(−1)m
2(2m− 1)

r′′2
(e2F (v0+w) − 1)m − gw

}
(x′′)G(x′, x′′)

+
∫
∂D

dS′′
{
∂G

∂n′′ (x
′, x′′)

}
w(x′′)

where x′′ = (r′′, t′′) and ∂/∂n′′ denotes the outer normal derivative on D with
respect to the variable x′′. We need to first evaluate |r(∇xw)(x)|. This can be done
by differentiating the above and then setting x = x′. Note that

(∇x′G(x′, x′′))x′=x =
1
2π

(
4
r2

− 1
|x′′ − x|2

)
(x′′ − x),(

∇x′
∂G

∂n′′ (x
′, x′′)

)
x′=x

= ∇x′

(
x′′ − x

|x′′ − x| · ∇x′′G(x′, x′′)
)∣∣∣∣

x′=x

=
8
πr3

(x′′ − x), x′′ ∈ ∂D
Now let

C1 = sup
R2

+

{
|2(2m− 1)(e2F (v0+w) − 1)m(x) − r2g(x)w(x)|

}
,

C2 = sup
R2

+

{
|w(x)|

}
Differentiate w(x′) again, set x′ = x, apply the above results, and use r′′ ≥ r/2.
We have

|∇w(x)| ≤ 2C1

πr2

∫
D

1
|x′′ − x|dx

′′ +
8C2

πr3

∫
∂D

|x′′ − x|dS′′

≤ C

r
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where C is a constant independent of r > 0. Thus the claimed bound for |r∇w(x)|
over R2

+ is established.
To show that w vanishes at ∂R2

+, we argue by contradiction. Let xn = (rn, tn)
be a sequence in R2

+ satisfying either rn → 0 or |xn| → ∞ but |w(xn)| ≥ some ε > 0.
Without loss of generality we may also assume that the sequence is so chosen that
the disks centered at xn with radius rn/2 are non-overlapping. Then set

Dn =
{
x ∈ R

2
+

∣∣∣∣ |x− xn| < ε0rn

}
, ε0 = min

{
1
2
,
ε

4C

}
where C > 0 is the constant given in |r∇w(x)| ≤ C. For x = (r, t) ∈ Dn we have
3rn/2 ≥ r ≥ rn/2. Thus, integrating ∇w over the straight line L from xn to x ∈ Dn

and using |∇w(x′)| < 2C/rn (∀x′ ∈ Dn), we obtain the estimate

|w(x)| =
∣∣∣∣w(xn) +

∫
L

∇w(x′) · dl′
∣∣∣∣

≥ ε− 2C
rn

ε

4C
rn

=
ε

2
x ∈ Dn

Therefore we arrive at the contradiction∫
R2

+

w2

r2
dx ≥

∞∑
n=1

∫
Dn

w2

r2
dx

≥
∞∑
n=1

(
2

3rn

)2(
ε

2

)2

π(ε0rn)2

= ∞
because in view of the earlier discussion we have w/r ∈ L2(R2

+).
Remark on Parameter Count
It will be interesting to determine the maximal number of free parameters in the

solutions or the dimensions of the moduli space of solutions of the 4m-dimensional
self-dual Yang–Mills equations.

Our study has shown that, when the Chern–Pontryagin number is N , the solu-
tions contain at least 8mN parameters. In view of,21,52 we may attempt an intuitive
counting of the number of free parameters in the general solution in 4m dimensions
as follows:

For an N -instanton solution, we need 4mN parameters and N parameters to
determine the positions and sizes of the N localized instanton lumps. Besides, using
the dimension formula dim(SO(n)) = n(n− 1)/2 and the fact that our generalized
Yang–Mills theory has an SO(4m) internal symmetry which is of the dimension
dim(SO(4m)) = 2m(4m − 1), we need 2m(4m − 1)N extra parameters to deter-
mine the asymptotic orientations of these N instantons at infinity, from which the
2m(4m − 1) parameters originated from the global SO(4m) gauge equivalence is
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to be subtracted. Hence it appears that a plausible number-of-parameter count for
the general N -instanton solution in 4m dimensions is given by

4mN +N + 2m(4m− 1)N − 2m(4m− 1) = (8m2 + 2m+ 1)N − 2m(4m− 1)

For m = 1 (4 dimensions), this is 10N − 6. Furthermore, if we make restriction of
the Yang–Mills theory to one of the chiral representations, SO(4m)±, of SO(4m),
we have only half of the dimension of SO(4m): dim(SO(4m)±) = m(4m− 1). For
example, the Witten–Tchrakian equations arise from such a restriction. Now the
parameter count is instead

4mN +N +m(4m− 1)N −m(4m− 1) = (4m2 + 3m+ 1)N −m(4m− 1)

For m = 1 (4 dimensions), the chiral representations of SO(4) are simply two
copies of SO(3) which has the same Lie algebra as SU(2) and the number count is
8N − 3, which is the magic number obtained earlier for the classical SU(2) Yang–
Mills theory in 4 dimensions.6,21,52,79 Recall that the proof of Atiyah, Hitchin, and
Singer6 in 4 dimensions is a study of the fluctuation modes around an N -instanton.
Our theorem for the existence of N -instanton solutions in all 4m dimensions lays a
foundational step for a general analysis of this type.

Remark on Stability of Higher Dimensional Yang–Mills Fields
For the classical Yang–Mills theory in 4 dimensions, Bourguignon and Lawson

calculated the second variation of the energy functional and prove that stable so-
lutions must be self-dual or anti-self-dual.20 It will be interesting to establish this
result in all 4m dimensions.

Remark on the Ω-Self-Dual Yang–Mills Fields
Consider a G-bundle ξ over an n-dimensional Riemannian manifold M . Let A

be a G-valued connection 1-form which gives rise to the connection DA and the
curvature 2-form FA. Like before, the Yang–Mills energy is

E(A) =
∫
M

|FA|2

with the associated Yang–Mills equation

DA ∗ FA = 0

It is clear that the Hodge dual of FA is ∗FA which is an (n − 2)-form so that
the self-dual equation FA = ± ∗ FA no longer makes sense. In order to overcome
this, Tian94,95 considers a new “self-dual” equation called the Ω-self-dual equation
which is of the form

∗(Ω ∧ FA) = ±FA
where Ω is a (scalar-valued) (n−4)-form. If the connection A satisfies this equation,
then, using the usual Leibniz rule, we have

DA ∗ FA = ±dΩ ∧ FA ± Ω ∧DAFA

= ±dΩ
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Hence, we arrive at DA ∗ FA = 0 if and only if Ω is closed. In other words, in this
situation, the first-order Ω-self-dual equation is a first integral of the second-order
Yang–Mills equation and we see an extension of the self-dual equation in higher
dimensions.

The above extension of self-duality has several limitations.
1. Lack of exact nontrivial solutions.
2. Lack of conformal invariance. The physically most interesting noncompact

space is M = R
n. It is well known32,53 from a simple rescaling argument on the

energy functional that there is only the trivial solution of zero energy when n > 4.
In order to achieve conformal invariance, one inevitably needs to consider instead
an energy of the form ∫

|FA|n/2

which has the same conformal property as the energy84,90–92 we began with in this
section.

3. Lack of higher-order nontrivial topological characterization. It is not hard to
accept that a physically interesting compact space M would contain no “holes” in
it. Topologically, this assumption could amount to assuming that

π1(M) = 0, · · · , π4(M) = 0, dimM > 4

(Recall that a manifold M is called k-connected50 if π1(M) = 0, · · · , πk(M) = 0 for
some 1 ≤ k < dimM . For example, the symmetric space SU(2n)/Sp(n) arising in
the soliton model of Witten71,104,105 for baryons is 4-connected when n ≥ 3.)

At this moment, we may recall the Hurewicz isomorphism theorem41,50,71 which
says that for a simply connected manifold the first nontrivial homotopy group and
homology group appear at the same dimension and are isomorphic. Hence we
conclude that H1(M,Z) = 0, · · · , H4(M,Z) = 0. Using the Poincaré duality, we
obtain

H1(M,R) = 0, · · · , H4(M,R) = 0

We note that the higher dimensional Yang–Mills theory in the context of the
Ω-self-duality94,95 only involves the beginning two Chern classes, c1(ξ) and c2(ξ),
which are known73,83 to belong to the de Rham cohomology groups H2(M,R) and
H4(M,R), which are all trivial when M satisfies the “no hole” condition stated
above so that M is “like” a sphere.

In the extreme situation where all the homotopy groups up to the (n−1)th order
vanish, then using the classical result that the nth integer homology Hn(M,Z) of
M (M is orientable) is Z itself and the Hurewicz theorem, we have

πn(M) ∼= Hn(M,Z) = Z
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In other words, such a space M has the identical homotopy structure as that of Sn.
According to the Poincaré conjecture (now the “Poincaré Theorem”), we have

M ∼= S n

Pause – A Brief History of the Poincaré Conjecture: The n = 2 case
is classical and was known to the 19th century mathematicians, the n = 3 case,
which is the original conjecture, appears to have been proved by recent work of G.
Perelman (although the proof is yet to be fully verified), the n = 4 case was proved
by Freedman (1982), the n = 5 case was proved by Zeeman (1961), the n = 6 case
was proved by Stallings (1962), and the n ≥ 7 case was proved by Smale (1961)
(Smale subsequently extended his proof to include all the n ≥ 5 cases).

Conclusion: The higher dimensional Yang–Mills theory of Tchrakian90–92 pre-
sented here possesses rich classes of solutions representing all possible values of the
top Chern–Pontryagin class and enjoys the same conformal invariance exactly as
that in the classical 4 dimensional situation. However, the new technical difficulties
we encounter are that we need to consider high tuples of the curvature 2-form and
that we must confine ourselves to the correct “Pontryagin” dimensions, n = 4m,
m ≥ 1.
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Postscript

The publication of this volume, dedicated to Professor Youzhong Guo on the oc-
casion of his 75th birthday and 55 years of research in mathematical sciences, is a
suitable honor for a legendary scientist and wonderful human being.

At the early stage of his career, Guo was known for furthering the work of the
late Professor Guoping Li. The intensive collaboration of Guo and Li completed the
theory of the Minkowski–Denjoy functions, a field of mathematics which provides a
notable example of the Sino-Soviet collaboration in science.

During the chaotic period of the so-called ‘Great Cultural Revolution,’ the draft
manuscript by Guo and Li on the theory of the Minkowski–Denjoy functions was
destroyed, and Guo was unjustifiably imprisoned. His passion for research was
undiminished by the ten years of his imprisonment, from 1968 to 1978. Fortunately,
after the Great Cultural Revolution had ended a reconstructed version of their draft
manuscript — the first monograph on the subject — was published.

Upon his rehabilitation, Guo compensated for his years of imprisonment by
the pace of his research activity, initiating new projects with younger colleagues.
He published more than 198 theses, treatises, and translations, 11 of which were
awarded prizes. They are highly regarded by colleagues in the fields of mathematical
physics, mechanics and system science.

During the new era of reform and openness in China, Guo has augmented his
leadership in diverse fields of research by serving as Vice Mayor of Wuhan City,
a metropolis of 9.73 million people and one of several politico-economic centers in
China, comparable to Chicago in the United States. Even after he retired from his
government posts, Guo has remained active in strategic studies for the development
of the Middle China Economic Region along the Yangtze River. He has also advised
many graduate students, some of whom have emerged as leading scientists.

My own appreciation of Guo’s published works is increased by their personal
cost to him in the difficult times in which he created them. While celebrating
his achievements, I often cannot help but imagine how much more he could have
accomplished had he the good fortune that our younger generation enjoys now. He
personifies a tradition of faith and fortitude in the presence of adversity, a tradition
that stretches back to our greatest ancient authors.

Here I mention only two who exemplify our great culture. After suffering humil-
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iating punishment for pleading on behalf of the defeated General Li Guang, Sima
Qian (145–87 B.C.) completed his masterpiece Shiji (Records of the Historian) in his
remaining years, hoping “for justification only after my death,” as he explained in
a letter to his friend Ren An. His giant book covers about 3000 years in the history
of China up to Emperor Wu of the Han Dynasty, providing a model of biographical
prose even today. The second, a millennium later, was the woman poet of the Song
Dynasty, Li Qingzhao (1084–1151), who created resonant verses while living as a
widow and refugee from foreign invasion. When I was young, Sima Qian’s Letter
to Ren An, and the Postscript Li Qingzhao wrote for her husband’s archaeological
book Bronze and Stone Inscriptions, impressed me with the authors’ dedication
to history and literature, oblivious to their personal disasters. Decades later, tales
about Guo’s misfortune reminded me of these two great masters in our history.

I first met Youzhong in 1958, during my brief stay with the Three-Gorge Rock
Foundation Research Group. In all these years, he has never expressed concern over
personal gain or loss nor complained about his misfortune or psychological trauma.
Rather, I have found his enthusiasm and sagacity about the development of math-
ematical physics, as well as his casual conversation, to be consistently enlightening,
wise, and optimistic.

Youzhong is noted not only for his rigorous scholarship, but especially for his
warmth and honesty. During his career, spanning half a century and involving
extensive collaboration in different fields, he has established effective and harmo-
nious relationships with his colleagues and earned support and affection from three
generations of scientists. In my mind he is a rare role model for our times, one
who has attained the high realm advocated by Confucius, who said “a gentleman’s
deeds should make the elderly feel at ease about him, juveniles think fondly of him,
and friends trust him.” That realm is difficult to attain, but clear and beautiful to
imagine. Once the goal is reached, one can be regarded as successful. Sima Qian
wrote a biography of Li Guang, who fought and won more than seventy battles in
defense of the empire but never boasted about his military victories. To conclude
the story about Li Guang, Sima Qian used an eight-character metaphor which, in
my loose vernacular adaptation, says “though peach and plum trees are silent, the
foot paths underneath have been trudged out by admiring viewers.” This phrase
has become an inspiration to all successful and unassuming people, and I take the
liberty of quoting it here to epitomize Youzhong Guo, my instructive teacher and
sincere friend.

Han-ping Chin
Albany, California, USA

March 8, 2009
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